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Capture of .conduction electrons by charged defects of an ionic crystal lattice is
regarded as a one-quantum thermal transition from the continuous spectrum to an excited
state of the discrete spectrum. The role of the perturbation is played by the nonconfigura-
tional interaction which in an ideal crystal leads to ordinary polaron scattering. The
capture probability as a function of polaron velocity has been computed and the tempera-
ture dependence of current—carrier lifetime has been established.

1. INTRODUCTION

I N the phenomenological theory of semicenduc-
tors, the recombination coefficients of conduc-
tion electrons with ‘‘impurity centers’’ such as
ion vacancies or excess interstitial ions) are
usually regarded as parameters to be determined by
comparing the theory with experiment. The large
number of such parameters endows the formulas of
the phenomenological theory with excessive ap-
proximational flexibility so that the comparison of
the theory with experiment is sometimes incon-
clusive. Therefore, calculation of the probability
of electron capture by an impurity center using the
methods of a microscopic theory is of considerable
interest.

We shall not in this article attempt a complete
review of the theortical work on this problem. We
shall, however, indicate that a treatment of the
problem very similar to ours was first published
by Adirovich,! who regarded electron capture as a
quantum transition induced by the nonconfigura-
tional interaction of an electron with ion motions
(the violation of adiabaticity). Adirovich’s pro-
posed model of a pulsating double layer enabled
him to make a qualitative estimate of capture
probability.
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A thedretical formula for the reombination coef-
ficient which does not contain undetermined para-
meters and which permits comparison of thé theory
with experiment was obtained by Pekar,? who di-
vided the process of electron capture by an im-
purity center into the diffusion of an electron to a
lattice defect and direct thermal transition to a
discrete energy level. In crystals where conduction
electron mobility is low, the first part of the pro-
cess can play the deciding role.

Pekar and the present author3 made a comparison
of the recombination coefficient calculated on this
hypothesis with experimental data on electron
capture by F centers inalkali halide crystals and
obtained satisfactory results. Nevertheless, with-
out a quantum mechanical calculation of the thermal
transition probability (of an electron) to a dis-
crete level, the ‘‘diffusion’’ theory of recombina-
tions is of uncertain applicability. There are un-
doubtedly cases in which the second stage of the
process rather than the first, plays the deciding
role.

The present article attempts a quantum mechani-
cal calculation of the probability for electron cap-
ture by a positively charged ionic crystal lattice
defect (such as a negative ion vacancy). Such a
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process occurs in connection with the coloring of
ionic crystals by x—rays. The captured electrons
form F centers.

In a number of recently published investigations
of the theory of thermal ionization of F centers
(see, for example, the articles by O’Rourke and by
Vasileff 4 ), thewave functions of the continuous
spectrum are given in the form of the product

7 (N1, (q.)

of the purely electronic function and the wave
functions CD,,k of undisturbed normal lattice oscil-

lators. These articles thus ignore the effect of
inertial polarization of the ionic crystal on the
electron states of the continuous spectrum as well
as the shift of the equilibrium positions of the
phonon field oscillators which results from inter-
acions with electrons. Such an approximation is
unacceptable since at large distances from a de-
fect , a conduction electron forms a polaron and its
state is described bythe dampedwave function

b(r—§),

belonging to the discrete spectrum, where £ is the
translational radius vector of the polaron which
characterizes the location of the center of sym-
metry of the polarized potential well.

Confining ourselves to strong coupling between
an electron and the longitudinal phonon field we
shall use as a basis the Hamiltonian of Pekar’s
theory of polarons:

A

H = —(n*/2u) A +V (r) 1.1

+ 2 A (r) g + sk D) (g2 — 02/ 0g2).

