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The general case of motion of electrons in cyclic accelerators has been investigated,
taking account ot quantum effects, when axial as well as radial oscillations are possible.
We show that the quantum effects can be included by quantizing the adiabtaic invariants
according to the Bohr-Sommerfeld method. The effect of quantum fluctuations on radial-
phase oscillations in a synchroton is also investigated. Finally, the problem of quantum
excitation of macroscopic oscillations is discussef.

1. ADIABATIC INVARIANTS AND EQUILIBRIUM
ORBIT

IN the present paper, we want to investigate

electron motion in a magnetic field according to
quantum theory, and include the possibility that

axial as well as radial oscillations can be produced.

In this case it is simplest to solve the problem in
cylindrical coordinates r=v'x* ty*, z, .

We shall first consider the motion of electrons
in cylindrical systems like the betatron, where the
variation of the magnetic field // over the region
around the stationary orbit (r=R = const, 2=0) is
given by

H = const-r—9, (1)
and its average value satisfies the Wideroe condi-
tion

H (Ro) = rH (r)dr = 2H (R,), (2)

2
0

ot/w?

which has been investigated in detail by Terletskii.®

In addition, the magnetic field H must satisfy the
equations:
divH = 0, curl H = Q. (3)

In order to satlsfy conditions (2) and (3), the
vector potential is taken in the form

Ar=—1yH, Ay=1xH, (4

and the average value H set equal to

Yo H(r, 2) (5)
-y S )+ 5

2—19)
* The present paper is a continuation of a series of

1-
papers 4by the authors on thequantum theory of the
radiating electron, which we shall cite as I-IV.
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bi=(—1)'(9 —2°¢*(q + 27 ©
(g +2i—2)/(20)! (9 — 2) (g + 2 —2).

H (r) is given by formula (1). The last term on the
right of (5) is chosen so that, on the one hand, it
does not affect the value of the magnetic field in
the region of the stable orbit (z=0), since

1 0Vyr2 H
T o ™

H(r)=

and on the other hand so that conditions (1) and
(2) are satisfied for =R 0 and z=0. It will be

sufficient to take the first two terms in the ex-
pansion of the sum in (5):

e IO

1/2 H(f, Z) ~ (2[‘/(7‘) [

—9q)

re

+ L ()

In our case, the Lagrangian and the generalized
momenta are

L =—me[] —c2 (rl -+ rzcé2 + 22)‘]‘/2

9
— (e/2c) Hreg,
pe=(e/c)r* (H—1/, ), (10)
=(E/e®)r, p:=(E/cYz

Here we have made use of the fact that for the
stationary orbit

PE = eHR,, (11)
and the electron energy is
E=mc/V1—§g, (12)

where ¢f3 is the electron velocity and m its rest
mass.
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We shall show that the electron trajectory, in-
cluding quantum effects, can be found using the
Bohr quantum theory. The final results agreee
in first approximation with the results of rigorous
quantum theory. This method is very convenient
for practical computations when the energy is not
too high, since it is very simple and descriptive.

We introduce the three adiabatic invariants
associated with the azimuthal quantum number
l=0,+1,+2...,the radial quantum number
s=0,1,2. .., and the axial quantum number k=0,

1,2...

(P podp = 25, g} pedr = 2xhs,

According to the Ehrenfest adiabatic principle,
the adiabatic invariants remain unchanged during
slow variations of the magnetic field. In parti-
cular, we see from (10) and (13) that on the sta-
tionary orbit [ H (R o Y=Y H (RO) 1 in the
absence of radial and axial oscillations all the
adiabatic invariants become zero, i.e., [=s=k=0
(the ‘“ideal orbit”’).

2. OSCILLATION OF THE ELECTRON ABOUT
THE INSTANTANEOUS EQUILIBRIUM ORBIT,
ACCORDING TO CLASSICAL THEORY

We shall investigate the stability of the
motion when the adiabatic invariants are different
from zero.

