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The mean free path of a non-localized exciton in an atomic crystal is calculated under
the assumption of interaction -with thermal lattice vibrations.

INTRODUCTION

F RENKEL! first introduced the concept of
excited electrons of dielectric crystals,
which are not accompanied by a current of charged
carriers, and formulated a quantitative theory of
that phenomenon. Thus, the excited electron, by
virtue of the translational symmetry of the crystal,
does not remain bound to a particular point in the
lattice, but can behave as a quasi-particle, pos-
sessing a wave vector k and a certain quasi-
momentum p =% k. Frenkel called these quasi-
particles excitons.

Frenkel 2 also introduced the concept of existence
of two types of excitons, non-localized and local-
ized. Non-localized excitons may be character-
ized as those that move in the excited crystal not
accompanied by a localized or bound deformation
of the lattice. Conversely, the localized exciton
behaves as if, to quote Frenkel’s figurative ex-
pression, ‘‘it were carrying the heavy burden of
atomic displacements’’. Quite recently, Dykman
and Pekar® have shown that states corresponding
to non-localized and localized excitons are obtained
automatically if one takes into account the polar-
ization conditions in an ionic crystal. It has also
been found that the localized excitons are formed
in an ionic crystal only if fairly rigid conditions
are satisfied, namely, if the ratio of the effective
masses of the hole and the electron is larger than
ten. After the appearance of Frenkel’s original
work, a number of research papers devoted to the
theory of the exciton were published. These papers
dealt mainly with the basic point of the theory of
the exciton — the conditions for its existence®.
Wannier® has shown that the states of a non-local-
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ized exciton can be regarded as similar to the bound
hydrogen-like states of an electron and a hole ex-
periencing mutual Coulomb attraction. However,

this condition may be regarded as a direct conse-
quence of the effective mass method. One should
not neglect to mention the investigations of Davy-
dovS, who generalized the concept of the exciton
and applied it to the study of spectra of molecular
crystals.

In studying the internal photoelectric effect in
copper oxide, Zhuze and Ryvkin? arrived at the
conclusion that their observations could not be

interpreted without the introduction of the exciton
concept. Further, the experimental investigations
of the external photoelectric effect. conducted by
Apker and Taft® should be mentioned; the exciton
concept is necessary, in the authors’ opinion, to
explain their results adequately. Finally, the work

of Gross? and his co-workers permits us, apparently,
to speak of a direct experimental proof of the ex-
istence of the exciton. Thus, the excitons are be-
coming not merely theoretically permissible states
of a crystal, but, evidently, ones that can be ob-
served experimentally. It thus appears timely to
conduct a more detailed study of the properties of
the exciton; attention should first be given to the
determination of the mean free path of the exciton,
which determines the speed of migration of energy
excitation in a crystal. The paper dealing with the
interactions of the excitons and the phonons!?,
published some time ago, contains only numerical
values of the mean free path of the exciton in
various crystals. In the present study, the mean
free path of a non-localized exciton is computed,
on the basis of its interaction with the acoustic
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branch of vibrations. It is assumed here that the
internal state of the exciton is not changed by either
its emission or absorption of phonons. We are not
considering any of the competing processes,

such as the disappearance of the non-localized ex-
citon by the way of transition into a localized

state, or the recombination of an electron and a

hole accompanied by the transformation of the ex-
citation energy into heat and light.

WAVE FUNCTION OF THE EXCITON AND ITS
INTERACTION WITH PHONONS

Using the approximate method of effective mass,
the wave function of a non-localized exciton of low-
est excited state can be given by

q)'exc =

1 ikr 1
VV V “aixc

Here V is the fundamental cell of the crystal, k is
the waye vector of forward motion of the exciton,

R and p are the radius vectors of the center of in-
ertia of the exciton and position of the electron with
respect to the hole, that is,

—e [ gexc

(1)

R= Ty + [oly

M+ pe p=r—

r2)

@)

where By Mg and r, r, are the effective masses
and radms vectors of the electron and hole (in
what follows, the index 1 will refer to the electron
and 2 to the hole),a _ is the “radius of the ex-
citon”’ exe

