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We have obtained the electron and w-meson energy spectra and the 7 — e angular correlation
in K-meson decays K — 27 + e + v, and also the u-meson spectrum and the spectrum of the
effective mass of the two ™ mesons in the K— 27 + p + v decay. The Kj4 decay probability
is one order of magnitude smaller than that of the Kg4 decay.

IN a paper dealing with K — 27 + e + v decays,
Okun’ and the author! calculated the probabilityty
and obtained the effective-mass spectrum of the two
m mesons. The present paper is devoted to a fur-
ther study of Key4 decays, and also of K, 4 decays.
In Secs. 1 —3 we calculate the energy spectra of
the electrons and 7 mesons, and the angular 7 —e
distribution in the Kg4 decay. In Secs. 4 and 5 we
give the effective-mass spectra of two m mesons
and the energy spectrum of the ¢ mesons in Kua
decay. The last section contains an expression
for the Kg4 and K4 decay probabilities.

1. ENERGY SPECTRUM OF THE ELECTRONS IN
K¢, DECAY

The relativistically-invariant amplitude of Kg,
decay can be written in the form
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where ky = {k;, E;} and k, ={k,, E,} are the
4-vectors of the m-meson momenta, q is the 4-
momentum of the K meson, Q =k; +ky, and R
=k; —ky; M is a certain quantity with dimension
of mass. The coefficients f; are functions of the
scalar products (kjq), (kyq), and (kik;). We
shall assume them to be slowly-varying quantities
and treat them as constants in the calculations.
Then, if we use the rule AT = 1/2 for lepton decays
of strange particles, it is easy to verify that the
first two terms in (1), which are symmetrical with
respect to the substitution k; — k,, correspond to
a decay in which the m mesons produced are in a
state with total isotopic spin T = 0, while the re-
maining terms, which reverse their sign when the
momenta k; and k, are interchanged, correspond
to a state T = 1. Calculations show that the con-
tribution of the last term of the total decay proba-

bility is related to the contribution of the second
term, (which also corresponds to a w-meson sys-
tem state with T = 1,) approximately as (fﬁ /f%)
X (my /M ).

Inasmuch as the K-meson decay proceeds via
p — A pair production,* we can regard the mass
M as equal to the baryon mass. Then the last
term in (1) is small and will be neglected hence-
forth, and we shall consider only the vector part
of the baryon current in the expression (1).

If we neglect the interaction of the m mesons in
the final state, then f;, f;, and f; are real, and the
differential probability has the form
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In the case of Kg, decay, the vector V contains
only the m-meson momenta:

V=f(k1+k2)+f2(k1—kz)- (3)

Integration of (2) is best carried out by intro-
ducing the variables Q =k; +ky and R = k; — k,.
Then we see from Eq. (Al) of the appendix that
after integration over the r-meson momenta we
obtain

dw = G2M (2x) 3 {f2 (1 + cos ) Y
4+ %ngﬂ [4M (M — E, + E,cosb)
— M?(14- cos 0) — 4E, (1 — cos 0)
X (M— E,+ E,cos8)] Y} E2dE, d cos 8- EXE,,
Y = [(M?— 2ME, — 4m?) | 2(M — E, + E.cos) — E,]
X [(M? — 2ME,)/2(M — E, 4 Eccos0) — E,IY,  (4)

where M is the K-meson mass, m the w-meson
mass, and 6 the angle between the emission di-
rections of the electron and of the neutrino. Inte-

*We use the Sakata model.?
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grating over E, between the limits
O<<E. (M2 —2ME, — 4m?) [2(M — E. 4 E. cos6)

and then integrating with respect to cos § from
—1 to 1, we obtain the electron spectrum, which is
more conveniently expressed by introducing the
variable x = (M? — 2MEg )/4m? which depends
linearly on Eg:

_ x)2
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w(x)dx =

G20 [/ M2
3P (4m2

—3(r— g+ ) (VE+ Vr—D)
+f7§[(x+6—§’;+16%)1/)7(‘x_—‘ﬁ

1 1 - - ]
—3(2x+2;—m>1n(]/x—|-l/x—I)J}dx; (5)
the variation of x is within the limits 1 =x
= (M/2m )2

The distribution (5) has the form

w(x) = o S f2F, (x) + FEFy (1),

(%)
where the first term corresponds to a decay in
which the 7 mesons are in a state with isotopic
spin T =0, while the second term corresponds to
the case T = 1. The electron spectra (see Fig. 1)
have in both cases a maximum at an electron en-
ergy ~70 Mev. The electron spectrum does not
contain an interference term proportional to ff,,
because the term that describes the interference
of the states of the system of 7 mesons of differ-
ent parity drops out in the integration over the
momenta of the 7 mesons.

The energy spectrum of the electrons in Kg4
decay was also calculated by Chadan and Oneda.?
The curves given in their article coincide with
those obtained in the present paper.

2. ENERGY SPECTRUM OF 7 MESONS IN
Ko4 DECAY

In order to obtain the spectrum of the m mesons
and at the same time the 7 — e angular correla-
tion, we integrate (2) with respect to d’k; and
d®py. We do this once more by an invariant method,

introducing the 4-vectors
F = kz -+ Py, (6)

Neglecting the electron mass, we can write V in
the form

L =ky,— p,.

V =[q+f2(q —2k). (7)
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FIG. 1. Functions Fo(x) and F,(x), which enter into for-
mula (5) for the energy spectrum of the electrons in K _, decay.
The ordinate of the function F, is increased by a factor 5.07.

Substituting (7) in (2) and using Eq. (A2) of the ap-
pendix, we obtain
w (E,, E., cos0)dE,d cos0dE,
= 4n3G2M (2r) 8 ky dE;d cos 0-{f2 [M — E;—k, cos 6 — 2E ]
4 f3IM —E, —kycos® — 2E, — 4M™2(E; — k; cos 6)
X (M?*—2ME; + m* — 2E, (M — E, + k, cos9))]
+ 2ffo[M — E; + kycos 0 + 2(m? | M — E;)
—2E,(2M™Y(M — E; + kycos0) — )]}

v { M2 —2ME,
[2 (M — Ey + kycos9)

B[ o

We integrate the resultant expression further with
respect to the electron energy, between the limits

0< E, < (M?—2ME,)/2(M — E, - ky cos6)

and then with respect to cos§ from —1to 1. The
m-meson spectrum expressed in terms of the var-
iable y = (M2 — 2ME; + m?)/m? has the form

(8)

G*®m? k1

w0 () 4y = Gimw o A [y —fa + 275 (= 52)]
+ A1 =% ()]
a2 )

+ 2ffs[ [+ g (2 — ()]

~ g [v =1 (=) —

3md
where k = |k| is the 7-meson momentum;

9)




SPECTRA OF Ke¢y4 AND Ky 4 DECAYS

L=@y—1®/3+2412(y —1)—(y+ ) 1Iny],

Ip=(y—1)"/4+(28y°—27y*—1)/6 —y*(3 —2y)Iny;

(10)
y varies in the limits 1=y = (M - m)¥m?
We represent (9) in the form
2-8m7
©(y) = G (PO (@) + D (9) + ALO @)1 ()

The first term corresponds to Kg4 decay in which
the 7 mesons are in the state T = 0, the second
corresponds to T = 1 and the third describes the
interference of these states. The interference
term is negative at large wm-meson energies and
positive at low energies, so that its integral van-
ishes. This is tantamount to stating that the total
probability does not contain a term proportional to
ff,. The spectra of the 7 mesons (see Fig. 2)
formed in the pure states T =0 or T =1 have
broad maxima at approximately 25 Mev.
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FIG. 2. The functions (%) @, (v), ®, (v), and @, (y), which
enter into the expression (9”) for the energy spectrum of the
7 mesons in K4 decay; y varies in the limits 1 <y <6.46,
corresponding to a 7-meson kinetic-energy interval 107 Mev
>€,20.