In the relativistic case, the energy is related
to the momenta by

E*jc2—mct=p24p24-V(r,2), (14)

where the function V (r,z) = (#l/r + erll /2¢)? can
be considered to be the expression for some effective
potential energy (cf. Ref. 6). The radius R of the
instantaneous equilibrium orbit, for which there

are no radial oscillations (s=0) and no axial oscil-
lations (¢ =0 ) can be found from the equations

aV(r, z) __0V(r,z) _
o | = e =0 ()
We thus obtain
z2=0, R= [ nek (2 —q) ]11(2—q) (16)
eH (R)) Rl (1—gq)
- 2—q Ich (2 — q) 1/ (2—q)
- [ o T eH (Ry) R (1 — q) ]
Ich

~Rot SHRy R T—3)
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where the quantum number
lo = RyeH (Ry) (1 —q)/ch (2—q)

is not an adiabatic invariant since it follows from
(16) that, even when %I # 0, with increasing mag-
netic field the radius R of the instantaneous

equilibrium orbit approaches the radius Ro of the

stationary orbit (R ~R ).
When s# 0 and & 0, using Eqgs. (10) and (14)

we get the following approximate equations des-
cribing the radial and axial oscillations:

n=l+l()v

E a4 E
_02_&F(r-—R)+.C?O)%(r—_R)_O’ (17)
E 4z E
waE it w9z =0, 18

where, for sufficiently large values of H, we may
set 7

op = (@8 E?) (eH2 [ *n) (1 — g (19)

=‘°oV1—‘q’ 0, =) q,

where o 0= ¢/R is the angular velocity of rota-

tion of the electron in a circular orbit. From this is clear
that the oscillations will be stable for) < g < 1. We

use (13) to determine the amplitudes 4 and B . We
then get

A?=2nes eV T—qH = A2H (0) / H, (20)
B®=2hck/ely qH = BiH (0)/ H, 1)

where H (0) is the magnetic field at =0. It is
then clear that as the magnetic field is increased
adiabatically, the amplitudes 4 and B of the radial
and axial oscillations gradually decrease. Sub-
stituting the solutions of equations (17) and (18) in
(14), we find the expression for the energy of the
electron

nck (2—gq)
eH (R)R? (1 —q)

+eH (R)V'1=q 2c#s

F — {esz (R) Rza[ ]2 - [ (@~

+eH (R)V q 2chk + m2c4}"’ :

Differentiating with respect to the adiabatic in-
variants, we again get the values of the circular
frequencies
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0y =0E [0kl =¢ /R,

m1=aE/0hs=V1~qo)0,
©p = OF /Ohk = V‘;mo-

3. CRITERION FOR APPEARANCE OF
QUANTUM EFFECTS

As was shown by Ivanenko and one of the
authors 8 ( cf. also Reference 9), the spectral
angular distribution of the radiation is given, in the
classical case, by the expression

o __ e v
W, (6)dvsin 6 = £ {esz,, (5 )
-+ e cos? 0K, (Bl s’/a)} dv sin 6d6.

(22)

Integrating this expression over angles, we get a
formula which quite accurately describes the
spectral distribution of intensity of the radiation
over the whole frequency range:
—_— o
9V3 ,
Wydv = B We1 ydl/g dxKs, (x),
Y

(23)

where di=1, e=1 =82 sin? @and the quantity y
is proportional to the harmonic number of the radia-
tion: y=2/3 v{ mc 2 / E)3. Integrating (23) over

all frequencies, we get

W.dv = (2¢% / 3R?) (E [ me?)t = W,,.

Se—39

The integral intensity of the radiation, taking
quantum corrections into account is

W = We1 {1 —(55V/3/16) (h/ mcRo)(E [ mc*)?}.

(cf. I and II; later this formula was also obtained
in Reference 10). From this we see that quantum
corrections to the integral intensity will be com-
parable to the corresponding classical quantities
only in the region of very high energies, £ ~ E

1/27?
where

E, = mc3(mcR, [ h)*. (24)
This condition (u = %4 ) for the appearance of
quantum corrections refers to the quantum num-
ber I or n. Despite the limitations on this condi-
tion, some authors assume that for £ << E 1/2
we can in general neglect quantum corrections
(cf., for example, Ref. 11), and assert that all
attempts to set a more stringent condition for
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quantum corrections than the condition £ ~ £,
will fail. We cannot agree with this viewpoint.
For this purpose, let us study the change of the
other adiabatic invariants %s and %% as a result of
radiation.