@oxc= ¥h?[pe?, 3)
where  is the optical dielectric constant and p

=M py/ (g +1ty) is the reduced mass. If p,

= py = m, = the mass of the free electron, then a___
is 2 ¥ times as large as the atomic unit of length,
equal to 0.53 x 107 cm. The large size of the

Y- cloud of the exciton justifies the approximate
method of the effective mass. The state of the ex-
citon [Eq. (1)] corresponds to an energy

’ (4)'

The

where the mass of the exciton Boge =B+ By
internal energy of the exciton AE §s 2 <2 times
(for p, = p, =m_) lower than the ionization energy
of a hydrogen atom that is, it is comparable to
thermal energies, even for not too high temperatures.
In what follows we will be interested only in such

collisions between excitons and phonons for which
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internal excitation or dissociation of the exciton
will not occur. For collisions of the exciton, pos-
sessing a wave vector k, with a phonon having a
wave vector g, and for minimal internal excitation
of the exciton, we have the conservation laws

k+q=k,
h2k2

‘exc

()
(6)

h2k?

+ hoog = 5o + 7 AE,

exc
where v is the velocity of sound, and the upper

sign corresponds to absorption, the lower to e-
mission of a phonon.

From Egs. (5) and (6) follows

n (kcosg— KooY'

where 0 is the angle between k and q. It is easy
to see that for absolute temperatures of more than
a few degrees, 0 not too near 7/2, k cos 0> Foy
o/ for the overwhelming majority of excitons
whlch are in thermal equilibrium with the lattice,
and, consequently,

qzii'—'(kcoso——

3n._ AFE

exc

2n%

g ="F kcos 0 £V k*cos%0 — (Bp.AE [ 2h2).

In order that excitation may not take place, it is
necessary that the expression occurring under the
radical be negative, that is,

8 »*h%
T e SIS (7)
For the overwhelming number of excitons we can
substitute €~k T in this expression. Then a
criterion of the apphcabllxty of the theory can be

seen to be

- 8 x2h2k,T

<1

(7a)

fp = By =m, and « =15, then y y=k_ T/0.023eV,
from which it can be seen that this theory is appli-
cable only for temperatures lower than room temper-
ature.

Considering such collisions of excitons with
phonons, for which excitation (dissociation) of the
excitons does not occur, we must set AE =0 in

Eq. (6), whence
g =TF 2k COSO + excVy [ h

If we again neglect the term 2[J.m vo/'h, then
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cosO = F q |2k,

where the upper sign corresponds to the absorption,
the lower to the emission, of a phonon. From Eq.
(8) it can be seen that phonons with wave vectors
g =~k in general interact with the excitons. As g
is positive by definition, it follows from Eq. (8)
that the wave vector of the phonons can vary be-
tween the limits of ¢, =0to g = 2k.

max

PROBABILITY OF TRANSITION OF AN EXCITON
Wi~ BY ABSORPTION AND EMISSION OF PHONONS

For the calculation of the probability of transition of
an exciton from a state with wave vector k to a state k”’
by collision with a phonon, we assume as the perturbation
energy the deformation potential of Bardeen and
Shockley 11

U(ry, 1) = C,A (1) — C,A (ry). ©)
Here C1 and C2 are constants of the order of mag-
nitude of the energy of the atom, that is, 1- 10V
and A(r) = divu, the relative contraction, where
u(r) is the displacement of a given point of the iso-
tropic continuum. We will assume C, > 0 and
C,>0, and generally C, # C,.
We investigate the elastic harmonic wave (phonon)
u(r) = 717 eqi[agje’ ™ +agre™ ). (10)
Here N is the number of atoms in the unit volume
of the crystal, e . is the vector of polarization,
@ . and a* . are gﬂe normal coordinates ( amplitudes)
o?ihe vibrations.
Substituting Eq. (10) in Eq. (9), transforming from
the coordinates r ) and r, to p and R, we obtain

U(ry, 1) = Up (p, R) (11)

_ 1 i(aR) Y2 (o
= = dage [Cl exp {i e (QP)}
- C,exp ™ i} o (q;)}] + compl. conj.

where we have made use of the fact that only longi-
tudinal elastic waves interact with the exciton.
The complete unperturbed wave function of the
crystal has the form

¥ (k, Nj) = (12)
___.1 i(kR) __1 —ela exc (
V—V- e l/;_;m e ; 1;[ qu (aq),

117 Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950)
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(8) where %Iq(aq) is the oscillator wave function of the

normal vibrations of the crystal (N, is the
quantum number of the oscillator with frequency
W, =vyq).

