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Hence we obtain immediately
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Also, for such values of u we must obtain the
previous cistribution function in zero approxima-
tion:
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Minimal polynomials in the matrices occurring in relativistic wave equations and the spin
matrices are used to construct projection matrices, which are dyads describing arbitrary
possible states of a free particle of arbitrary spin. The fundamental physical quantities

{ energy and momentum, charge and current, transition probabilities) are expressed directly
in terms of these projection operators in an invariant way (independent of the choice of basis
for the representation). Thus the calculation of various effects for particles of any spin is
reduced to the computation of the traces of certain combinations of matrices. As examples
of the application of the method we obtain the general conditions for definiteness of the energy
and charge for particles with a single mass and give a simple derivation of the general com-
mutation relations for particles of arbitrary spin.

IN various calculations relating to particles with We use the notation p = ipkyk. As has been shown

spin one needs to find the free-field wave functions,
which are solutions of the first order equations

(v Ve+%$=0,

where x4 =it, c =h =1, andthe 7y, are square
matrices. For plane waves ¥ ~ ePX, correspond-
ing to the four-momentum p = (py), these equa-
tions take the form

(ipryr +2) 9= 0. (1)

in reference 1, the minimal equation for the matrix
p in the general case has the form

P(p) =p" (0" +Np") (0" + 23p°) ... (0 +2ip) =0, (2)

where A; (I=1,2,...q) are distinct nonvanish-
ing eigenvalues of the matrix vy,. To each value
+); there corresponds a set of states of the par-
ticle.

Since p?=-m? and A7 =k/mj, where m% =
—p(l)z, we can write instead of Eq. (2)

2
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A A ~ m?2 N m2 A 2m2
P(p)=p" (pz—x2m—2) (p"’—xzm2>...(p2—u n?> -

1

Let us introduce the operator
o= grorbwePad® @b =123 (4

where JPC are the infinitesimal matrix operators
of the representation of the Lorentz group in the
space of the functions ¢ which correspond to
space rotations, and p is the three-dimensional
momentum vector. Using the condition for invari-
ance of Eq. (1)

[Ylem] = Bp1Ym — Orm Y1» (5)

it is not hard to verify that the operators p and

o commute with each other. Therefore when p(l)
and A; are prescribed the states of the particle
can be characterized also by the different eigen-
values of the operator o, which is the operator
for the component of the spin along the momentum
of the particle. Here in the general case we have
corresponding to each “mass” state xA; its own
maximum value s(9 of the component of the spin
along the momentum, i.e., its own value of the
spin. Thus for prescribed p(l) and Ay the par-
ticle can still be in 2s(®) + 1 different spin states.
As is well known, the spins for the states of a par-
ticle described by the nonseparable equation (1)
must be either all integral or all half-integral.
Let s be the maximum value of the spin compo-
nent for all possible states of the particle. Then
in the case of half-integral spin the minimal equa-
tion for the operator ¢ must have the form [s =
(2n +1)/2, n an integer]

0@ = (== ()} (==(z)) (== (3)) =
and in the case of integral spin (s =n) itis

Qo) =o (et —1)(s2—20) .. (2 —n2)=0. ()

In the solution of various problems about spin-
ning particles and their interactions it is necessary
to know the wave functions characterizing a particle
that has given energy and momentum and is in a
prescribed mass and spin state. Usually these
wave functions are found in explicit form by the
solution of Eq. (1) with a definite choice of the
basis for the representation in the space of the
functions 3. For the classification into the vari-
ous spin states one has further to solve the equa-
tions for the characteristic values of the operator
0. Not only are these calculations very cumber-
some, especially in the case of higher spins, but
also this method is in principle an unsatisfactory
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one. The point is that for a single type of particle
with prescribed physical properties the equations
(1) can be written in an indefinite number of forms
that differ from each other in the choice of basis.
This is due to the fact that every representation
of the Lorentz group (or of any group) is defined
only to within the choice of an arbitrary nonsingu-
lar basis. It is obvious that all results having
physical significance cannot depend on the specific
choice of the basis of the representation, i.e., they
must be invariant with respect to changes in this
choice. Therefore in principle there must exist
the possibility of solving problems relating to
particles with various spins altogether without
reference to any choice of the basis of the repre-
sentation, i.e., in a consistently invariant way.

On the other hand the usual methods of calculation,
based on the use of a concrete basis, introduce
into the treatment accidental features that have

no relation to the essential problem.

As is shown below, the use of the minimal poly-
nomials (3), (6), and (7), which are usually known,
make it possible in the general case to reduce the
calculation of the main physical quantities to the
computation of the traces of certain combinations
of matrices, which in many cases can be done in
an invariant way.

