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The stability of low-frequency longitudinal waves and transverse waves in a magnetoactive
plasma traversed by a beam of charged particles is considered. The plasma and beam are
both assumed to be uniform and infinite. We consider plane-wave perturbations that propa-
gate in the direction of the fixed external magnetic field. Stability criteria for the system
are derived and the gain factors are found for a number of cases.

THE interaction of a beam of charged particles
with a plasma has been considered by many au-
thors (cf. references 1—13 etc.). In most of the
work which has been published, consideration has
been given to instabilities with respect to high-
frequency perturbations, that is to say, waves in
which the effect of the ion motion on the distribu-
tion can be neglected. It is also of interest to con-
sider the stability of such systems with respect to
low-frequency waves, i.e., waves characterized by
frequencies which are much lower than the electron
gyromagnetic frequency and which are comparable
to, or even appreciably smaller than, the ion gyro-
magnetic frequency or ion plasma frequency.

It is well known that low-frequency longitudinal
waves and transverse waves can propagate in the
direction of the fixed external magnetic field H.
The stability of low-frequency magnetohydrodynamic
waves in the presence of a quasi-neutral particle
flux, with thermal motion neglected, has been con-
sidered by Dokuchaev.!® The magnetic field has no
effect on the propagation of longitudinal waves.
The stability of low-frequency longitudinal waves
in a non-equilibrium plasma has also been consid-
ered by a number of authors.? 12

In the present work we present a kinetic analysis
of the stability of a plasma traversed by a beam of
charged particles with respect to low-frequency
transverse perturbations. In addition, we describe
briefly certain aspects of the stability of longitud-
inal waves which have not been considered in ref-
erences 5 and 12. The plasma and beam are both
assumed to be uniform, infinite, and singly ionized.
The particle beam moves along the fixed external
magnetic field Hy. Perturbations in the form of
plane waves are assumed to propagate along the
magnetic field Hy.

In Sec. 1 we present the general dispersion
equations which describe the propagation of trans-
verse waves and longitudinal waves. In Sec. 2 we
consider instabilities against transverse perturba-
tions when the thermal motion of the particles in
both the beam and plasma can be neglected. The
effect of thermal motion on wave propagation is
considered in Sec. 3. Finally, in Sec. 4 we con-
sider longitudinal-wave propagation.

1. DISPERSION EQUATIONS

We start with a system consisting of the linear-
ized kinetic equations for the plasma and the
charged-particle beam and the electrodynamic
equations (with self-consistent fields). Expanding
all physical quantities F in plane waves and carry-
ing out the calculations as in references 15—17
(cf. also reference 8), we obtain the following dis-
persion equations for the longitudinal and trans-
verse waves:!®

1 fu—0p,\2
1 4-\ 0. Su(u—vY)exp[—%( U1y >Jdu—l—0
3 "o —ku+iv ’ -
Van wo}, Y (1.1)
1 (U4—Up\?2
1 4‘\ mg*{ (m—kvo.{) S exp [_ 2 ( Ury ) l du
‘V2—’~r=1 vry o —kutoy +iv,
= c2k? — 2. (1.2)

In Egs. (1.1) and (1.2), physical quantities de-
noted by the subscripts y = 1, 2, 3, 4 refer to the
plasma ions, the plasma electrons, the beam ions,
and the beam electrons in that order. Further,

WH = OH3= — .QH= —_ eHO/MC,

where e and M are the charge and mass of the
ion;

369



370
Wy = Oy = Oy = eHO/mc,

where e and m are the charge and mass of the
electron; vy, is the mean velocity for a given kind
of particle in the laboratory coordinate system;
Ny, vy, T4 are the concentration, the effective
number of collisions, and the temperature of the
corresponding particle, where the temperature is
written in energy units. In writing Egs. (1.1) and
(1.2) we have assumed that the equilibrium distri-
bution function is Maxwellian in the coordinate sys-
tem in which the mean velocity of particles of a
given kind is zero; w is the frequency and k is the
wave vector for the perturbation. In Egs. (1.1)

and (1.2) we have also used the conventional nota-
tion:

w3 = 4N e*/m,, 2y = Tyim,.