In the decay K* — 7" + 7~ + e* + v, in which
there is a mixture of the states T=0 and T =1,
the presence of the interference term can cause
a change in the form of the spectrum. In particu-
lar, if the sign of the interference term is nega-
tive, the maximum should shift towards larger w-
meson energies. Therefore a study of the energy
spectrum of the = mesons could possibly yield in-
formation on the relative signs of the constants f
and f,.

The spectrum of the 7 mesons in Kg, decay
was also calculated by Mathur,? who used the non-
relativistic approximation. The r-meson spec-
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trum obtained in the present work (and also the
value of the maximum rw-meson energy) differs
from the result contained in Mathur’s paper. For
comparison, the spectrum obtained by Mathur for
a decay in which the 7 mesons have T =0 is
shown dashed in Fig. 2.

3. ANGULAR 1 —E CORRELATION IN K, DECAY

The angular correlation between the directions
of emission of the 7 meson and the electron is ob-
tained from (8) by integration over Eg and then
over E;—the m-meson energy. Integration over
Ee yields

w (E4, cosB)dE;dcosb

@GRy MmS dE, {f2 [ M —Ey—kycos® I
2 (2m)8 (M —E; + kycos @) 1

Tom? 7, fg[' M — E; — kycos @
M=t Rcos 0] T 2| M—E T & cos 0
Iom? i (Ey — kq cos 0)

T (M —E;F kicos0)F T M2 (M— E; + kycos 0)°

I

X(M — 2ME, + m?) I, — Isz)]

I

m fo {M—' 3E1-} ky cos 0-4-2m2M-1
i 2 (M — E; + ky cos 0)3

M —2E; 4 2kicosb
M (M — Eq + ky cos )%

Izmz]}dcosﬂ. (11)

Here I; and I, are determined by (10). Integrating
(numerically ) with respect to the energy E;, we
obtain the distribution over the angle between the
directions of m and e. The angular distribution
has the form

w (cos 0) = S [y (cos 0) + Ffadion (c0s 0) + fby (cos )
4 (2m) (11')

and is shown in Fig. 3. It is seen from the figure

FIG. 3. Distri-
bution over the
angle between the
directions of emis-
sion of the # meson ;|
and the electron
(or neutrino) [Eq.
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that in the cases T =0 and T = 1 the electron and
the 7 meson are scattered predominantly at an-
gles greater than /2. Interference may change
the form of the spectrum.

4. ANGULAR SPECTRUM OF ;i MESONS IN
K, DECAY

In the case of K, decay, the vector V in Eq.
(2) contains three phenomenological constants:

V =F1(ky + ko) + f2 (1 — ka) + Faq.

As in the calculation of the electron spectrum in
the Kg4 decay, we introduce Q =k; +k, and R
=k, — k, and integrate over d‘Q d*R. We obtain

(12)

dw = —(;2—{f2[M2(E + p, cos 6)
Ma=p 1 b T Py
— 2Mp? - p* (E. — pp.cos 6)]
+ [3M2 (E, + py.cos 0) + 2f1f3 [M? (Ey + p, cos 0) — p2M]
+ < f2[2MPE, — 2u*M

4 (E, — p, cosB) (M2 — 4ME,, + 3u?)

— 4E,(E, — p, cos8) (M — E, + p, cos8)] L —‘""2}
x (Qz 5;"’"2 )” * po dE, d cos 0E2 dE,, (13)

Q2

Integrating with respect to E, in the limits

M? —2ME, + p? — 2(M — E, + py cos8) E,. (14)

M2 —2ME,, + u?
2(M—E, + p, cosb)
and with respect to cos 6 in the limits —1 =<cos
= 1, we obtain the spectrum of the p mesons in
Kyq decay. Expressed in terms of the variable
k= (M?+pu? - 2ME,, )/4m?, this spectrum has the

form
R ke (o
—)J1()

< {1 (Mt — ) 1.0 + 2hafox (e
A

I
% ((M +p)p B x) . (n)} o

4m?