Let us define the diminished minimal polyno-
mial P, (p®) of the matrix (), correspond-
ing to the mass state +A; ==«/mj, by the follow-
ing relation [cf. Eq. (3) for m =m;]:

(P F %) Par(p) = P (p"%) = 0. ®)

As has been shown in reference 1, the columns of
the matrix P,; contain all the linearly independ-
ent eigenvectors of the matrix f)(l) that correspond
to the eigenvalue £Ajm; = +«k. Let us further in-
troduce a matrix «,; differing from P,; by a
numerical factor

ap1=Py1(p") /Pt (2%). (9)

Since by the results of reference 1 all nonvanishing
eigenvalues of the matrix p must be single,
Piy(£k) = 0, and the matrix «,; always exists.
Since, by Eq. (8), p(Y) Py;=+«P, multiplication

of the matrix P,y (3D) by an arbitrary polyno-
mial R(p?)) is equivalent to multiplying it by
R(xk). From this it follows that

[eer (P12 = aps (7).

Thus the operator «.; is a projection operator.
This means that by multiplying any state vector
¥ by a@,; we extract from it the part that cor-
responds to states with the mass m;.

(10)
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In just the same way, by using the minimal
polynomial Q (o) of the spin operator [cf. Egs.
(6) and (7)], we can construct a projection oper-
ator

Br=Qu(o}/Qu(sk)y (o —=51)Qu(0) =Q(c) =0,

which extracts from any state the part it contains
corresponding to the value sy for the spin com-
ponent along the momentum.

Let us consider an arbitrary polynomial f(x)
of degree m which has all its roots xj distinct.
Defining fy (x) = f(x)/(x - x), we construct a
new polynomial of degree n — 1:

(1)

@ (x) =1— 2 fr(x)/fr (%)
k=1

Since fi(x7) =0 for k=1, we have & (xK) =0
for k=1, 2,...n. Therefore the polynomial & (x)
of degree n — 1 has n distinct roots, which is
possible only when it is identically equal to zero.
Consequently, X fi (x)/fi(xx) = 1. Since the min-
imal polynomial of the operator ¢ has no multiple
roots, the identity that has been obtained can be
applied to it and we get

k=1,

where I denotes the unit matrix, and the sum is
taken over all values of the spin component. There-
fore for an arbitrary state ¥ we can write

b= ;% $r = By ofr = Sudn.

(12)

13)

This relation gives the resolution of an arbitrary
state into states corresponding to all the possible
values sj of the spin component. If the state
contains no component corresponding to some val-
ues sy of the spin component, then for these k’s
we have B¢ = 0.

In the general case an analogous resolution into
the mass states cannot be carried out, because for
this one would have to take into account all the
eigenvalues of p. The zero eigenvalues of P op-
erators, however, do not correspond to real states,
and furthermore these zero eigenvalues can be
multiple (cf. reference 1).

Knowing the minimal polynomials P () and
Q (o), we can obtain without any calculations any
eigenstate vector zplk(f)(l)), corresponding to
prescribed energy and momentum p ), mass
mj, and spin component syi. For this purpose
we have only to multiply together the correspond-
ing projection operators (9) and (11):

(14)

Tk = “z@h-

Since all the a; and B; commute with each other,

341

the product (14) is also a projection operator. The
matrix Tz has the property that each of its col-
umns is an eigenvector of the operators f)(l) and
o for the eigenvalues Amm; =« and si, respec-
tively. Since such a state is unique, all the col-
umns of the matrix Ty, are proportional to each
other. Therefore the matrix 77, is a simple
dyad. By a dyad we mean a matrix in which each
element is the product of the corresponding com-
ponents of two vectors. Thus if A is a dyad
formed from the vectors ¢ and ¢

Ap = q’i%-

We shall write the expression for a dyad as a
whole in terms of the components of its vectors
in the form

(15)

A=y (16)

Obviously

A=0.9, AT=0o"¢, 17

where ~ is the sign of transposition, + is that of
the Hermitian adjoint, and * that of the complex
conjugate.

Thus we can write

i (PP) = B = - (18)

Here the antecedent vector of the dyad ¢; is the
vector for the state in question. We as yet do not
know the consequent ¢, but it is not hard to de-
termine it. For this it is enough to note that the
matrix P and the matrix of the invariant bilinear
form 7 satisfy the relation?

P = p*. (19)

At the same time the Hermitian spin-component
operator o of Eq. (4) commutes with n°:

(20)

N = o).