Neglecting collisions and using the Fock trans-
formations,*!%% we can write the dispersion equa-
tions which have been obtained in the following
form: longitudinal waves

o—Fk Ugy

4 0)2
1 3 °Y[1— B ]:Q 1.3
+‘t_2="1 k2U%~Y va"{ (BY) ( )
transverse waves
(1) U
I+ 2 -(CT/::__—G)".—* (Bv) =0, (1.4)
where
2 BY k
B (B,) =e —By/2 Sexz/z dx, By = "’__‘_Uk_ﬁz\;rﬂ’i . (1.5)
oo Y
In the limiting cases*
—_— 2
BE)~— iV e PP g — 2Bt (B]<<),
BE)~—iVa2e g 80+ .. (B>,
(1.6)

2. INVESTIGATION OF TRANSVERSE-WAVE
INSTABILITY FOR | B,Y | > 1

1. Following the usual approach, we analyze
stability in the following manner. We assume that
the wave vector k is real. Then, if in solving the
dispersion equation we find that the frequency w
is complex, the wave must be a growing (damped)
wave. If we write w in the form

© = o, -+ i, (2.1)

where w; and p are real, since a plane wave is
proportional to exp (— iwt + ik-r), an instability
arises when u > 0.

Using Eq. (1.4) and the asymptotic expansion
(1.6) for | By | > 1 (this condition means that the
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effect of thermal motion of the particles on wave
propagation can be neglected ), we obtain the dis-
persion equation

2 2 2
O @ 0y (@ — kvgg) | @gg (0 — kug)

T X
® & Qp —kvo3

©xQp © F 0y —kvy,

2
. O (0 — kvg,) o

= % — 2. (2.2)

T 0 F og —kuy,
In writing Eq. (2.2) we have taken the mean velocity
of the ions in the main plasma to be zero, vy = 0;
this can always be done by making a simple trans-
formation of coordinates. Eq. (2.2) will be the
subject of investigation of this section.

2. Suppose that an ion beam moves through a
fixed plasma. We assume that the system as a
whole is quasi-neutral:

Ny = Ny + N,. (2.3)

Under these conditions an uncompensated electric
current is produced in the plasma; in general, it is
necessary to take account of the azimuthal mag-
netic field Hy produced by this current, in which
case the plasma is not uniform. However, the con-
dition that the total current must vanish can be
satisfied if there is an electron current in the
plasma, i.e.,

(2.4)

When N3 «< N, the velocity of these electrons is
obviously small compared with vy3. Then, assum-
ing that there is no electron flow and that N, = 0,
the dispersion equation (2.2) for the ordinary wave,
given by the upper sign in Eq. (2.2), can be written
in the form

- eNgvog = eN3003.

(2)2 (0) kag) + c2k2 :l
© — 0y— kvg

(0 + Qi ko) [ 500,

= — g3 (0 — kvgg). (2.5)

Because N3 < N,, in the solution of Eq. (2.5) we
can neglect the term containing wl; in the zeroth
approximation. Then Eq. (2.5) is satisfied either
for

0 + Qy — kg = 0, (2.6)
or
2 (0 2 (0)
g, @ ©gy (0% — kvge) or2
— @02 —
00, T o0 —a, —fw T RO 0 (.7

(the superscript ‘‘0”’ indicates the order of the
approximation). It is easily seen from Eqgs. (2.5)
—(2.7) that in the next approximation an instability
arises only if (2.6) and (2.7) are both satisfied.

We also show that the following inequalities
hold:

a)m—}— QH—k003=8<‘ﬂy |ml<(‘)ﬂ’ (2.8)
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where €= w) — ) ig the frequency correction
in the first approximation. The first inequality in
(2.8) means that we are interested in an instability
associated with magnetic bremsstrahlung (cyclo-
tron radiation) of ions in the frequency region cor-
responding to the anomalous Doppler effect. Then,
expanding the left-hand side of Eq. (2.5) in a series
about the frequency w =kv, — Qp and limiting our-
selves to the first nonvanishing term, u = — ie,

we obtain the following expression for the growth
(attenuation) factor

o= £INg Q3 (07 4 Q)N (0 +2Q,)1",

according to which p ~ (N3 /N,)!/2. It is apparent
from Eq. (2.9) that the inequality in (2.8) is satis-
fied if

(2.9)

Ny << Voo™ + 29Q4)/Q% (@ + Qu)®.  (2.10)

For the extraordinary wave, which corresponds to
the lower sign in Eq. (2.2), there is no instability
in the region of the normal Doppler effect.

