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Equations for the partial wave amplitudes for photoproduction of pions on nucleons at low
energies are derived from the Mandelstam representation!! in the Cini-Fubini approxima-
tion.!? Nucleon recoil and pion-pion interaction are taken into account. The latter contrib-
utes only to the isotopic scalar photoproduction amplitudes. Expressions for these ampli-
tudes, with effects of pion-pion interaction included, are obtained.

1. INTRODUCTION

RECENTLY there has been considerable interest
in the study of pion-nucleon scattering including the
effects due to a pion-pion interaction.!™ In this
paper we consider the same problem for photopro-
duction.

Calculations based on one dimensional disper-
sion relations®~? give in general satisfactory agree-
ment with present day experiments on photoproduc-
tion in the low energy region.”™® The discrepan-
cies®1% may be thought of as due to an approximate
treatment of the nucleon recoil®~7 and neglect of
the pion-pion interaction and of high energy contri-
butions. In this work we obtain from the Mandel-
stam representation!! in the Cini-Fubini approxima-
tion!? a set of equations in which nucleon recoil and
the pion-pion interaction are taken into account.

The pion-pion interaction enters into the equa-
tions under discussion through the amplitude for
photoproduction of pions on pions. An expression
for this amplitude has been obtained by one of the
authors.!® The pion-pion interaction contributes
only to the isotopic scalar photoproduction ampli-
tudes. Consequently the pion-pion resonance in
the J=1=1 state (if it exists) contributes only
to those photoproduction amplitudes to which the
pion-nucleon resonance (inthe J=1= 3/2 state)
does not.

The amplitude for photoproduction on pions de-
pends on high-energy singularities and involves a
parameter which depends on the amplitudes for
the processes ym — NN and 7w — NN in the ob-
servable region. Consequently it is possible to
write formally a system of coupled equations,
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which relate the amplitudes for the processes

yN — 7N and ym — NN to the pion-nucleon and
pion-pion amplitudes and contain no new param-
eters. At this time, however, we do not know how
to take into account the contributions from the
high energy regions. On the other hand, calcula-
tions of the amplitude for ym — NN in the observ-
able region cannot be trusted if they utilize only
the low energy singularities. For that reason it
is necessary at this time to use experimental data
for the process ym — NN (as well as 7 — NN).
Thus we shall be discussing only the amplitude
for the process yN — 7N, which involves a param-
eter determined by the process ym — 77 and as-
sumed here to be known experimentally.

In order to write the above-mentioned equations
it is necessary to discuss the cumbersome kine-
matics and unitarity condition for the processes
YN — 7N and ym — NN (Sec. 2). The kinematics
of the first process has been discussed by a num-
ber of authors,®°® the second process (as well as
7w — NN) is best discussed using the formalism
of Jacob and Wick.1

The Mandelstam representation!! in the Cini-
Fubini approxima’cion12 is written out in Sec. 3
(see also Bowcock et al.i). We assume the rep-
resentation to be valid with no subtractions. One
is encouraged in such an approach by the observa-
tion!3 that if the differential cross sections for
photoproduction and forward scattering of pions
on nucleons increase in the same manner at infin-
ity then one needs one less subtraction for photo-
production than for scattering. This is a conse-
quence of gauge invariance which leads to the ap-
pearance of an energy dependent factor in the re-
lation between the invariant amplitude (for which
one writes the Mandelstam representation) and
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the photoproduction matrix element, where no such
factor appears in the scattering problem.

By making use of the kinematic relations of
Sec. 2 the integral equations for the partial am-
plitudes are derived from the Cini-Fubini repre-
sentation by simple integrations. Here the nu-
cleon recoil is important only in the terms involv-
ing the direct pion-photon interaction and the mag-
netic dipole transitions in the I= %, state that do
not depend on the pion-pion interaction. This inter-
action contributes to the isotopic scalar amplitudes,
and for those the nucleon recoil may be taken into
account approximately. The expressions derived
for the isotopic scalar amplitudes contain the ef-
fects of a pion-pion interaction and are a general-
ization of previously obtained results.>~’

