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Fluctuations of phase and amplitude in weakly non-linear oscillating systems amenable,
-in the periodic mode, to calculation through an expansion in terms of a small parameter
are considered. In contrast with previous studies 1-5, the Einstein-Fokker equations are
not used; instead, symbolic differential equations containing random functions which de-
scribe the fluctuations are used in conjunction with methods of correlation theory.

The first part of the paper is devoted to a consideration of a system with one degree of
freedom; to illustrate the method, the general theory is applied to the case of an isolated
system, which has been studied earlier2, and to the physical example of a weakly self-

excited vacuum-tube oscillator.

1. INTRODUCTION

HE problem of the behavior of dynamic systems

in the presence of random effects has been
treated in very general form in reference 1, which
is undoubtedly fundamental in this particular field.
In this paper the statistical approach was that of
the Einstein-Fokker transition-probability equation;
i.e., it was assumed that the random process
taking place in the system is a Markov process.

The general considerations developed in reference
1 were applied further in the study of the natural
bandwidth of a vacuum-tube oscillator2, in which
connection the oscillator was assumed to be a
system of the Thomson type; i.e., approximately a
conservative harmonic oscillator. The theoretical
-results were shown to be in good qualitative
agreement with experiment®.

Because of the considerable improvement in the
sensitivity of receiving and measuring apparatus,
fluctuation effects have received a good deal of
attention in recent years. In particular, fluctuations
in oscillating systems, aside from their theoretical
interest, have now acquired direct practical
importance, for example in determining the limiting
frequency stability which can be achieved in
quartz-crystal frequency standards®.

In further study of the problems in this field it
would seem desirable both to attack new problems
other than those considered in reference 2 and
reference 3, and to apply other statistical methods.
In connection with the first of these approaches

11,. Pontriagin, A. Andronov and A. Vitt, J. Exper.
Theoret. Phys. USSR 3, 165 (1933)

2 1. L. Bershtein, Dokl. Akad. Nauk SSSR 20, 11
(1938); J. Exper. Theoret. Phys. USSR 11, 305 (1941)

3 1. L. Bershtein, Dokl. Akad. Nauk, SSSR 68, 469
(1949); Izv. Akad. Nauk SSSR , Ser. Fiz. 14, 145 (1950)

4 p. I. Kuznetsov, R. L. Stratonovich and V. I.
Tikhonov, Dokl. Akad. Nauk SSSR 97, 639 (1954)

mention should be made of reference 4 in which the
Einstein-Fokker equations were used to study the
behavior of a vacuum-tube oscillator in which the
fluctuations were not assumed to be small and
correlation time of which was large compared with
the oscillation period, and of reference 5, in which
the methods of references 2,3 were used in
considering fluctuation in an oscillator with
nonlinear inertial properties.

The present paper treats fluctuation in oscil-
lating systems of the Thomson type having one or
two degrees of freedom. The statistical approach is
one first introduced by Langevin? in the theory of
Brownian motion and in general is quite different
from those used in the work cited above. In
particular, in place of the Einstein-Fokker equa-
tions, we consider symbolic differential equations
which contain explicitly the random forces acting
in the system and determine the random functions
themselves rather than the distribution functions.
Without attempting a comprehensive comparison
between these two methods, we may note here
certain features of both.

Using Einstein-Fokker equations,one may easily
take into account auxiliary conditions such as the
existence of reflecting on absorbing boundaries in
considering the region of variation of the random
functions; this is done by imposing appropriate
boundary conditions. In working with symbolic
differential equations,the consideration of such
conditions is more complicated. On the other hand,
these equations are more general in that they are
not limited to Markov processes; the random force

5 M. E. Zhabotinskii, J. Exper. Theoret. Phys. USSR
26, 758 (1954)

6 A. Blaquiére, Ann. de Radioélectricité 8, No. 31, 36
and No. 32, 153 (1953)

7p. Langevin, Compt.rend. 146, 530 (1908)