Here y is the effective electron mass in the con-
duction aand, V (r) is the interaction potential
between an electron and a lattice defect, q, are
the normal coordinates of the phonon field,  is
the frequency limit of longitudinal optical oscil-
lations (whose small dispersion we neglect);

(1.2)

Au(r)=—2% ,/cTzagM grad y, (1)) d+’

% 4 r—r’| ’

where ¢=1/n2 _1/¢ is the inertial polarization
constant of the crystal. The functions

Ix () = ng [cos (xr) for x, >0, (1.3)

2 \sin (r) for < 0

form a complete orthomormal set in the space L3,
Keeping in mind that a weakly coupled electron
is a fast subsystem while the lattice oscillators
comprise a slow subsystem, we can employ an adia-
batic method, that is, we can obtain an approximate
eigenfunction of the operator (1.1) as the product

W(r,...qx --) (1.4)

=0 G )D( g,

where the electronic function satisfies the equa-
tion

{_ (h2/2u) A 4V (1) (1.5),

T XA [ b(r, 9) = E ()4 (r, g),

and the eigenvalues of
[E@)+ /oo (g2 —0°/0g2)| @ = HO (L6)

are approximate values of the energy of the entire
system. In deriving (1.6) we omitted terms result-
ing from the action of the kinetic energy operator
of the slow subsystem on the electronic function
(*““nonadiabatic "’terms).

In our case of strongly excited states the electron
moves in a quasi-classical orbit of large radius.
In this case, the field of the defect affects the
electronic wave function less than the polaron ef-
fect in a perfect crystal. This means that the cen-
ter of localization of the function ¥ will not coincide
with the center of the defect Coulomb field
(the coordinate origin) and we are justified in
setting

Oy Gu- ) =P (P =8 Gur ) (17)

Followingthe traditional method, we can cal-
culate ¥, on the assumption that the potential

energy of the slow subsystem differs little from
its equilibrium (minimum ) value in the configura-
tion :

(95 min = Grz = — Az [ho, (1.8)
where

Ae ={A4u0) 00— pae. Q9

If we limit ourselves to a first-order perturbation
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calculation of £ (q) from (1.5), then (1.6) becomes

{1 (Y] + W (&) + Y/oho (1.10)

x A1(qu— guz)® — 0%/ 0q3]} ® = HO:

il = 0272 { a2 e = o Dgg 1Y

is independent of ¢ and

WE) =V )4 —8e 112

Proceeding to an examination of the final form
of ¢y, , we note that in the limiting case ¢ ~®this
function describes the state of the electron in a
polaron. However the field of the defect destroys

the spherical symmetry of ¢ and the radius o the

electronic state is changed. The first of these
effects can be regarded as the polarization of the
electronic ‘i cloud”” in the polaron by the Coulomb
field of the defect. The author’s method of cal-
culating the polarizability of an F' center® enables
us to show that when

§>6.19/aVec=1.24r,] Ve, (1.13)

where
o = LLe2C/2h2,
and
rp, = 5la
is the so-called polarization radius of the
polaron, the deformation of ¢, can be neg-
lected.
In Ref. 6 it was shown that when
E>5/a=r, (1.14)

which practically coincides with (1.13), it is also
possible to neglect the change of radius of the
electronic state in the polaron. Assuming that
(1.13) and (1.14) are satisfied at all points of the

quasi—classical orbits of strongly excited states

we can therefore take U, in the form of the usual

electronic wave function in a polaron2;

o (r) = Vo Tz (1 4 ar) =2, (1.15)

We note, finally, that according to Ref. 6, for a
Coulomb impurity center subject to condition
(1.14), W is approximated with sufficient accuracy
by a Coulomb potential.

The eigenfunction of (1.10) will be sought in the
form

equation & (5,...q, .. .)
where
g, = Gx— x5 (1.16)
and £ is a function of the variables g, . The choice

of this function is to some extent arbitrary. Ac-
cording to Pekar2 , the dependence of £ on g , 18

given implicitly by

> Gu0gue [05=0 (i=1,2,3). (1.17)

The insertion of
@t q,)

after transformations which are entirely analogous
to the corresponding transformations in polaron
theory changes (1.10) to the form

{1 [9o] + W () — (2/2M) A (1.18),

41/, D ho (2 — 02/ 0q;2)

(9%)min = Guz = —Axg /hm,

where M is the effective mass of the polaron,

(hZ/QM) MA; G20/0q.; (1.19)

A= (82 /2M) (1.20)

\!
X 22 (Ve buer Ve o) /04,06,

Equation (1.18) differs from the analogous equation
of the polaron theory not only because ofthe pre-
sence of the term W (&) but also in that the number
of variables including the vector £exceeds by 3
the number of degrees of freedom of thelattice.
Therefore, (1.18) must in general be interpreted
along with the supplementary relations (1.17).