2. KINEMATICS AND UNITARITY CONDITION
The matrix elements for the processes
I‘ Y + N — 7 + N"
Il. 14 + N — 'Y + NI’
HI. y +78 - N + N,
described by the diagram shown (where k stands

for the photon momentum, q for the pion momen-
tum, and p and p’ for the momenta of the initial

N )

and final nucleons in reactions I and II or the
nucleon and antinucleon in reaction III) are given

by
Sig = — i 2m)*8 (k +q + p + p') m(4k°q"p°p") = F, (1)
F <f,( F(l) + T F(2) + "“[Tp, 173] F(‘o’))l >

2 R, H® (s, s, t);

Ry =uy® [(pk) (p'e) — (pe) (p'R)] u,

Ry = utl((p” — p) k) (y&) — (0" — p) ) (YR)) u,
Rs = uy®l(gk) (ve) — (ge) (vR)] u,

Ry = uv*l(1k) (ve) — (ve) (Y&)lu.

Here |i>, |£> stand for the isotopic functions of
the initial and final states, u is the final nucleon

F(“) (3)

4)

2) -
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spinor, u is the initial nucleon spinor (processes
I and II) or the final antinucleon spinor (process
III) and e is the photon polarization vector.* The
twelve invariant functions H(ia), which character-
ize the processes under discussion, depend on the
arguments

s=(k+p? s=I(q+p>
S 4§54t =2m? fp? (5)

(m is the nucleon mass, u is the pion mass). From
crossing symmetry of F (for processes I and II),
or from invariance under charge conjugation (for
process IIT), we can conclude that

H® (s, s, t)y==+H® (s, s, 1).

t=(p +pH)%

(6)

Here and in the following the upper sign goes with
the values  =1,2, i=1,2,4 and ¢ =3, i =3
The lower sign corresponds to o =3, i=1,2,4
and o =1,2, i=3.

A. Reaction I. For photoproduction processes
(reaction I) the isotopic functions in Eq. (2) are
given by T

[ =N, |P= )

Here N is the proton or neutron function:

=(8) w=(2),

and 7 is the pion function:

(8)

:l'l:t == _V_ (691 j: 1693) ﬂo == 6p3. (9)
The amplitudes
F('/z) — F(l) + 2F(8), F('/z) — F(l) _ F(3) (1 0)

describe isotopic vector transitions into states with
total isotopic spin ¥, and ¥, respectively. F® de-
scribes the isotopic scalar transition into the state
with isotopic spin %.

In the barycentric frame of reaction I

s=(k +E) = (0 +E)?, s=m—2k(E +qv),

t =p?— 2k (0 — gx). (11)

Here (and in the following) k and q are the mag-
nitudes of the three dimensional photon and pion
momenta, x is the cosine of the angle between
these momenta, w = y/u2 + g2 is the pion energy,
and E; = (m? + k?)¥? and E, = (m? + q?)¥? are the
energies of the initial and final nucleon.

The spin structure of F in the barycentric
frame is

*Our metric is such that ab = a’°h°~a.b, and our Feynman
matrices are such that y™y" + y"y™ = 2g™"

tWith the usual normalization for the Clebsch-Gordan coef-
ficients.
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k
5 4nW F —-Xf<tc'e§ __.Eﬂl%cgl_elljz

n l(o‘k (qe)g; + l(cq) (qe)J )X (12)*

where y are two-component nucleon spinors. The
¥i are functions of the total energy W and of x,
and are related to the invariant functions Hj as

follows:
F1=C L™ (W + Es + ) H

-+ (0) — QX) Hs +—mH4],

a W — i
#2=C—2%TE;T'",);)L(W +Ez + qx) H

+ (@ — gx) Hs — H4] (13)
Fo = —Cq(L5 H1+H0—H3)
§4:CE2?:m<W+m Hl—Hz +H3)
C = (W — m)i8&aW] (E, +m) (E: +-m) 1, (14)

Their partial wave expansion is given by

= UMy + Eg) Py (0) 4+ [(1 +1) Mo
=0
Ei_} Py (%)},
= N[ + 1) Miy + IM_YP(),

=1

Fa= D) {[Ery — Myy] Py (%) + IMi— + Er_1 Piy (0,

=1

= My — Mi_ — Ery. — E, ) P (). (15)
=2

Here Ej.(Mj.) correspond to pions produced with

angular momentum ! by an electric (magnetic)

photon of angular momentum 7/+1 in a state of

total angular momentum I+Y%, and parity —(-1)Z
It follows from the unitarity condition that below

threshold for production of two pions we have

Ere = | Eix | exp {i;1) (16)

and analogously for Mj;., where Ej., Mj, are am-
plitudes for transitions with well defined isotopic
spin (10), and 07, are the pion-nucleon scattering
phase shifts in the corresponding states.