The amplitudes of harmonic oscillations can
change non-adiabatically if: a) there is a sudden
change in the position of the center of oscillation,
or b) some momentum is suddenly imparted to the
oscillating point. Suppose a material point is
carrying out a harmonic oscillation along the x-axis.
Then the square of the oscillation amzplitude can be
found from the relation D(2) =x 2 tpc?*/E %2,
where p= (E /¢ ) x is the momentum of the

particle. The changes in the quantities x and p
are given by

x = Dysin (ot 4 ¢), p = (Ee / ¢?) Dy cos (ot -+ ¢),

where @is a phase which, in general, depends on the
Initial conditions.

Let us suppose that at a certain instant of time
the center of oscillation is shifted by an amount Ax,

or the momentum is changed by an amount Ap. Then
the square amplitude of the oscillation will be

D? = (x — Ax)? + (p + Ap)?ct | E??
= D% — 2D, sin (ot -+ v) Ax
+ Ax® + (c*/ E%0?) [Ap?
+ 2Ap Dy (Ew / ¢?) cos (ot + ¢)].

If we assume that the excitation of oscillations
occurs statistically independently (cf. Ref. 12)*,

then, by averaging the last expression over ¢, we
get

(AD) = (Ax)® + (c*/ E%?) (Ap).  (25)
From formula (16) we see that the radiation of a
photon with energy %vw, leads to a decrease of the

radius of the trajectory by the amount

1 v 1 AE
AR=gwR=1mFR e
where AE = vcfi/R. We can get an analogous ex-
pression for the change in radius by introducing,
on the right side of Eq. (17) which describes the
radial oscillations in the classical case, the fluc-
tuation force ‘

F, =,%[;} w(t, t) ko — S Wt

* This result will be established more rigorously
later, using quantum mechanics (cf. Section 4).
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(ti is the time of emission, p=1for¢>¢;, p=0
fort < ti). On the other hand, as we see from (20),
quantum radial transitions can occur if the square
amplitudeof the oscillation changes by at least the
amount A(A42) ~ #ic/eH = R%*/n (As = 1). Thus we
obtain the condition (AR)2 > A(42) or v2/n >> 1
for production of radial oscillations as a result of
quantum fluctuations of the radius. Substituting
the harmonic number v corresponding to the maxi-
mum of the radiation, v ~ (E/mc?)3, and setting n
equal to n ~ RE/fic, we find the condition for ap-
pearance of radial quantum oscillations to be E

> El/s’ where El/s is given by formula (24) with
p=1/5. This condition was already found in the
first papers on the quantum theory of the radiating
electron!® (cf. also I and Ref. 14).

It is just as easy to get the condition for appear-
ance of axial quantum oscillations. Axial oscilla-
tions are produced as a result of the recoil of the
electron when it emits a photon. When a photon is
emitted, the z component of the momentum changes
by an amount Apz = (‘ﬁ Q)o/C) VCOSO. ACCOl'dlng to
(25), the increase in the amplitude of axial oscilla-
tion due to emission of one quantum is

(ABL) = (R*/q) (AE / E)? cos? 0 ~ R/ . (21)

We note that (27) can also be obtained from the
classical equation (18) for the axial oscillations,
by substituting on the right the corresponding fluc-
tuation force

Fo=3\p:3(t—ty).

On the other hand, for a minimal change of the adi-
abatic invariant (A% = 1), the increase of the square
amplitude is equal, according to (21) to
A(B%)~nc/eH = R?/n. (28)
From (27) and (28) we see that quantum corrections
for the axial oscillations must be considered when
(ABI)2> AB2),i.e. 1 ¥n > 1or E >E1/3, where Ella is
given by (24) with u = 1/3. This condition was

given in the first edition of the monograph of Ivan-
enko and one of the authors.15

4. DEVELOPMENT OF RADIAL AND AXIAL
OSCILLATIONS ACCORDING TO QUANTUM THEORY

According to the criteria which we have es-
tablished in the preceding paragraph, quantum
effects should first influence the radial oscilla-
tions (when £ ~ E | ), then the axial oscillations
(when E ~ E1/3), and will only affect the total
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intensity of the radiation in the region of very high
energies (when £ ~ E_,.).