However, it is possible to consider the more
general problem described by (1.18), where ¢ and
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Insertion of the
into the solution of this

q’, are independent variables.
dependence of ¢ on ¢ ’k

general problem leads to a solution of our special
problem. This substitution can be performed in the
last stage of the calculations, thus including, in
particular, the entire perturbation theory in the gen-
eralized stage. Thereforeithe transition matrix
elements can be calculated from the zero—approxi-
mation eigenfunctions of the generalized equation
(1.18).

The zero—approximation generalized functions
are obtained from (1.18) if the operators H’ and H ”
which in the polaron theory lead to one-quantum and
two-quantum scattering, respectively, are regarded
as small perturbations. When these operators
are omitted, the variables in (1.18) are separable
and the eigenfunctions and energies of the zero—

order stationary states are:

Dpn (& ...

&) [ @n, (4,);
1,). (1.22)

(1.21)

HO g = 1 1] + En + b 3 (1 +

Here ¢ nnd E_ satisfy the Schridinger equa-

tion

— (h?/2M) Bgon + W (§) on = Enpn,  (1.23)

which describes the motion of a quasi—particle
(polaron) in a Coulomb field. The @, are the
wave functions of the harmonic oscillators. The
criterion for the applicability of our approximation
to strongly excited discrete F—center levels can
be derived from the virial theorem and the inequati—
ty (1.14):

n2>10ZM / scy, (1.24),

where n is the principal quantum number of the
hydrogen-like term.

In the present article we confine ourselves to an
examination of one—quantum transitions between
zero—order stationary states resulting from the

A
perturbation H”. It is assumed that the initial
polaron state belongs to the continuous spectrum
and that its energy is given by

E, = E (k) = %2/ 2M < ho (1.25)

Then a transition with emission of a phonon takes
place to one of the discrete states, and therefore

represents the localization of the conduction
electron close to the impurity center. This tran—
sition will be regarded as electron capture.

The captured electron cansubsequently be
ejected into the continuous spectrum again by
absorption of a phonon, but there is a much great-
er probability (when the temperature isnot high)
that it will ““drop’’ to the ground state of the F-
center in a thermal or optical transition. Thermal
transitions between discrete levels were investi-
gated by Huang and Rhys.7

The single—phonon capture proposed here is,
of course, not the only possible mechamsm A
possible competing mechanism is a ‘“‘multi—phonon”’
transition associated with deformation of the elec-
tronic wave function ¢ by the field of the im-
purity center. As aresult of this deformation,
the equilibrium values of the normal coordinates
g, of the phonon field differ in the various elec-

tronic states, and the corresponding oscillator
wave functions

D@n,, (§ — gxz)

and

D, (G5 — Guz)

become nonorthogonal. A probability of a multis
phonon transition exists in the first perturbation
approximation. We intend to investigate such
transitions in one of our future articles.

2. MATRIX ELEMENT OF A SINGLE PHONON
TRANSITION

Forthe succeeding calculations we introduce
the unit of length

a, = eh® [ Me2. 2.1
In the formulas which follow all quantities hav-
ing the dimension of a length or a reciprocal
length will be expressed in units of a, and
a—ol, respectively.
If we neglect the small dispersion of the longi-
tudinal optical vibrations of the crystal and use
Pekar’s expressions 2 for M and q¢ the perturba-

tion operator becomes

A
’

H = —~% ho (ec)”k (ﬁi)’;z

(0]

(2.2)

% (1 -+ »2/28
< N e 1 (§)0/0q.,
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where all of Pekar’s notation? has been retained. In Ry (8) = VZ_ZE_—} sin (k5 + 1n (2k8)/k + 9), (2.10)

particular
A = pet [ 2a%?, (2.3)
o = 21.6 (s¢)73 (hoo / A)2. (2.4)
The transition between stationary states
Ky ooo Ryge e em> e T
corresponds to the matrix element
(2.5)

(koo VA ny )
=V @10, (0) B 0 () [1 0, (0, g’ a.