217



218

F(t) need not have 8- correlation. The situation in
which F (t) is “absolutely random”, i.e.,

F@®)F(t) = C3(t —¢t') (1.1

and correspondingly, in which the impulse over the

time T
teT

S F(t) dt

t

[#) = (1.2

is a non-correlated function, represents an excep-
tional case. As is well known, it is precisely in
this case that the system fluctuations caused by
F(t) constitute a Markov process, and the con-
sideration of the problem by correlation-theory
methods is equivalent to its solution using
transition probabilities. In general, however, the
application of symbolic differential equations in
conjuction with correlation theory seems to be
simpler and more instructive, so that we shall use
it here although we shall limit ourselves to random
forces having &-correlation.

First as an illustration of the method, an
isolated oscillating system is considered, i.e., the
problem solved in reference 2.

In the following paper our method is applied in
somewhat more complicated problems: fluctuations
in a non-isolated oscillating system with one
degree of freedom, namely a vacuum-tube oscillator
synchronized by an external driving force and
fluctuations in an oscillating system having two
degrees of freedom, more specifically, a vacuum-
tube oscillator stabilized by coupling to a high-Q
circuit.

2. STATEMENT OF THE PROBLEM

Since it is assumed that the systems being
investigated are approximately conservative oscil-
lators, it is reasonable to use for the solution of
the equation of motion a method involving expan-
sion in a small parameter. This parameter, which
we call pu, determines slow variations of both
amplitudes and phases of the oscillations at the
fundamental frequency and at its harmonics, i.e.,
it enters not only directly, but also through the
“slow” time

‘rr=p,t.

In other words, the solution will be in the form
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x=Rcos(t —¢)+p E{P,.COsn(t——ﬁp)
+ Qrsinn (£ — o)},

R=R(t, 1), o=0(,p),

Qn = Qn (Tv !"‘)'

The first question which must be settled in
applying this treatment of random effects is the
choice of the order of magnitude of the random
force. Two reasonable choices are possible: first
order, i.e., a force p F(¢), and second order, i.e., a
force p? F(t). In the following it will become
apparent that over and above its greater conven-
ience with regard to the numerical values which
appear in the dimensionless-parameter equations,
the second choice leads to a more consistent
perturbation method. Thus,for a system with one
degree of freedom the equation of motion will have
the following form:

2
E+ x=nf (x, &t p) + w2 F(t). (2.1)

The explicit dependence of f on ¢ ( which arises
in the synchronization problem) is assumed to be
periodic with period 27. In the case of the
isolated system the time enters explicitly only
through the random force p 2F(t).

As is well known, the equations for the ampli-
tudes and the phase ¢ are obtained from the
requirement that in x there be no terms ( in any
order in p) which increase indefinitely with ¢.
This means that, in looking for a solution in the
form of a series in p.(x=x0 +px1+p2x2+ ...... ),
the right-hand member of the successive approxi-
mation equations must not contain resonance
harmonics. According to Eq. (2.1), the random
force enters in the right-hand member of the
equation for le:i:'z +x,= F@ +....], i.e., ‘speak-
ing formally, it should act as a conservative
oscillator— a system with an infinitely large
driving force. From this it is clear that in
the spectrum of F(t) only the immediate region of
the fundamental frequency is of importance and
thus F(t) can be written in the form

Pn=Pn(Tv P‘)’

F(¢) = Fy (x)cos (¢ —¢) (2.2)

— Fy (v)sin (¢ - ¢),

where F; and F| are the components of the force
tangent to and normal to the generating circle
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(more accurately, to the circle corresponding to
the fundamental frequency).

In order to examine the significance of this
representation of the force, we write its spectral
function

F(t) =\ {U(v)cos ot + V (0) sin ot} dw. (2.3)

Oma

Using the Fourier-transform formulas and the
correlation function (1.1), it follows that

T@U@) =< fo—o)+3e+ o),
V@) V) =5 ((—a)

—d(o+o)}, U(w) V(e)=0.