Therefore the matrix 7y satisfies the same re-
lation (19) as p: TN = n'r;'k. Substituting in this
the right member of Eq. (18) we get

$-om = np* - §*. (21)

Multiplying this relation on the left by an arbitrary

vector X and on the right by 7, and using the
properties

=== =, (22)
we get
OO" ey
= o ¢ = C¢™ (23)
From this we find for 77
i = Cppdbyp '—‘sz' @lk = 7,7 (24)
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Since the matrix 7y is a projection operator
(The = Ti)s

Cuﬁ’th’m = (7). = 1. (25)

Here (7). denotes the trace of the matrix T7p.
Since 7 is a Hermitian matrix, 3y = Pp*ny is a
real number, and therefore Cy; is also always
real. Replacing ¥y by C’dp, we can normal-
ize Cpg to +1 for Jpypk >0 andto -1 for
Yix¥dik < 0. Consequently

Tih= B =Pir" Pppr

and the normalization conditions are, respectively,

q_’th’tk = ¢y =+ 1. 27

Instead of the invariant normalization (27) the
charge normalization by

by =+ 1. (28)

is frequently used. The change from one normali-
zation to the other is accomplished very simply,
if we use the fact that, by Eq. (1),

@(1)’3(%(1) - ,@(l@(l)' (q)(l) — qa(p”))). (29)

On the other hand, pDy(d) = ipl({l) E(l)ykzp(l),
Since the last expression is an invariant, we must
have

KN 1
P = Col. (30)

Multiplying Eq. (30) by ip{?) and comparing with
Eq. (29), we get

icp(l)' —_ lcm‘i‘ - x@(l)q)(l) - )\lmli(l)q)(l)
Consequently, C = (Al/iml)$(1)¢(l) and, by Eq.
(30),

_ At el -
M., 4,0 ! Dy, (H ! (OXXO] :
(‘P \[44’ = ”"41 q)( "I) = m;) 4) q) ’ (p4 = lpO)' (31)

Thus with the normalization (27)

POv? = 4 g/ ) PP = 03P /. (32)

If, on the other hand, we take the normalization
(28), then

$(l)q)(l) =1 ul/ )\%pgn. (33)

Corresponding to this normalization we get instead
of Eq. (26)

P Py = = (2 /2300) 0,8, (34)

Thus a knowledge of the minimal polynomials
of the operators P and ¢ is enough to enable us
to get in invariant form the solution of Eq. (1) for
any state of the free field, normalized by the con-
dition (27) or (28). The signs in the relations (27)
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and (28) relate to the definiteness of the energy
and the charge, respectively. As is well known
(cf., e.g., reference 3%, the energy is definite if
$81)¢gl) >0 for all z/)(() ) that correspond to a par-
ticle at rest. Analogously, for definiteness of the
charge we must have E‘(,l)y4zp(()l) >0 for all these
(D). According to Eq. (26) (Tzcn)c = *¥ikibiks
with the sign here corresponding to that in the re-
lation (26) or (27). Since Yy > 0, the sign of
the expression (7pm), Wwill be the sign of the
energy. Since for the state at rest all the values
of the spin component are on an equal footing

(cf. reference 1) and the sign of the energy can
change only when there is a change of the mass
state, instead of 7y = B we can take

ap= Zk> Tik - Consequently, for positive definite-

ness of the energy it is necessary and sufficient
that for all 1

(20_1), >0, (35)

where ail denotes the operator o j( D) for
p(l) = (0, im;). Similarly, the requirement of
definiteness of the charge reduces to the condition

(v 1) > 0. (36)

Let us examine the application of these general
criteria to the case of a particle with a single rest
mass. For such a particle the minimal polynomial
of the matrix 7y, can always be written in the form

Y, (i—1)=0. (37)

From this we get for a&, according to Eq. (9),

Yy (v, 1) 1
af = (_jii):‘—(:l:{) =5 (£ (yji+y)). (38)

According to Eq. (35) a necessary and sufficient
condition for definiteness of the energy is that the
expressions

2 (@), = (v; ), + (Yf0er

2 (a2m), = (— )" [(yg ), — (vgm)d

have the same sign, i.e., that their product be
positive:

(— D™ () — ((vgm))*1 > 0. (39)

Since ')/4010 =+d , the analogous condition for
the definiteness of charge (36) becomes

(= D" (G 0))° — ((rgn))*1 > 0. (40)
Taking n to be even or odd, we can conclude from
this that in both cases a necessary and sufficient
condition for definiteness of the energy (charge)

is that the larger of the two expressions I(yi‘+in)c|
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and |(y4n)c| be the one in which the exponent of
Y4 is even (or odd).

It is not hard to verify that for spin 1/2 and spin
% (reference 3) that one of the traces (yn+1n e
and (')’477)0 in which v, has an even exponent
vanishes, and that for the spins 0, 1, and 2 (ref-
erences 4 and 5) the trace with the odd power of
v4 vanishes. This is in full agreement with the
facts of the definiteness of the energy (charge)
of particles with integral (half-integral) spin.