For the quantumtransition with emission of a phonon

F w, . integration over thevariables q, gives

I§...dq, - vmsnz &9

o

for an allowed transition; one term of the sum in
(2.2) remains, corresponding to the emitted phonon

hew,.

In proceeding to integrate over the variables ¢
we make the following simplifying assumptions:

1) We limit ourselves to a consideration of a
transition between s—states of the Coulomb field,
setting

?n () = Rn (§) / 4m, (2.7)

where Rn(f) is the radial function

2) We consider a ftransition to a strongly excited
state of the discrete spectrum with a principal
quantum number which satisfies the inequality

n2>10M[ecp.>> 1. (2.8)
In this state the most probable value of & for the
polaron is ~ n2 >> 1 and, consequently, the
principal role in the Laguerre polynomial is played
by a higher term. Consequently, we shall use the
following approximate radial function for the dis-
crete spectrum:

R (8) = (2/n)ntsgn=1g~sin/)/ (2p)l . (2.9)

3) The wave function of the continuous spectrum

will be replaced by its asymptotic expression,
which is valid for large ¢ 8:

0 = argP(] — t//e) (2.11)

The wave function R, (£) is normalized in a sphere
of radius [ - ®;

4) We assume Z =1. For Z # 1 ¢ in the final
result canbe replaced by ¢/Z. ’

Using the wave functions (2.9) and (2.10), we

obtain after some calculation:

(b, me | H' |, ny 4 1) (2.12)

=7,06-1078 )/ 2x L 2he, (ec)™

1 4 %2/2802) 2" IT (n + i, k)|
1+ 12/40‘2).4""1-':: v W

AN
x (L) Vit

x  Re{f(—x)—f(x)}eitr+in(ah)ik)

where

%y > 0 and f (x) (2.13)
n—1

= [1/n—i(k— x)]—(r+ilk), 7= 2 arg (¢ + i/k).
t=1

The dimensionless parameters k& and n in
(2.12) are related to each other under energy con- -
servation by

R2/2Mal = — Met/2h2e2n2 - heo, (2.14)

or

k2 + 1/nt = p?, (2.14a)

p = 6.56 (c¢)* (ho/A)"h < 1

for the majority of ioniccrystals.
Frem (2.14) and (2.14a) it follows that capture
is possible only for small values of the dimension-
less wave number k. This enables us to introduce
an approximate formula for y,with the sum in
(2.13) replaced by an integral:
n—1
1= D) arcctgkt
t=1 (2.15)

~ (n— 1) arcctgh(n— 1) g In [1 4 & (21— 171
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3. THE PROBABILITY OF ELECTRON CAPTURE
BY A DEFECT

The probability per unit timeof a transition from
a state of the continuous spectrum to a discrete

level can be calculated from the familiar formula
w, (R) = (2= / k) p(E) | (k, ny | H' | n, ny+ 1) 2, (3.1)

where p (E) is the density of states in the energy
range of the continuous spectrum. For the wave
functions of the continuous spectrum which we have
normalized in a sphere of radius L

P(E) = (L/27)(43.1/ AR) (sc) 4 (hwo/ A)2. (3.2)

The expression for the transition probability which
is obtained after inserting (2.12) and (3.2) in (3.1)
contains the wave number » of the emitted phonon.
When account is taken of the dispersion law of
optical vibrations, this quantity is determined with
complete accuracy from energy conservation. If,
however, we neglect dispersion and replace all
longitudinal optical frequencies by the frequency
limit @, the magnitude of x becomes indeterminate.
In order to eliminate this uncertainty, the expres-
sion obtained for the probability can be averaged
over all values of » by the formula

w(k) =1 S wy (k) dz (), (3.3)

dz (x) = L32dx | 272,

where dz (%) is the number of normal frequencies
in the interval dxand z = L3/Q, where Q is
the volume of a unit crystal cell, is the total
number of normal frequencies in the fundamental
region.