In the integration over w and w “from zero to
infinity, terms with 8 ( + ) always vanish, so
that only the first term need be considered:

U@ U@ = Ve Vo) o
=%3e—0), UV (@)=0.
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Comparing Egs. (2.2) amd (2.3), it follows that
Fy(z) = g {U (o) cos (xx 4 )
* V(o) sin («x 4+ o)} do,
Fi () = { (U @) sin (as 1 )
0
— V(o) cos (at + ¢)} do,
where
w=(0—1)/p. (2.5)

These expressions are completely rigorous
although, strictly speaking, on the left-hand side
one cannot write the ‘‘slow’’ time = as the argu-
ment for | and F| . In view of the smallness of
¢ > however, and in view of the fact that we are
interested not in F; and F, themselves, but only
in their correlation functions, this expression is
justified. Thus, for the correlation function of K,
we have

Fy()Fy (<) =

= g S {U cos (at 4 ¢) + V sin (a1t 4 @)} {U'cos (¢'t'+ ¢') 4 V'sin (a't' 4 ¢')} X
00

X dwdo'.

In view of Egs. (2.4) and (2.5), this gives

FOFE =% costa(c—) +¢—g' do
0
=5ﬂgcos (p—¢') S cosa(t — ') da
=1
C oo
— E; sin (¢ — ¢') S sina (vt — ') do.
—1/p

It is clear that for p — O the integral over
cos a (7 — +°) becomes 275 (r — ) and the
integral over sin o (7 — 7”) becomes zero. Thus,
within the accuracy: of the rapidly oscillating
terms, one may use these limiting values of both
integrals, and it is in just this sense that
we interpret the statement that Fy and F; depend
on the time only through == p¢.

In the tactor which multiplies the §-function one
may assume that 7’=rTsothat Fy (N F (r )

2uC8(r~ 7). Incorporating this with the results
of similar calculations for the other correlation
functions we have finally,

Fy(x) Fy(x") = FL(x) Fi(<')
= 2pC3 (x — ),
Fy(r) Fo(<') = 0.

(2.6)

We now turn our attention to the solution of

Eq. (2.1).
3. SUCCESSIVE APPROXIMATION EQUAT]ONS

In differentiating any function which not only
depends on ¢ explicitly but also through == ut, we
have

d 0
G=nteE=E+e(y. @D
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For brevity we indicate the respective partial
derivatives here and in the following through the
dot and the prime-symbol.

In order to simplify the calculations, we make
the assumption that the system being studied has
cubic non-linearity only. This allows us to
neglect the even harmonics, i.e., to look for a
solution in the form

[—2pR" + p* (R9" 4 2R'¢")] sin (t — ¢) + [2pRe’

X =Rcos (t —¢) + p {Pcos 3 (t — o) (3.2)

+Qsin3(t—e¢)+...}.

2
Calculatingiiﬁ and 4% 5 accordance with Eq.
dt de?
(3.1), after substitution in Eq. (2.1), we get

(3.3)

+ 82 (R" — Ro")] cos (£ — ¢) + [— 8uQ + p2 (18Q¢’ — 6P")] sin 3 (£ — o)
+ [— 8pP + p2 (18P¢’ + 6Q')] cos 3 (£t — o) +-... =
=pf (6 %, £, )+ p2[F)(5) cos (£ — o) — F, (<) sin (£ — g)].

Now we expand f in a Fourier series with respect

to t — @(keeping in mind the fact that the
explicit dependence of f on ¢ is assumed to be
periodic with period 27):

d
fx G tw

= D) {Drsin & (t —¢) + Facos & (¢ — o)},
3
where (k > 0)

b

%)J_:}:% gf{Rcosu—l—p.(Pcos&t

+ Qsin3u) +..
+R'cosu—3Psin3u4...),

(3.4)

» —Rsinu 4 p(Re'sinu

sin ku
ute p }cosku du.