0<E <

—u?

e

= (14— VT
—3(1— g +ga) N (V5 + V=),

Jz(x)=(x+6
—3 (2t 4 —

5 3 —
*‘g;‘f‘m{)]/“(“— 1)

1—6{7) In(Vx+Vx—D. (15)
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The variable k ranges from 1to (M — u)%4m?
As u — 0, the meson spectrum goes into the elec-
tron spectrum, with

(fl_FfS)z'_)fzr

We can represent (15) in the form

fo— fi.

w (x)dx = 301:5M3 {ﬁF(l) (%) + 2f1f3F o (%)

+ F3FS (%) + foF P ()} dx.

Plots of the functions F(l) are shown in Fig. 4.
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The spectra have a maximum at a y-meson energy
13 Mev.

5. EFFECTIVE MASS SPECTRUM OF TWO r
MESONS IN KIM DECAY
The effective mass of the two 7 mesons is

Qi =V Q@ =V (E1+ Eof* — (ks + ko).

Substituting (12) in (2) and using the appendix for-
mulas (Al) and (A3) we obtain

T 4m? Fz_ 2y2 (f+f)
dw_M(Zn)“VQ R { 3P (P27

X(QF)? — (2F24-p2) Q2F?)
+ 2(f1+fs) faw? (QF) + fau2F?

2 Qr—
+5 S 2 R e
+ (P — ) @}V @3 — Q* QdQdQua; (16)
here F=q — Q and Q are 4-vectors. Integration

over dQ yields 4w, while integration over dQ, in
the limits Q = Qy = (Q* + M? — u?)/2M leads to
the following result: if we put Q¥M? = z, then the
spectrum over z is given by
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w()de = S Y T—4m® T2 ((f, + s A(2) + 3B (2)

+fs(fi4Fa) D (2) + 5 2[A(2)
+ 62B (2) M? [ p2] {1 — 4m? | M?2]} de. (17
Here

A@)=2[l—1la—47a? —30°+ (—7+ 320 + 13a?) 2

F+(—T7+a)22+ 2]V (1 —a+ 2)2—4z

+3[—2ar—o® + 2% + (1 — 20+ a?/2) 22| In(])

+ 302 [— 2 —a+ (22 —22/2)] In(ID),
B(z)=—2a[l —5a—2a2 + 5(2 —a)z

+ 21V (I —a+2)" —4z —6a[a?/2

+ (1 — 2+ a2/2) 2+ 22 In(I) — 3 (1 —2)a®In(1I),
D ()= a[l — b5z — 222 4 5a (2 —2)

+ o]V (I —o+2P—4z

+ 6 [a 4 a2 — 20z -+ (2 — a) 2%] In (I)

+ 602 [ 4 (1 —2)?] In (II),

where o = u¥M? and we introduce the notation

2V 2
—a4z—[(1 —a +2)2—42]'"

2V za
—2)[1—at22—dbe]t—(1—22—(1 +2)a

In()=In

’

In(II) = In

The effective-mass spectrum can be repre-
sented in the form

‘L:(g—::—)”f_na_{(f1+f3)214'(z)+BM}%IC?)B/(Z)

+3 5 fo(f+ ) D' @) + 3 BH(2)}

This spectrum is shown in Fig. 5. We see that the
most probable decays are those in which the

w(2) =

a7)

E'(z)
FIG. 5. Functions
entering into the ex-

10y pression (17’) for the
effective-mass spec-
trum of two 7 mesons
Alz) in K )4 decay.
e
£(z2)
He

032 2-0%m? q52
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mesons carry away a small effective mass, amount-
ing to 0.6 Mk and nearly equal to twice the m-me-
son mass (0.565 Mg ).