“The matrix elements of the transition are

Mie = {0 (', Np) Up (5, R) (13)
W (k,N,) daqdRdp.
Integration over da . and dR gives
h
@y 3, = V it Vo (14)

. h
(aq)Nq+1, N, = I/TMT,;; (Ng+1) ;

LSe“m—k"de:{l’ if K =kiq, (19
V' 0, if k'#k*q.

Here M is the mass of an atom of the crystal. It
can be seen that Eq. (15) expresses the law of
conservation of momentum [Eq. (5)] for the col-
lision of an exciton and a phonog.

The integral remaining over dp from Eq. (13) can
be seen to be

= i Sexp {ii H:’_z“z (q{;)} (16)
X exp{—\dp
- mfz {exp ti(a, ) exp{— az—i} p*dp dQ,
K2

q and d{Q is the element of
Frt g
solid angle.
For iptegration oyer dp the function
p%exp{— 2p/a___thas amaximmofp=a,_ .
Consequently it is desirable to evaluate the mag-
nitude of the quantity

where q, =

M xh® V3 /
| gr0exe | = 50, 4 i = 2 Viaps Vi ar

where we have used the condition that in general
excitons interact with phonons with ¢ = k.
Equation (17) shows that in the limits of appli-
cability of the theory (y < 1) the magnitude
lqlaexc | is of the order of unity. It can be seen
that it may be equal to 2 - 3, depending on the ra-
tio between p | and p,, the effective masses of the
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electrons and holes; therefore, in the general case
it is impossible to assume lqlauc| « 1, if
9,8, 1, which does not contradict the condi-
tions of applicability of the theory, then / =1 and
the matrix element ¥, - has the same appearance,
both for electron and hole separately. It can easily
be seen that for this case the mean free path of the
exciton is equal to

7rM'vg 1A

2
Qu2, (C,—C, )%, T

[]

l =

= ly, (18)

where Q  is the volume of the crystal cell. This

expression is analogous to the expression for the
mean free path of an electron hole !2, if one merely

replaces y, (y) and C,(C) by p,, =y + By and

Cl — C,. Itis obvious that g,a_ <« 1isrealized
exc —

-for the great majority of excitations with y <1,

that is with low temperatures and small dielectric
constant K.

Carrying out the integration of Eq. (16) we obtain

I=[1+8.4"1" (19)
where
1 xh? 1P
bi=70 ™ [2 (u1—+—uz)] @exc, (19a)

and similarly for 8,. Thus B, , is of the order of
magnitude of a__ . As aresult, the probability of
transition of an exciton, coupled with emission of
absorption of a phonon, contains the factor

oGy
(q) ‘—{ M+ Briqz B I+ ngzlz} (20
& %

T+ e [+ B

_ 2C,Cy
(148" 1P [1 + B2 ~

Calculating by the usual method 13, we obtain for
the probability of transition, with absorption and
emission of a phonon, the expressions

(9 .
Wiw == Nﬁ:v‘: N (e — er — hivg);

@1

W = n‘m‘d’;:' (N, + 1)8 (ew — en + h0g), (212)

12g 1. Davydov and I. M. Shmushkevich, Usp. Fiz.
Nauk 24, 21°(1940)

1 H. Bethe and A. Sommerfeld, Electron Theory of
Metals, Handbuch der Physik, vol. 24, p. 2
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where § is the delta function, expressing the law
of conservation of energy for the collision.