Now equating the coefficients of sin(z - ¢),
sin 3(¢ - ¢) and cos (¢ - ¢), cos3 (¢ - ¢ to zero,
we find

2R'+ @, —p(Re"+2R'¢' + F ;) =0,

2RY — ¥, +  (R'— Ry’ — F}) = 0,
8Q -+ @y — p (18Q¢ — 6P') — 0,
8P+ ¥, 4 p (18P¢" 4+ 6Q') =0,

------------------

The successive approximation equations are
obtained from the substitution of a power series in

T

R=R,4+pR, +..., (3.5)

P=P,+pP,+...,

=9+ pp +..., Q=Q¢+pQ,+...,

in which ®, and ¥, are also resolved in terms of

L
Op =@+ pOp; ...,

Y= Y¥uo+ p¥u + ...
In accordance with Egs. (3.4) and (3.5)

T

%’,:E}:;‘— S f(Rycos u,

(3.6)
R, u + 9, O)coskudu’
0Dy, 0Dy,
(I)“:Rl’aﬁ.,'"i‘ 20 m‘l‘Ah»
o oY
Y =R, ORM + ¢ 0;0 + B,
where N ’
A 10 . . ,
B:}=1=_ S {f:0 (Roposin u ++ Ry cos u) (3.2)

4+ ( f;opo +3 f;oQo) cos 3u + (f,0Qo
' ; 'y SIn &
=P+ £ 8
Equating the coefficients ot terms of the same

order in p to zero, we find the equation for the
first approximation
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2R’0 + @y =0,
2Ro‘P; — ¥, =0,

8Qo + P30 =0,
Qo + Pso (3.8

8Py + ¥3,=0,

and the equation for the second approximation

2R + 0®10R1+6®10

= Ro%, + 2R, 9, — A1+ F1,

(3.9)
, 0¥,
2R, + (2390 e )Rl
— G2, = Ryw2 — Ry + By + Fi;
8Q,4 6P, — 18Qy7, + Dy = 0, (5.10)
8P, —6Q, — 18Pyp, + W3 =0.

The first two equations of (3.8) are the
so-called reduced equations. We note that for the
regular method of successive approximations
being used here the basis of this designation is
logt. We do not require the “‘rejection of quickly
oscillating terms’’ nor averaging over phase, i.e.,
the usual procedures which are employed in the
denvatlon of the first two equations of (3.8).

Equatlons (3.9), which are linear in R, and ¢,
permit us to express R, and ¢, in terms of the
fluctuation forces F and il wlllose correlation
functions are known, i.e., they permit us to find the
correlation functions for the amplitude fluctuations
and for the phase fluctuations, and eventually to
determine their mean-square values. Thus,the
problem of finding the statistical properties of ‘the
random process which takes place in the system
being investigated is completely solved.

If in Eq. (2.1) the fluctuation force had been
introduce% in first order in p, then in place of
Eq. (3.8) we would have obtained the following

equation for the first-order approximation:

2R;, + ®,,=F,, 2Ro"?(’) —¥y=Fy. (3.11)
Bershtein? started from these equations but in
forming the corresponding Einstein-Fokker equa-
tions he was still forced to resort to perturbation
methods, i.e., to the linearization of Egs. (3.11).
Taking Ry and ¢ to be the solutions of Egs. (3.11)
for F| = F =0, and taking R_ and ¢, to be the
small deviations caused by the fluctuation forces;
resolving Egs. (3.11) in powers of R and ¢, and

limiting ourselves to linear terms, we have
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2R, Lo * Ry + o Ty — Fl,