We note that the effective-mass spectrum of the
m mesons produced in a state with isotopic spin
T =1 is shifted towards larger values of the effec-
tive mass. Accordingly, the electron spectra in
Ke4 decays and the u-meson spectra in K de-
cays, pertaining to this case, have maxima at
somewhat lower values of lepton energy than if the
m mesons form a system with T = 0.

6. PROBABILITIES OF K¢, AND K,, DECAYS

The matrix elements of the KL, KL, and K1,
decays have the following form:

Kfwe: (G V2) px¥iaqa,
Kfw s (G/V2)oxpaias (€19x + Goka),
Kfwa  (G/V2) oxonpais (Fikey + fiko + ), (18)

where jclx‘ =U,yq (1 +y5)up. For decays such as
K* — Nr° + e* + v, where N=0, 1, 2, these ma-
trix elements become

N=0: (G/V?2) okjixqa,
N=1: (G/Vg)CPK()DKjé (g1 + &) G,
N =2 (G/V2) oxpspnis [(fr 4 F) /2 + Fs] G- (19)

From the known probabilities of K, and Kegz de-

cays we can obtain
(g1+ 2)?/*~1071/0.14- 102 ME =72/ M2 (20)

(Mp is the proton mass).

Assuming that each ‘‘excess’’ m meson intro-
duces the same dimensional factor (20), i.e., as-
suming (for the Kg, and Kgz decays)

[(Fr 4 F2) /2 + Fa12/ (@1 + 82)® = (g1 + ga)? / x* = 72| M},

we obtain for the branching ratio of the K¢, and
Ke; decays a value

w(K*—2n° + et +v) /w(K'—n® +e"+v) = 0.8.1073.
The probability of K, decay is
G2m10 5

wKLLAS W [0.0334 f1 + 20,04] f1f3

4+ 0.051 f2 4 0.0046 f2].
If we let the p-meson mass approach zero, we ob-
tain for the probability of Kg, decay

Wk, = (Gm™® / 3e5M?)[0.3 (fy +- fo)? + 0.06 f2.

It is thus found that the probability of K, is one
order of magnitude smaller than the probability of
Kgy decay.
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In conclusion, the author expresses his gratitude
to L. B. Okun’ for suggesting the problem, for dis-
cussion, and for interest in the work. The author
is also grateful to the associates of the Mathemat-
ics Division, V. A. Potapov, R. A. Ioffe, and L. I
Panov for performing the numerical calculations.

APPENDIX

In the integration over k; and k, (the momenta
of the m mesons) we introduce the variables Q

=k; +k; and R =k; — k. Then
T T —B(QR)B(Q* + R* — 4m?) d*Qd"R,

8(QR)8(Q" + R* — 4m®) d'R = 2 [(Q* — 4m?)/Q*]':,

{
g (RB)% (QR)5(Q? + R* — 4m?)d*R

=%[(QB)2— QB (L), (A1)

where B is any 4-vector.
Introducing the vectors F =k, +py and L =k,
- py, we obtain

a py ddky

T p = (PR L 2m?) 3 (FL —

m?) d*FdL,

{8(F2 4 L* — 2m?) 8 (FL — m?) d'L = 2r (F — m?)/F?,

S(BP )3 (F? 4+ L2 — 2m?) 8 (FL —m?) d*L = K(BF)(F2~m2>2.
(A2)
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We denote by F and L the 4-vectors F =Py
+py and L =py — py, where py and p, are the
4-momenta of the yu meson and the neutrino. Then
dp, d°p, , .
o = 8(FL — )8 (F* 4 L* — 2u¥) d'La*F,

i v

gs (F? 4+ L? — 2u?) 8 (FL — u?)d*L = 2r (F? — u?)/F?,

S(NL) (ML)3(F2 + L2 — 2u2) 8 (FL — u?)diL

z
_QK_F_F__

fps EILEMD (2 e

— F?.N2]'/z [(FM)Z__ F'ZP.Z]‘/A{ (A3)
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