In what follows we shall need the connection be-
tween the partial amplitudes and the invariant func-
tions Hj:

q (W — mﬂb—deﬂ

2 10+1) H

Mis =c§ dx— A

—1

Tk B+ g9 [Pito—

*[ke] =k x e; ok =0k,

qw—mmﬂm]
Eat m) (W + m)
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(1 — %) P} (x) W
_qW—m P, (v } A=) P ()
X[P‘(") ErmW+m ) 9 1arn |

Py (%)
+2{Pin + ey,

1
1 f—x2 w
Ers = cg dx— By [LE5 2T IM p, Py ()

— (W —m) A Pi(0)} Hy+ {T0™ (W + B, + g2)[Pi ()

_q(W_m)PI:tl(x) ]
(Ex+m) (W + m)

. P,
—q( =) [ s Pl )+ D T2 U,

q(W—m)PH_,I(x)]

W+m(
(Eg + m) (W + m)

+{*2Tv‘—

. Py
+q(1—x?) [Al:x: Py(x) 4+ Dy« LZEI;’_I_I—(mx)—:” H,

o—g0) [ Pi(x) —

Py (
2Pt + e, (1)
where
(4 1) -+ (+2)?
Al:t = {__ [ S Bli = {[—1 ’ Dli = {(1 — ’

The differential photoproduction cross section
is given by

doldQ = (g/k) | F |2 (18)

B. Reaction IIl. For nucleon-antinucleon pair
production processes (reaction III) the isotopic
functions in Eq. (2) are given by

I =N

where N is the antiproton or antineutron function:

- 1 - 0
p=_(o)’ ”=(1>'

The amplitudes F) and F® correspond to
isotopic vector transitions into states with total
isotopic spin 0 and 1 respectively, F® corre-
sponds to isotopic scalar transition into state with
isotopic spin 1.

In the barycentric frame of reaction III we have

}i) = aN, (19)

(20)

s =m*— % (E + py),
= 4E2,

s =m? — 2x (E — py),
t= (% + ) (21)

Here k and p are the magnitudes of the photon

and nucleon momenta, y = cos « is the cosine of

the angle between these momenta, and E is the

nucleon energy.

The spin structure of F in the barycentric
frame is
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F =y (1% 4 RINIe] g,

+ c[ze] O - c[:e] <D4> .

The ®j are functions of E and y and are related
to the Hj by:

(22)

Oy = — 2% (EH, 4 mH, + H)),

2p* H
(Dz px(Hz E+4m)’

= (2pxE/m) H;, @, = — (2xE/m) H,. (23)

The amplitudes of Eq. (22) and the amplitudes
@KX (the superscript specifies the helicity of the
photon, the subscripts the helicities of the nucleon
and antinucleon) for transitions between states
with well defined helicities are related by:

QL. = P35 = + 27 (@1 F @) sin a,
Ple = —Drp =27 (D £ @y + @) (1 1-4). (24)

According to Jacob and Wick the amplitudes (24)
may be expanded as follows:

QL. = — D V2L, sinaP)(y),
J

Ole =3y Ol P @) £ 0 + 1P

(25)

Therefore

=%;(q>£_ — @l 4) P,

=.§{w ( +DI" (@14 + DL-) (P) +yP))

+ (@@L —@l)Pj— (DL +@L-)P),

Oy = _gj W+ [(@l+ +0i-)P;

+ (@1 + — ®1-) (Pi+yP) ],

(26)

@, =N (@] - +&L,) P
J

From Eqgs. (6) and (23) it follows that for a =1,2
the amplitudes ®J, and &J, + J_ are different
from zero only for odd Values of J, and for =3
only for even values; whereas the amplitude &J +
—»Q‘L does not vanish for o = 1,2 for even J, and
for a =3 for odd J.