(Juantum excitation of radial oscillations should
begin to play an important role in the energy region
E> E1 , since according to the classical theory
the amplitude of oscillation then tends to zero.

As we see from formulas (20), (21), (26) and 27,
when a photon is radiated the quantum numbers n,
s, and k£ change by the amounts

Al =" —]=—y, (29)
1 vech
As = 2(1—q)' RPeH (R) °
Ak ! vich cos20,

T ovg Ren(x)

But according to classical theory, the quantum
numbers s and k£ should remain constant. The ex-
pressions (29) were obtained by a semiclassical
method (since in considering the radiation of an in-
dividual photon, we averaged over the phase 9.

We shall show that a more rigorous quantum treat-
ment will lead us to the same expression (29). Ac-
tually we can treat the oscillations along r and z
as oscillations at non-relativistic velocities, but
with the relativistic mass E/c?2, and having fre-
quencies . =v/1 - gc¢/R and w_ =/ qc/R re-
spectively. Thus the wave functions will have the
forms

A\ 1 2 -
W= ()" LR 2, [T (r— RY),

]/2s s!

¥ =(12~ ll.ﬁi—la’l N
p=(2) Vol T (Vs 2),

=oFE/h®=V1—qeH (R)/ch,

hy = w,E [ he® =V qeH (R) [ ch,

while the radius of the instantaneous equilibrium

‘orbit R = R(!) is given by equation (16). Let us

find the probability of transition Wss' of an elec-
tron from a state s to state s, with a change of
azimuthal quantum number fromn ton’=n — v.
The transition probability is equal to the square of
the matrix element
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Wey = (

725t 51 51
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5 )xhicd' exp{— 3 Ir —R(n)P
[

— R r—R(n— v>12}~ Ho V75 (r— R ()] Ho VA (r = R (n— )|

e g dxe—*"H, (x—V E‘) s (x+l/g”

lV,r28+S' sts’

G=":MI[R(n)

The functions lss r(.f}) are related to the Laguerre

polynomi als Q= S,(f ):
;_ E(S’—S) e —Ej2 §'—s
Is’s (E) bt V QS (E) (30)
Thus, in a single transition, the change of the
quantum number s is
(31)

= 2 (s"—5) 1% (%)

s'=0
=& =0 /2(1 —q)"eHR®.

Earlier we obtained this last expression by a semi-
classical method [cf. Eq. (29)].

By a similar method we get the transition proba-
bility W ik ,from a state k to state &k, when the z
component of the photon momentum is

Ap; = h (0 /¢)vcosb;

[=o)

Ware=| (i) )%

X exp {——)22'2—12 vy COS 0}

X Hy (V152) Hkl(VX;Z) l2

or

W

hk’ hl’ ( 2)

where &, = wgvzc0526/2c Ay and the functions

)(52) are given by (30). When a photon is
enutted as a result of the recoil the adiabatic in-
variant & which measures the amplitude of the ax-
ial oscillations changes by an amount

Ak = D) (K — k) I (%)

h'==0

(32)

= = v2ch COS29/2quHR2y

= Iis’ (El))

—R(—WPE=v/212—q)VT—q.

which coincides precisely with the corresponding
expression (29) which we found by a semiclassical
method. Thus the average over phases in the
semiclassical method gives the quantum result,
which justifies the general theorem of statistical
independence of emission of photons in the quan-
tum case.