If we assume that the following conditions are
satisfied rather than the inequality in (2.8):

0 — kugs << Qp, 0 Qu, 0/ US>,

then, from Eq. (2.2) we obtain the dispersion equa-
tion

(2.11)

05 0%/ Qf + ogg(0 — kvys)2/ Q% — 2k =0, (2.12)

and an instability arises when
Ugs > HO/V"J‘MNeff,, Negr = VN1N3/(N1 +Ns). (2.13)

3. We consider the case in which there is a
weak electron current in the plasma N, > N, and
N3 = 0. We also assume that the system as a whole
is quasi-neutral:

N1:N2 +N4, (2-14)

and that the total current in the system vanishes:

eNyvyy = eNavy,. (2.15)

Assuming further that w < wy, from Eq. (2.2) we
have

0l wog (0 -+ kvg)

e

2
w2, (0 — ko) .
o = @2 — c2k2,

(2.16)
Then, proceeding as before, we find that it is pos-
sible to have a growing extraordinary wave [lower
sign in Eq. (2.16)] associated with the coherent
magnetic bremsstrahlung of the electron current.
The wave increment (decrement) is

®F 0y — kg2 O F Oy —kUgs

p= + [NwZ(o — Q,)* /N:o 2Q,— )], (2.17)

where — iy = W)+ wH — kvgy < w. Itis clear
from Eq. (2.17) that an instability arises when
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w < 2QH. On the other hand, an investigation of
the dispersion equation in the zeroth approximation
shows that the extraordinary wave can propagate
only when w < QH because the square of the re-
fractive index is negative when w > Qy.

When there is an electron current in the plasma
an instability does not arise if w < QH and | wy
— ko4 | « QH.

4. If a quasi-neutral beam of charged particles
passes through a quasi-neutral plasma, i.e.

Ny =N, =N, N;=N,=N,,
(2.18)

Upr = Up2 = 0, g3 = vpa = 0,

then, when
0<&Qy, |o—ku|<LQy

the dispersion equation coincides with Eq. (2.12).
This equation has been obtained by Dokuchaev, 4
who has shown that an instability arises if the con-
ditions in (2.13) are satisfied.

From Eq. (2.12), in addition to obtaining the in-
stability conditions in (2.13), we find that an in-
stability can arise at very high beam densities

Ny > Noda/(©3 — via), (2.20)

(where ViA = czw;‘,’z /QHwH)- For nonrelativistic
beams (vg << cz) the lower density limit is given
by the inequality

(2.19)

N> Nuvialc?:
If, however, we assume that the following in-
equalities are satisfied rather than (2.19):

lo|<on, lo — koo + Qu | <o

lo | <L ou, jo—koy+ oy | <o,

that is, if we investigate the instability associated
with coherent magnetic bremsstrahlung due to ions
or electrons in the beam, from Eq. (2.2) it follows
that the wave grows for arbitrarily small beam
densities and that the growth (attenuation) factors
are given by expressions coinciding with (2.9) and
(2.17).

3. EFFECT OF THERMAL MOTION ON THE
GROWTH OF TRANSVERSE WAVES

1. In the present section we consider the stabil-
ity of a system consisting of a quasi-neutral
plasma which is traversed by an infinite quasi-neu-
tral beam of charged particles. We assume that
the distribution functions are isotropic in the cor-
responding coordinate systems. The growth (at-
tenuation) of the waves is determined basically by
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the effect of thermal motion of the particles. In
accordance with the considerations given above,
in Eq. (1.4) we write

Vo1 = U = 0, Ups = Ugq = o,
Ny=Ny=N, Ny=N,=N,, (3.1)
and this equation assumes the form
—k o2
- [ OB (B + 2 B(Bz)] u{;ﬂ)—B(Ba)
T3
2
—04— B (84)] + % — 0 =0. (3.2)

An mvestlgatlon shows that in the case being con-
sidered wave amplification is possible only in the
frequency region corresponding to the anomalous
Doppler effect.