9 Ro‘P; 4 (2@0 6‘1’10) R, —

The linearization of Egs.(3.11) indicates that the
fluctuation force is influenced by the behavior of
higher order terms as is shown by a comparison of
(3.9) and (3.12). In using the successive-approxi-
mation method this effect is introduced naturally as
was done above. Furthermore, we see that the
linearization of Egs. (3.11) yields a result which
coincides with that of Eq. (3.9) only in those cases
for which all additional terms in Eq. (3.9) are
either absent or can be set to zero. If one or the
other of these conditions is not fulfilled (and this
is entirely possible) then Eq. (3.12) does not take
into account regular corrections to the amplitude
and phase. It is to be understood that the presence
of regular additional terms in the right-hand member
of Eq. (3.9) is not essential to the fluctuations.

We now consider the case of fluctuations in an
isolated oscillating system.

(3.12)

%-Fu

4. ISOLATED OSCILLATING SYSTEM

Since the time ¢ does not appear in f explicitly
in this case, the quantities q)ko , ‘I’k s Ay and B,
do not depend on @ as is seen from Eqs (3.6) and
(3.7). Hence in an 1solated system, Egs. (3.8) and
(3.9) assume the form

QR;) + @3 (Ro) =0, 8Qo + @30 (Ro) =0, 4.1
2Ro‘?(', —¥10(Ro)=0, 8P+ ¥5,(Ry) =0

2R, + S22 Ry = Rt} + 2R,
— A, (R)+ Fu,

2Ry7, + (26, — 522 ) Ry

(4.2)

_Rorg2 R;+Bl (R0)+F][.

. We are interested only in steady-state oscilla-
tions, so that R “= 0. The first equation of 4.1),

P10 (Re) =0

determines only the constant (independent of )
values of the radii of the generating circles in the
zeroth approximation.
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If ‘y,lo(Ro) # 0, then, from the second equation
of (4.1), we have
‘(PO = 3'1: + «,

where o is an arbitrary constant and the quantity

' 1
8 =g, = IR, ¥ (Ro)

gives the first-order correction to the frequency.
Taking into account the constant Ro(also Po,

Q,) and ¢, we get from Eq. (4.2)

., 00 _
2R1-1—'31—21£‘R1-—_A1(R0)+F_Lr (4.3)
’ \IJ.IO
2Re2; + (28_ aaRo )Rl
=R — B (Ro) + F-
and 8, in Rl

'Separating the regular components r
and @, i.e., taking

1

R1:r1+9('c)1 ‘?1=81'C+X(T)v (4.4)

we get, upon substitution of Eq. (4.4) in (4.3), the
following values of the corrections to the radius
of the generating circle | and the second-order
correction to the frequency 8

A1 (Ro)

0Dy/0R, ’

ry=—

b= R By R~ (2~

while the equations for the amplitude fluctuation p
and the phase fluctuation % assume the form

b (@)= =P {—= PZ(T + )

—o0

T T
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o'+ po=FL(7)/2, ¥+ g0 =Fj(x)/2R,, (4.5)

where
1 0my,
=555,
1 N v, 1 0 /¥
=552 ——-——0>‘:~-——_._ 10
h 2Ro< ® T 3R, 20}20(130)'

The quantity p,, the increment of the system,
characterizes the ‘‘stability’’ of the generating
circle with respect to radial departures (for a
stable circle p, > 0). For p we have an equation
of the relaxation type with a characteristic

relaxation time 1/p, in terms of 7 (i.e., 1/pp, in
terms of ¢). The tracing point, after being
displaced from the generating circle by the
fluctuation force, is returned to it as though it
were attached by a spring and moving in a viscous
medium. The existence of a quasi-elastic force

— p, p implies the stationary properties of the
amplitude fluctuations and the existence of a
finite steady-state value of p2.

In calculating the steady-state correlation
function,one may use the solution of the first
equation of Eq. (4.5) under initial conditions
corresponding to the vanishing of the quantities
of interest at 7=~ o0 .

T
-P1T
2

p()= £ g ePOF | (0) db.