As we see from formulas (31) and (32), the change
of the adiabatic invariants s and % per unit time as
a result of quantum transitions will be

dl o VW, (6)
ﬁ = ——S d’VgSln 6dh TL\J&)O s
0 0 (33)
c o0 . W, (0)
ds =§ dv\sin 0t cv*h A
dt P 2 (1 —g)’le eHR? hvey,

o] ki
dk eveh cos2§ W, (9)
o _§ dv{sin b oo
"where the quantity W, (6) is given by (22). Intro-
ducing the variable

x = (v/3) e = (v/3) (1 — 82sin2 hyk

and carrying out the integrations (cf. II), we obtain
expressions giving the total change of the radius
and also of the amplitudes of radial and free axial
oscillations:
R¥ 7 — 2—q~_2_(&2;qt' E \¢ 1
’ 3 ef 1—q8(mcz> R (34

35)

55 ek R E \6 {
V3 <1—q>2mfg(fm) rr dt
0

B2=B2H(0) 13 e2hR E \¢ 1
YH (@) +ZT V5 amE &(—mcz) = dt.
0

The first term in Egs. (35) and (36) corresponds to
the classical contraction and the second to the

(36)
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quantum broadening. Formula (35) for the radial
oscillations was obtained by us earlier, both for a
uniform field (cf. Ill, ¢ = 0)*, and for a field having
axial symmetry (cf. IV, ¢ # 0). In the present
paper we have generalized this formula to the case
where axial oscillations are also possible, and
have also determined the influence of quantum
effects on the magnitude of the axial oscillations.
From the last formulas we see that quantum effects
should have a very strong influence only on the
free radial oscillations.

As we see from formulas (20) and (35), because
of the quantum character of the radiation the per-
centage increase of the mean square radial devig—
tionzfrom the instantaneous equilibrium orbit Aun
=% =1/24% will vary according to the law (cf.
also III and IV)

{1 —Zq)zcm/:‘le S <m£c2)6 kLz dt. (37)

0

(A'\?,,u,\z _ 5573
R ) 78

S. RADIAL-PHASE OSCILLATIONS IN A SYNCHRO-
TRON WHEN QUANTUM EFFECTS ARE INCLUDED

In the preceding paragraphs we have shown that
fluctuations of the radius, which are associated
with the quantum character of the emission, lead to
excitation of a special type of radial oscillations.
Therefore, for the motion of an electron in a synchro-
tron, we must still estimate the effect of these
fluctuations on the so-called radial-phase oscilla-
tions.

In a synchrotron, the increase in energy of the
electron results from passage of the electron through
an accelerating gap. In a single turn the energy
increases by the amount eV/'sing where V is the
amplitude of the voltage across the accelerating
gap, and ¢is the phase at which the electron
crosses the gap. On the other hand, in one turn the
electron loses the energy [ = (4me?/3R) (E/mc?)*
as a result of radiation. Thus the average increase
per unit time is

dE [dt = o (eV sing —I) | 2x, (38)

where w is the angular velocity of rotation of the
electron. We shall denote quantities referring to
the instantaneous equilibrium orbit by the index s.
These quantities are related by the equations

Es=eHR;, (05/27)AE;= (ec/ws) Hs.

* For a uniform field, Eq. (35) was obtained rigorously
in III, using the Dirac equation.
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The increase in energy of the electron will be
given by

o/ 2n) AE; = dE [ dt
(05 / 27) e (39)
= o5 (eV sin ¢s — I;) / 2=.

We note that in the extreme relativistic region the
energy loss per turn reaches values far exceeding
the average energy given to the electron per turn,
i.e.,

AEs<eVsings=~ . (40)

Denoting the deviation from the equilibrium phase

by ¢ = g— ¢, We have

(J.)—O.)s='~l‘),

(41)
AR/Ry=AE [(1—q)Ey = —i/a,,

where AR =R - Rs, AE =FE — Es. Subtracting
(39) from (38), we get

d eV cos Py I—Is AES - (42)
WAE: 21 cos'l)— 2m os + 21 q)

Using the fact that in the ultrarelativistic case, at
a given time, £ = ellR = const - R1 = 9 je.

[=const * R® = 49 we find

I —1Is=—(B3—4q) Is}/ws.

In addition, using (40) we can drop the last term
on the right of (42) and set eV cosg_= Is cotyp .

Then we get the equation for the radial-phase os-
cillations

b+ @w=o0. 43)
The damping coefficient y and the angular fre-
quency of the radial-phase oscillations, Q, are
equal respectively to

T=(Ws/Es)(3 —49) /(1 —g),

Q= w;Wctg os/(1 —q)E;,

where the quantity W' =] (c/27R ) is the energy
loss through radiation, per ‘unit time, for an elec-
tron on the stationary orbit.