The probability (3.3) must furthermore be
multipled by the total number NL 3 of defects

in the fundamental crystal region. The probability
of electron capture then becomes

w (k) =1.07-10"3§Q (sc)%)( hi )6 (3.4)

22| T (ndi/k)|?
wkn® T (2n)!

. _ . 9 x2(1+x2/28 2)2 5
X (nx+ 1)'\Rh (M) (1—}-)(2/4:2))8 4
0

In deriving this last formula, nj was taken outside

of the summation over x (integration in x space)
and given its average equilibrium value

Ex = (eﬁmle —_ ])‘1’ (3.5)

where © is the statistical temperature.
In accordance with (2.2)

Ri (%) = Re {[ (— =) — [ (»)} e/ +1n 2RID)._(3.6)

We have not been able to calculate the complicated
integral in (3.4) in finite form. However, approxi-
mate values of the integral can be obtained by in-
vestigating the integrand.

It is easily seen that the function

f(/) P (1 + yz)—nn2ne- (2/k) arc tg v (3.7)

Yy=n(k—x)

has the character of a & function with its maximum
at

y — ym —_ — l/l’lk; Ky = pZ/k (3.8)

The maximum of |f (—x)| lies in the region of
negative x, i.e., outside the limits of integration
in (3.4), and the greatest value of this function in
the integration interval (for » = 0) is many orders

smaller than the maximum of | f(x)|. On this basis
we set

Ry (%) = Re eitrtnGRIRF () (3.9)

— (1 + yZ)—niznne— (k) arctg ¥ cos Dy,

% = 1 + In (2k)/k (3.10)

—In(1 + y?)/2k + narctgy.

The other factor of the integrand in (3.4) is

fr () = o (1 4 %2/2802)% (1 + x2/4a2)™8,  (3.11)
which is also expressed by a curve with its peak
at x=x; ~0.8 o . However, by comparison with
(3.7) this function changes very smoothly.

Let us consider the two limiting cases.

a) The case of relatively fast electrons, when
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In this case x, ~ p and since as usual in
ioniccrystals p X, a the main part of the 6 curve
(3.7) corresponds to the region of smooth de-
crease of f (x). Therefore f1 (x) can be taken
outside the integral sign in (3.4) using x=x,,
=p? /k. Wenote, furthermore, that as a result

of (3.8) |y| <<1 in the vicinity of the maximum
of (3.7), so that, in accordance with (3.10),

Ve = ¥ + ny.

This indicates that coszan oscillates extremely
rapidly in the indicated region (n = ®!) and can
be taken outside the integral sign with an average
value of 1/2. Thus, in the limiting case under
consideration,

P

\ R (%) f1 () d=

0

(3.13)

< (pt/2k2) (1 + pY/280k%)* (1 4 p*/4e%k?)

nk
.

% nen S (1 4 42)—n-e—@m arctg gy,

—00

The integral in (3.13) withthe substitution y =tan z
reduces to

20
I(n, k) = S e~k cos2n—1z {7
=72
where z ) = arc tan nk ~ 7/2 can be replaced by
infinity because of the rapid decrease of the inte-

grand. In this case (n,k) reduces to the tabulated
integral °

[(n, k)~ enfkg e~k sinzn=1) x gy (3.14)
0
= ke (20— 2) |0 (1 4 i/k) [2/220-1 T (n 4 /k) 2,

By using the well-known properties of the
" function we easily obtain

BT (- ifk) 2 = m/sh (=/k) = (2=/k) -7,

since £ << 1. Collecting the results we arrive
in this limiting case at the formula

w (k) = NQkozc (n, + 1) (3.15)

y ( 2 )2 (1 + p*/28azk2)2

L T o Sl st
k2 (1 - pYhali2) -

b) The case of slow electrons, when

k< p; n~1/p. (3.16)

In this case, %, >> %; and the maximum of the

8 function (3.7) is located in the region where

f1 (%) decreases rapidly to zero. A numerical
tabulation shows that in this case the most im-

portant region of the integral in (3.4) is never-
theless the ‘‘half width”’ of the & curve since in
thig region f (») is approximated very closely by

f1 () = (20)12010/49 (1 + g2, (3.17)

When cos 2 ¢ u is replaced by its average value,

just as in case a), we can obtain

4.45-101°NQ he\18  —
w(k)zm”ﬁw@%) (e 4+ 1) (318
22 | T (n + ifk) [2n®
I(n+5, k).