—o0

Using Eq. (2.4), we find

<!

S eP®: g, % er®: F1 (6,) F, (0;) b,

—oo

(4.6)

N C —_—
— 2 exp {—pu (e + ) | erodt,feroid (0, — ) dB, = frexp (—pu| ¥ —=1}-

—o0 —_00

In particular, the mean-square of p is
o* = pC/4p,.

Because the system being considered is an
isolated one, there is no steady state as far as
phase fluctuations are concerned. If we take the
phase x=0 at time =0, i.e., if an ensemble of
systems with this initial value of X is considered,
then, in the course of time, the tracing points spread
apart on the generating circle on both sides of the
regular (‘“‘dynamic’’) tracing points and the mean-

(4.7)

square value of ¥ will increase in accordance with
a diffusion law (proportional to 7). In reference 1
this situation was aptly described (in terms of the
phase plane %, %) as the ““motion of an intoxi-

cated person moving in a channel in which there
is a steady current’’. In the plane which de-
scribes the slowly varying amplitudes, one in which
the regular rotation along the generating circle is
not shown, the indicated spreading is similar to
the usual one-dimensional motion of a Brownian
particle in a motionless medium except that the
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fluctuations in ¥ depend not only on the'direct
effect of the random force F, but also on the
amplitude fluctuations. The effect of the
latter, which are expressed by the term q,p in the
second equation of (4.5) arises when q,* 0, i.e.,
either in the presence of a first-order frequency
correction (¥_ == 0) or in the absence of isochro-
nism in the neighborhood of the generating circle
(&‘I’lo/ GRO #= 0), or as a result of both (if they do
not cancel; this occurs when ¥_ ~ Ro).

Taking into account the absence of a steady-
state for ¥, we take the solution of the second
equation of (4.5) which corresponds to the initial
conditions x =0 for 7=0.

x()=—g.\p (0 a0 + 2 P (6)d.

0

Since, in this section, we wish only to
illustrate the application of symbolic equations
and correlation theory in problems which have
already been solved, we will limit ourselv es to
the calculation of the mean-square value of .
Assuming that the fluctuations of amplitude have
already been determined, we make use of the
correlation function (4.6) for p.

Since p(7) and Fil (7) are not cross-correlated,
we have

() =gt (a8, (@0 () at,
0 0
1 T T
+ o ) 46 \ i) Fr () b,
[ 0 .

Substituting Eq. (4.6) in (2.6), we have

— uC(q —pr_ -
PO =t (o et e

The first term depends on the amplitude fluctua-
tion, the second on the direct effect of the pulses.
On the same basis, the second term increases in
accordance with a diffusion law; the first,
however, is subject to such a law only when
p,;7> 1 and then

= _ #C [a} 1
) = — [ = 4 —
X () =~ (p§+R§)r
If p,7 <1 (and also if = is much larger than the
time between pulses, as is required for the
formulation of the problem in terms of symbolic

(4.8

. —__ uC (%< T\
equations) then* 7377y — = (_‘_ +—=].
0 =5 (5 %)
5. VACUUM-TUBE OSCILLATOR

e
L'l

t ;

As an example, which will also be needed for
what follows, we consider the vacuum-tube oscil-
lator whose circuit is shown in the Figure. Using

the symbols given in the Figure, we have the equation
dl 1
L g-+RI =Eg(1a—1)dt,
+ 60 sin (!)tl, ng =M

(5.1)
dl

dt;
(The time is indicated by ¢, while the symbol ¢ is
is reserved for the dimensionless time). In the
following paper, this same example will be
considered in connection with synchronization;
hence we introduce here a sinusoidal emf, which
is included in the condenser branch to simplify
the equations.

The plate current is given by the expression

2

=sol1—g5)+1 ROV

where S and V are the usual parameters associated

‘with the cubic characteristics of the tube and

I, 4o is the random part of the plate arising from
the shot effect**.