From this it is clear that the radial-phase os-
cillations will be damped for ¢ < 3/4; if g > 3/4
the motion will be unstable. From equations (41)
and (43) we find the following differential equation
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for AR:
d*AR /diz - "{dAR/dt + Q2AR = 0. (44)
The solution of this equation has the form:
AR = e—ti2cos QtAA. (45)

For high energies, the quantity A4 will be the
oscillation amplitude which results from the quantum
character of the radiation. We then get for the

mean square percentage shift in radius the value:

(AR/Rs)* =1/,(AA [ Rs)2 e, (46)

Suppose that the radiation occurs at some time t;
hen we get for the square of the ratio AR/R
the value ’

éﬂ 2 . 1 (AEy)z 1 —¥ (£—t;)
(R) T e T7 23 " Wydian

where AE_ =% ve/R , while W_ is given by (23).
Summing the right side of (47) over v, and assuming
that during the damping time 7= 1/y the energy

ES can be taken to be constant, we get the equa-
tion found by Sands16

3y

R/

_ %51 % ﬁ_(fs_yt
= V3 T— 0 mad me \mei) ©

(48)

In this case, Eq. (37) should be used for ¢ < T,
and its limiting form [cf. Eq. (48)] for ¢t > =,

We note that relation (48) can be obtained from
our more general formula (37) [cf. also III and IV]
if we limit the duration of the free betatron oscil-
lations to the damping time 7.

In conclusion, we note that the amplitudes of the
radial oscillation and radial momentum will be of order

A ~ YV chsleH, (49)

P ~(Ew/c®) A =~V eHns/.

If the quantum number s changes by unity as the re-
sult of emission of radiation, we get an uncertainty
in these amplitudes equal to

AA =~ (0A/0s) As ~ Afs, AP ~ PJs, (50)

since it is impossible by present theory to determine
when the emission occurred. In the classical ap-
proximation E << El/s.’ the value of s does not
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change, so that this indeterminacy cannot occur.
But in the quantum case E >> E 2 change of
the quantum number s will occur séveral times in
the course of a single period of oscillation. The
change in s leads to indeterminacies in the coordi-
nates, Ax and Ap, which cannot be given by (50),
since for s >> 1 we would obtain the inequality
AxAp ~*/s <<¥, which contradicts the uncertainty
relation AxAp ~ i. Thus we have two limiting
cases giving uncertainties in coordinate and mo-

mentum,

Ax~AA~AJs, Ap ~h/Ax ~ P

Ap~AP ~Pls, Ax~n/Ap~ A
Neither of the two cases permits a classical approxi-
mation. To investigate the quantum excitation of
macroscopic radial oscillations, forming a sort of
““macro-atom’’, we can use either the rigorous
methods of quantum theory as was done in Section

4, or the classical equations (17) and introduce
fluctuation forces (cf. Section 3).

In the equivalence of the two methods we are in-
clined to see a connection between quantum methods
and the theory of fluctuations, where there are Mar-
koff processes whose basis is the statistical inde-
pendence of successive processes (cf., for example,
the theory of the Brownian motion, and also Welton’s
theory which qualitatively explains the Lamb shift
by considering fluctuations of the virtual photons).
In any case, in the present example both theories
actually give the same quantitative results.

The authors thank M. S. Rabinovich for many

valuable comments on the effect of quantum fluc-

tuations on damped radial-phase oscillations.
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P. 218, column 2, Eq. (10)
P. 219, column 1, Eq. (11)
P. 219, column 1, Eq. (12)
P. 223, column 1, Eq. (45)

P. 223, column 2, Eq. (46)

P. 225, column 1, 3 lines above Eq. (1.1)

P. 225, column 1, 3 lines above Eq. (1.2)

P. 256, column 1, Eq. (37)
P. 289, column 2, Eq. (2)
P. 377, column 1, last line

P. 4367

P. 449, column 1, last Eq.

P. 449, column 2, Eq. (12)

P. 451, column 1, Eq. (7)

P. 541, column 1, Eq. (28)

P. 543, column 2, Eq. (35)
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