X (Zn)!

The insertion of / (n +5, k) from (3.14) leads in

the considered case of slow—electron capture to

w (k) = 1.97- 105N Qe (2¢)™7 (he/A)S

(3.19)
x (e + 1)L (n) k> (D[R —1)73,
L(n) = H (1 4 i/2n) ~ 1. (3.20)

As a numerical example we took a KClI crystal,
for which? e c =1.2; 4=1.10ev; # o = 0.026 ev
and p = 0.0166. Figure 1 shows the dependence
of the probability for single—phonon capture on
polaron velocity (wave number). The curve was
plotted for ‘“large’” and small k according to
(3.15) and (3.19) and was extrapolated graphically
into the region of intermediate values of ». We
note that the peak of the curve lies in theregion

of ““large’’ k to which (3.15) applies.
4. TEMPERATURE DEPENDENCE OF CAPTURE
PROBABILITY

The temperature dependence of capture probab-
ility can be obtained by statistical averaging of
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Fig. 1
the foregoing expressions. We assume that free

polarons are in thermal equilibrium with the lattice.
The Maxwellian distribution of the polarons is

F (k) dk = 4p~2 YV B¥/x e—BK"1P k2, @.1)
where F (k) is the distribution function over the
wave numbers and w=7w/0®. The statisitically
averaged probability is

1

w =4 VﬁT/; S w (p3) e P¥eds, £ = k/p. (4.2)
0

We werenot able to calculate @ from (4.2) in

Q8 Okp

general form. We therefore confined ourselves to
tabulating the dependence of & on 3 for a KCl
crystal by numerical integration. The results ofthe
calculations are shown in Fig. 2. The capture
probability is extremely small at low temperatures
but increases rapidly with heating and reaches its
peak at T ~ 120° K. With further heating the

LA
s
YA

LS

7 20
Fig. 2

Jog7

probability decreases relatively slowly (by a
factor of about 4 between 120° and 600°K.).

The minimum lifetime of golarons in a KCl
crystal (Q = 6.2 - 10~22 cm?® ) with reference
to one-quamtum capture is

Tmin ~ 5+ [QUN1 ggo. (4.3)

In Pekar’s diffusion theory the polaron lifetime

against capture by Coulomb centers is calculated
from the formula?

IU. E. PERLIN

T = C/4ﬁeuN9 (4'-4)

where u is the polaron mobility, which according
to Ref. 2 is given bythe relationu = u, (e~=1)

For KC1 u, = 463 abs. units. For T' = 122°K
(8 =2.5) formula (4.4) gives 7~ 1.5 - 105 N~!
sec. Comparison with (4.3) shows that, in the case
considered polaron diffusion to lattice defects
is not a “‘bottleneck’’ in the recombination pro-
cess. The diffusion theory will hardly be appli-
cable at very low temperatures also. We emphasize
that our conclusion does not refer to capture by
neutral centers when, as was noted above, the
diffusion theory leads to satisfactory agreement
with experiment.

We propose in the future to make a comparison
of the theory with experimental findings, espec-
ially with reference to the kinetics of the thermal
bleaching of colored crystals. At the present
stage of our investigation such a comparison would
be premature since, in addition to what has been
presented above, we require a theoretical calcula-
tion for multi-phonon capture and thermal ioniza-
tion of F-centers. Subsequent articles will be de-
voted to these calculations.

In conclusion the author wishes to acknowledge
his indebtedness to Professor S. I. Pekar, who
made a number of very valuable comments.
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