MEAN FREE PATH OF AN EXCITON

For high temperatures ( for our case exceeding
several degrees Kelvin) the relaxation time 7may

be callculateg iror(n 5he formula
. +
e = Y g e w

T aq

i’ ) (22)

where Ak, =k s k, is the change in the com-
ponent of the wave vector due to the collision.
We subsitute in Eq. (21) N for the mean

number of phonons in equilibrium. From the
Planck formula we have

Ny = [exp (hvyg/k,T) — 1] (23)

Taking into account that for the phonons, which
mainly interact with excitons, hw.q/ k,T

=~ hvoklk, T << 1,
we obtain

Ny=N;+ 1 = k,T/hvyg. (24)

Replacing the summation in Eq(22) by an in-
tegration in polar coordinates, with the polar axis
coinciding with k, we get

ko T Ak,
i=___"_£____"’_gk_¥q>(q) (25)

X [8(ew — e — hvogq)

+ 8 (s —e 4+ hveq)] g%dg sin 0d0ds.

Integrating over ¢, on which only Akx/kx de-
pends, gives

o Ak,
S -—k:— dq) = — 2th2/2k2.

0

(26)

Integrating over 0 eliminates the delta functions
and gives a factor I‘exc/'hqu in place of each of
them. Thus the mean free path of an exciton /
=7Tv="THhk/p,  is given by
012 o(Cr — Col?koT 4 2%

exc:
nMyZht

®(g)
) G= 779
0

1
T @7

We examine first the particular case when By
=, = p*, then

14
H. Frohlich, Proc. Roy. Soc. 160A, 230 (1937)
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D (g) = (C.— C,)*/[1 + 82?4,

where

(20a)

S = 1/4 Qexc:

Substituting this form of ®(q) in Eq. (27) and
carrying out the integration, we obtain
nM?-'gh‘ (1 + be)?
Qe (Cr— Ca)2kyT 1 + Ysbe?

(18a)

where € = 2/:2/241 exc 1S the energy of the ex-
citon and b= [p*e4/4x?r 2171 It can be easily
seen that for the criterion (7) to be justified it is
necessary that € < 0.75/b. From Eq. (18a) it is
seen that for the particular case considered here
the mean free path of the exciton is a monotonic
function of the energy. For small values of the
energy ¢ the numerical value of [ is given by Eq.
(18). For the maximum energy € g = 0.75/b the
expression for [ is 4.3 times larger.

For the general case a simple calculation gives

2k
1{ O G V14 Yshe
0 ) G 9 = (o) T oey

2C,C, 2

(28)

+< C, \)214-1/3"2‘5

Ci—Cy) (T + basf  (Cr—Col by — by)e?
X[b] + b21 1 + b]‘J _ b,E + ”QE + 2b,b252
bl — b 1 -+ bzs (1 -+ b1€) (1 -+ sz) J’

where ¢ is the energy of the exciton and

b, = W wet \7! b, = Be  peet\7
P77\ Fug zhBE) 0 72 w1 + e <hBE
are coefficients, with dimensions of inverse ener-
gy and of the order of magnitude of the inverse of

the internal energy of the exciton.
It seems expedient to write Eq. (27) in the form
T:Mvoh‘
T Qg (1 F pe)? (G — CofPky T

(29)

F(z;s,8)=1,F (30)

where
z=1bu, s=C,/(C;—C,), & =pa/p1 (30a)
and
1 o1+ l/sg'zz s 1z
Fas =S Tagr T 66— iggzp 80D

2 g2 41 14 g%z
=256~ Vg =110 T 75
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_(E+Nz+ 2g2z’]
(1 +2)(1+g%)

It should be noted that z = b ¢ = 3/4(p /p,)y
=~ y/g, but y <1, from which

0<2<1/g.

It can be easily seen that for z » 0, the function
F converges to unity for all values of s, that is,
Eq. (30) transforms into Eq. (18).

We see from Eq. (30) that the mean free path of
excitons, just as that for electrons (holes), is in-
versely proportional to the absolute temperature.
On the other hand the mean free path of an ex-
citon, in contrast to that of an electron (hole),
depends on its energy.