We see that although the projection matrix
Tik 8ives not the wave function Yy, itself, but
the dyad (26), nevertheless such fundamental quan-
tities as the charge and energy of the field are
expressed directly in terms of 77,. This fact
is of general significance, and all the basic bi-
linear expressions in @ that have direct physi-
cal meaning, and the calculation of which is the
main problem of the theory, can be expressed
directly in terms of Tp.

In particular, let us consider the transition
probability for a certain particle to go from the
state i; to the state i, as the result of an in-
teraction. As is well known, the general expres-
sion for this probability w is proportional to the
square of the absolute value of the corresponding
matrix element for the transition:

@ = C| R, 2 = C ($2RP1) $:RYy, (41)

where R is an operator of a form determined by
the nature of the interaction. Since

@R = BRY, = GiR gy = SR e,
Eq. (41) can be written in the form

w= C:P17IR+"J (%@2) Ry, =C [T? (2 'q"z)R (41 @1)]cv (42)

where R = nR n. According to Eqs. (18) and (26)
the dyads ¢;+¥; and Uy * ¥, can be represented
in the form

b1 gy = o (p) B (1) = oy,
-y = o (P2) B (92) = 3By,

where Py, Py, 0y, 0y are the operators for the
states ¥; and ¥, respectively. Thus in the gen-
eral case the calculation of transition probabilities
or effective cross-sections for various processes
reduces to the computation of traces of products
of operators:

(43)

w = C [Ra;3,RatyBs . (44)

Since computations of traces can be carried out
in an invariant way, the expression (44) can be ob-
tained without the use of the explicit form of the
matrices vy in any particular basis.

In many calculations of various interaction ef-

fects it is required to find the corresponding prob-
abilities summed over the spins in the final states
and averaged over the spins in the initial states.

In the expression (44) the summation over the
spins is obtained remarkably simply. Since ac-

cording to Eq. (12) > Bk =1, for a particle with
k

the spin s the expression (44), averaged over the
spin of the initial state and summed over the spin
of the final state, will have the form

—ﬁi—z w= 5o (RuRmk  (45)
Here it is assumed that the operator R does not
depend on the spin of the particle.

Expressions of the type (45) are used for the
calculation of various effects in quantum electro-
dynamics.® It follows from the above developments,
however, that such expressions have an extremely
general significance and are valid for the calcula-
tion of all sorts of interaction effects for particles
of arbitrary spin. It must be noted that in all its
generality the method used here to derive these
basic relations is considerably simpler than those
used in the standard literature®7 to obtain results
that relate to just the special case of the interac-
tion of electrons with the electromagnetic field.

By means of these same relations, (26) and (34),
we can work out in a very simple way the general
commutation relations for particles with arbitrary
spin. As is well known (cf., e.g., reference 8):

[6.0¢), B,
Z (27:)3 Vap, (0",
Lk

b, (P, —

o ! ipDx
)\,y Sk) % (p( ): )\p sh)e k (46)

(l) —ip(Dy
}.

M

[v Sk) (‘Pg (p 17 Sk)e
Here x =X’ — X”; the expressions zpaz,b form
the dyad (¥- zp)aﬁ [cf. Eq. (15)]. We use the nor-
malization (28). Then in the case of integral spin,
on account of the definiteness of the energy, by

Eq. (27) we must take the positive sign for both
the states ¢ 7 in Eq. (34), that is,

q’ith'q’im =

For half-integral spin (indefinite energy), on the
other hand, we get

= (/2 p‘() ) “izpk (47)

Ppnbon =< wn = 2 (fMp{0) e B, (48)

According to Eq. (12) the summation over the spins
k in Eq. (46) reduces simply to striking out B,
and we obtain for the two cases of integral and
half-integral spins
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{q)(x/)g (x//)]i-z 2(2ﬁ)~3 7:?’ ‘ (l) (!X " (p(l)) IP( )x
1
~ —1 (l)x
—a_(p") e (49)

1()_x N\ —i (l)x
= S i Ve 70— (e,

! e

By means of Egs. (3), (8), (9), setting m = +m;
=+ k/A], we get

PVLA DY
£ 2 ()"

(P2 —23m3
wEongmd (50)

a1 (ph) =
I'=1

Ukl
Therefore oz_l(f)(l)) = oz+l(—13(l)), since change
of the sign of k in Eq. (50) gives the same result
as change of the sign of p(l) Consequently,
a47(V) =a_;(—-V), and it follows from Eq. (49)
that
q
’ T 7 b 1
[ (x)- O ()]s = 2% ) 5 4 (V) Di(x),
= M (51)
D, (x) = (2=) S 5 € sin pM x, .
P
It has here taken only a few lines to derive this
result, which was obtained in the paper of Karp-
man® by rather lengthy arguments. The example
that has been given can serve as an illustration

of the effectiveness of the method expounded above.

Obviously the relations (26) and (34) can find ap-
plication in all sorts of other calculations relating
to spinning particles.
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