Introducing the dimensionless time ¢ = wt, and
the dimensionless current x = 1/10, where

It = V2 (MS — RC)/ M3Sa, (5.3)

and using the notation

* Note added in proof.— In a receat paper by
Gonorovskii [ Dokl. Akad. Nauk SSSR 101, 657 (1955)] it

‘is found that for small 7 the mean-square value of the

random deviation of the phase, in general, does not
contain terms to the first power in 7 as though there were

no direct effect of the pulses. We propose to examine
the reasons for this disagreement elsewhere.

** For the present, in the interest of simplicity we
omit the thermal emf in the R branch (cf. Sect. 6 of the
following paper).
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1 ©?

“’3=L_C-’ m’Tzl""P’At

(MS —RC) &? ol (¢
T 0_3?10_(3=,,2F(t), (5.4)
&o
Tor, = 2eM1,

from Egs. (5.1) amd (5.2) we get equations in the
form of Eq. (2.1) in which

fx &t e
(5.5)

= %{[1_%(3—;—‘>2]+Ax+ 2H cost.

In considering the case which is of interest to us
at this time, the isolated system, it suffices to

take H =0 and A =0, i.e., to take w = @, every-
where in Eq. (5.4). Then

foe gt =5[1—3(F)]-

Assuming the shot-effect to be § - correlated,

T &) (%) =Clti—1t)

a-shot  a-shot

(5.6)

(5.7

(C0= Tae, e is the charge of the electron), and
making use of the relations (5.4) between F(t) and

I_a-shot(tl)’

TN T N a2 BRI
I (¢ (t)=p FOFF)

—_ 2 S(tl _ tl)
we get = ptly CITR“ (0 = 0yp),

ptC = Coo/I2. (5.8)

Omitting the intermediate steps, we can write

directly Eq. (4.1) for the case (5.6)

: R} RS
2Ro —-Ro(l——z—)-:(), Q0=§% ’
2R0{?,0 — 0, PO = 0.

Thus ‘I’mz 0, i.e., there is no first-order
frequency correction, the system is completely

isochronous and R = 2. In Egs. (4.3), 4,=0,

since r. ( the correction to the radius of the
generating circle) does not appear and
Bl= Rg/lZS =1/4. Thus, taking into account
second order corrections, the fundamental frequency
is found tobe n =1 ~( [Lz/ 16) and Egs. (4.5) for
p and ¥ are:
o' tep=F./2,

X =Fy/4 (po=1, g,=0).
Expressions (4.7) and (4.8) for the .mean-square
values of p and ¥ assume the form

Eow 5k
= 3 (5.9)

p 49 Xz——'_":

We revert to the initial (physical) parameters. The
amplitude fluctuations of the current in the circuit
areAl = pp and the phase fluctuations A= px.
From Egs. (5.3), (5.4), (5.8) and (5.9), we get,
therefore,

A—lz;"_ ](2)“36__600)0 . Cn
=T% T %u T ZMS—RCy’
(5.10)
Aoh — wCr Cooity C,wyMS ;
ETE T Ter T SEMS—RO TV

where C | =1 e is the constant which appears in

the correlation function of the shot-noise (5.7).
Close to the limit of self-excitation (MS - RC »0),
i.e., close to the limit of stability of the oscil-

- lating mode, the ‘‘stability’’ of the generating

circle tends toward zero. In this case there occurs
an unlimited increase of the intensity of the
amplitude fluctuations and of the diffusion coef-
ficient of the phase fluctuations. Actually, the
increase in the fluctuations is not unlimited;
nevertheless it is large enough to invalidate the
‘order-of-magnitude assumptions with regard to pp
and py upon which this analysis is based. The
question of fluctuations close to the limit of self-
excitation, in which the random effects in the
generating circle become comparable to its radius,
requires special attention.

Translated by H. Lashinsky
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