Because a general analysis of Eq. (3.2) is ex-
tremely difficult, we shall limit ourselves to two
particular cases.

2. We consider the region in which the following
inequality is satisfied:

‘(1) + QH ]>kv,7'1.

We assume that the following conditions are also
satisfied:

(3.3)

| o — og | > kors, kury, | o — op —kuy |[> kory,
0)<0)H, l(.\) + Qy —k00|<kUT3. (3.4)

The last inequality means that the phase velocity
of the waves is of the order of the maximum veloc-
ity for the particle distribution function in the beam,
shifted by an amount Qg /k; we shall be interested
in the magnetic bremsstrahlung of beam ions out-
side the ‘‘light cone.”’ Using the asymptotic ex-
pansions (1.6) we have

0F, o? . [m——kvo—}-QH 1 ]
T oy Tos@ k) TR Tay
252 T . """QH>
+ %k — ~zl/ { [exp{ 7(T’r }
T1M

+

o Pl 3 (“’k;‘;’") ]+ 2t |

T exp{— (22 WL

Eq. (3.5) can be simplified if the following in-
equalities hold:

kor,

TsM { 1 O —oy— ky,y )2}
Tam | <XP 2( Fors
02, | o — ko, | ? { { 1 (m—{-Q )2}
03 o o1 _ H
- R LN ex -7
Urs > o Ury P 2\ kopy

(3.6)

wV e [-2 (5

Taking account of the inequalities in {3.6) and
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separating the real and imaginary parts in Eq.
(3.5), we have

n 0 o+ p?+ 20:Qy
0| 0 w4 (014 Qy)?
20, — 2k, + Q
2 1 1 o H
T ‘°°3[ Op T (Rury? ]}
. T 0% (0r— kvg)
YV 2 01kUT, ’ 3.7

where p=Im w, w; = Re w.
Whence it is apparent that amplification obtains

(n>0) when
o, — koy < 0. (3.8)

In this case, when the growth factor (attenuation)
is small, i.e., when

[plo] <1
from Eq. (3.5) we have
0% 4 200 0, 02, Qy
T Thor?

2
po| ©o2
»© [ Oy (0@ + Qy)?
0 4+ Q
[exp {_ 1 (m_+_,,

]/ { o2, o©
kup, va1

(3.9)

)]

(0) 2 2 (0)
M 1 T —oy @gg (@™ — ko)
B e R
(0) 2
T<M O — oy — RYy
<[V el (=)l
(3.10)

where w(® satisfies Eq. (3.5) with the right-hand
side set equal to zero. If the conditions in (3.6)
are also satisfied, we obtain the following expres-
sion for the growth factor:
_ T O QH[ 0fy 02+ 2000, 4 g QH]—l
=V 2 Ry |op (@O F Qg ¢ | (kory?

(3.11)
It can be easily shown from Eq. (3.11) that (3.9) is
satisfied if any one of the following inequalities
holds:

00> kyr, (3.12)

or
M 09 kop, (@02 4200 Q)
0y Qy (00 4- Q)2

N<NT

(3.13)

When (3.9) is taken into account the second inequal-
ity in (3. 6) can be written in the form

N> N {exp[ 1 (%Y]

e exp[ Sz,

3. Finally, we consider the case of gyromag-
netic resonance in the plasma, i.e. the case in
which

(3.14)
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lo — Qu |<<kur:. (3.15)

In this case, the wave is strongly damped in the
absence of a beam.? However, growing waves are
possible if a charged particle beam moves through
the plasma. Suppose that the following inequalities
are satisfied:

lo + oy |>kurs, |0 — kg — Qy | > kours,
o 4+ 0y— kv, | <L kury.