Since this problem is completely symmetrical
with respect to the electron and the hole, let us
consider only the case of g > 1, which cor-
responds physically to the more probable as-
sumption that the effective mass of the hole p, is
larger than the effective mass of the electron By
It appears that C, > C,, as it can be imagined that,
for a given relatlve change in the volume of a
crystal, the displacement of the lower edge of the
conduction band is larger than the displacement of
the upper edge of the valence band.

To give visually an idea of the behavior of the
function F(z; s, g) for various values of its argu-
ments, graphs of F(z) for several values of g and
s have been constructed. In Fig. 1 the behavior of
F(2) is depicted, for g = 3, and several values of
s, from unity (C, = 0) to infinity (C, = C,). Fig-
ure 2 shows the same relationship, for g = 9.

In the case of s =1 (C2 =0), the function is

F(2) = (1 + g%2P°/(1 + /s g%2).

If Cl =C, = C, and consequently, s = «, then

(30¢)

(G —Co)* Cz{1 + 15 222 1 +1/,z'

F(z) 1+ g22,2 (1+2)2
. 4 [g“+1I 14 g2z
=17 le—1 " T+2

_ (B + 1)z 4 2% ]}
A+2)(1 + &%)

and in this case we shall designate as F(z) the
inverse of the quantity contained in the brackets on
the right hand side.

In discussing the graphs shown it is necessary
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Fig. 1. g=3.I:s=1; C2=0; I: s = 1.1
Cl= IICZ; II: s =1.5; Cl= 362; IV: s
=2; C1= 2C2; V: s=3; C1= 1.5C2; VI:
s=11 C1= l.lC2; VII: s =oo; C1

=C o- The ordinates of curve VI are
magnified 10 times.

to keep in mind that the ordinates of the curves VI
in Figs. 1 and 2 are magnified ten times, while the
ordinates of the curves [ and /I in Fig. 2 are re-
duced ten times. Also, the curve VI for s = » is
not shown in Fig. 2, as it is similar to the curve

VIl in Fig. 1. The ordinates of the curve ¥/ of
Fig. 2 are of the order of 0.014 for values of
z>0.02.

Now if we regard [, as given (i.e., the difference
C, - C,is given), then a number of conclusions

can be drawn concerning the behavior of the
dimensionless factor F, which, when multiplied by
10'- determines the mean free path of the exciton.
We see that in all cases, when C is of the order
C,,.i.e., their difference is of the same order of
magnitude ( curves I, IV, and V), the function
F(2) has a maximum in the energy interval in which

the excitons can exist, thus increasing the mean

free path (with respect to lo) by a factor of 10 - 40.

The larger the value of C, as compared to C,, the
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Fig. 2. g=9. Curves [-VI are cal-
culated for the same values of the
parameter s, as in Fig. 1. The ordin-
ates for curves | and /] have been re-
duced 10 times, those for curve V/
have been magnified 10 times.

higher will be the values of the exciton energy at
which the length of the mean free path reaches its
maximum. In the cases when C . differs only
slightly from C 3

y from G (curves VI), and the energy of the
exciton is not overly small, its mean free path is

several dozen times smaller than ly-
Let us determine the temperature T, which cor-
m

responds to the energy e =k T for which F has a
maximum, for the case of g = p,/p;, =3 and s = 2.

Assuming, for example, « =15 and p, = 2m_, we ob-
tain I, =96°K. It is easy to see that for g =9,
the maxima of F are located, generally speaking, at
somewhat lower temperatures, of the order of

10- 20°K.
We see that the dependence of the length of the

mean free path of the exciton on energy is ma-
terially connected with the relative magnitude of
the effective masses of the electron and the hole,
and of the interaction constants C1 and C,. Of
course, no exact quantitative determinations of the
mean free path of the exciton can be made unless
the constants B Bos Cl, C2 are known. As far
as that is concerned, the conditions are similar
to those encountered in considering the theory of
the mean free path of an electron (hole).

The corresponding calculations for an exciton in
a polar crystal will be published in the very near
future.

g“;‘anslated by O. L. Tiffany