Using the asymptotic expressions (1.6), from Eq.
(3.2) we have

(3.16)

= ® — Qp
n ey
Iev,-1 { V kur,y }+ lsz2 { V e
kury gy (@ — ko) xS By
+m+mH}+ kor, —! 7€
kup, 03, (0 — k) 1 2
L . 04 ; n
' m—QH—kvo}+ Fop, - ‘1/7
o+ 0y —k
+ —kH—%}—I—c2k2—m2=O. (3.17)
Urs i

For simplicity we assume that the following
relations are satisfied:

MT - q/ mTqe, —g2

MMleir <1, Y gl <t (3.19)
Then, assuming that w is real while the wave vec-
tor k is complex,?! we find from Eq. (3.17) that
when Im k < Re k, wave amplification is possible
if

mTs (3.19)

N4>N1 MTl

(0—-'ka

In the present case the energy supplied by mag-
netic bremsstrahlung of the beam electrons in the
region of the anomalous Doppler effect is greater
than the energy dissipated in the plasma; hence
growing waves are possible.

4. INVESTIGATION OF THE LONGITUDINAL
WAVE EQUATION

1. We consider the case in which both the beam
and plasma are quasi-neutral. Neglecting colli-
sions, in this case we can write (1.3) in the form

2 9 4
P e th g ek thp)g
¥=1 T‘Y v=1 YT+ v=3 TY (4 1)
As was first pointed out by Gordeev,?? in the ab-
sence of a beam the longitudinal wave is weakly
damped only if the following condition is satisfied:
o < o/k| <vr,. (4.2)
If this condition is not satisfied the wave is highly
damped. However, if a beam of charged particles
passes through a plasma, growing waves are pos-

N:>N (Tl) ﬁw—
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sible even when (4.2) is not satisfied (cf. for exam-
ple reference 12). Everywhere below, however,
we shall assume that the inequality in (4.2) is sat-
isfied.

2. At the outset we neglect the effect of thermal
motion on the stability of the system. We intro-
duce the notation

e = o — ku,. (4.3)

(b =1Im €) and let | €] < w9, where w®) = kv,
is a solution of Eq. (4.1) in the zeroth approxima-
tion, i.e. for Ng — 0. Then, from Eq. (4.1) we
have

N M 1/3
: ] (4.4)

= (3 [ty
2 O | Nm (14 602 /02
It follows from Eq. (4.1) that for the acoustic wave

k=(ovr)VTyT:  (vpr= VTo/M).  (4.5)
For the ion oscillations (ion plasma waves)
k= (fvr) |/ (0 — 0)/30},. (4.6)

It is apparent from Eq. (4.4) that there is always
an 1nstab1hty in the case being considered since
MY =1, (-1+iV/3)/2. Inwriting Eq. (4.6) and
everywhere below, for simplicity we omit the
superscript which indicates the order of the ap-
proximation because the approximation being con-
sidered is clear in any actual case.

3. Finally, when the thermal motion in the beam
is important, so that the following inequality is
satisfied:

(@ — kug)/kurs | <L 1, | (0 — kuy)kvr, | <€ 1,  (4.7)
Eq. (4.1) assumes the form
— k‘i;l (kf:“ N vn)+ 32 k%”
s/ e e () D]
oo “’T + “’T)}= 0. (4.8)

Whence, it is easy to show that a sufficient condi-
tion for the production of an instability is

(147 ")
\ M3
2 mT3 A
— w200 ( 1 )
X [e + MT3 .

The growth (damping) factor is given by a rela-
tively simple expression if

Ip/o| <1

4.9)

(4.10)
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. 0 — ko, o8 o5

TR [ L + —z—;g_” ’
We can obtain the condition for wave amplification
(p > 0) from the last expression. We may note
that the inequality in (4.10) is satisfied if

mT3
NN wT”=[ (MT3/ ]
< [ 8 k30T1 (mTf ):/2 ] e—oﬂ/2k’v%1}
- 4 .
Tooo MT:;

In conclusion, the author wishes to express his
gratitude to B. N. Gershman and V. V. Zheleznya-
kov for a reading of the manuscript and for valu-
able discussions.
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