The relation between the amplitudes @{X and
the amplitudes for transitions between states with
well defined parity is

O —ol =&, oL- 4ol
= JMj,+ —-(J + )M, -,
oL — @ = [J (J+1)]"&se,

oL, + ®l. =+ D" (Mo, + + M, ), (27)

SOLOV’EV, BIALKOWSKI,

and JUREWICZ

where &4 (.4].) describe the production by an
electric (magnetic) photon of a nucleon-antinu-
cleon pair with orbital angular momentum [, spin
Yy + Y% (1), and total angular momentum I (I £ 1).
The expansion (26) becomes therefore

=N 8. _P;, ©y=N[M, + Mo+ 8, 1P,
1 !
@y =— 2\ [ M, Prvy + Mo Pl + & (Pr +yP))],
!

= DU+ 1) My Py — M1 Pl 1) (28)

l
For a =1,2 the amplitudes j;, &7+ have I even
and &;- has ! odd; whereas for o =3 &;- has
even and /., &+ have I odd.

Let us consider the unitarity condition for reac-
tion I with only the two-pion intermediate state
taken into account. For the isotopic scalar ampli-
tudes with odd total angular momentum J we find

Im @Y = (qe/167) T '), (29)

where q; = (E2—p 2)1/2 jg the pion momentum in
the intermediate state,

—)J (—)
T(:tj: = T+ ’

'Y

represent the amplitudes for the process mm — NN,
determined by Eqs. (3.13) — (3.17) of Frazer and
Fulco,!® and fy is the amplitude for the process
ym — 7w, determined by Eq. (6) of Solov’ev, who
gives an explicit formula for f;.13

The two-pion contribution vanishes for the iso-
topic vector amplitudes &3, 1t follows from
Egs. (27), (29), and (30) that the two-pion interme-
diate state contributes only to the isotopic scalar
magnetic transitions of reaction III:

THY = (30)

Im((D(Z’J + cp‘z” Z‘T" TOVE. (31)

3. SPECTRAL REPRESENTATIONS AND PHOTO-
PRODUCTION EQUATIONS

As remarked in Sec. 1 we shall assume that
spectral representations without subtractions are
valid for the invariant photoproduction amplitudes.
The Mandelstam representation!! takes the form:

1

« - " 2egb;
H® (s, s, t) = (BE ' — t-—!,;)(s_m? *3

s—m? )
v 1\ A (x )
+n—2(m+p)z 4§‘dy(x—six__s> y—t
L4 §§ drdy 2208 (32
T iy (x—s)y—>s
3 (x, y) = £ R (4, %). (33)
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The signs in Egs. (32) and (33) correspond to the
signs in Eq. (6):

B, — R, a=1
B =0, B =By =§lw +u, a=2
p’p - p‘n'
B{) = —1eg — mB{

a=3

(34)

(rational units). In contrast to pion-nucleon scat
tering in photoproduction one obtains a contribution
from the single pion state, related by gauge invari-
ance to the single nucleon contribution.

We restrict ourselves to low energies and con-
sider the approximate representation of Cini and
Fubini.®»3 If the amplitudes F, H, etc., for photo-
production of pions on pions are ignored then the
representation takes the form

H® (s, 5,t) = Born term

oo

1 1 1
+a d"(x—s:tx—:;) a® (x, t)
(m—+p.)s

Lo tEL]

4p?

b, (x) dx
x—1

) 35)

where

a® =ImH ) for reaction I , Opob; =ImH ) for reaction IIL
(36)

The a(ia)(s, t) correspond to only the pion-
nucleon intermediate state in the unitarity condi-
tion. Consequently their singularities in t do not
start until 16p® and they may thereforebe expanded
in a Taylor series. If the D, F, etc., pion-nucleon
scattering phase shifts are ignored then this ex-
pansion takes the form

a® (s, £) = al® (s) + (t — t,) alP (s)-

To make sure that the functions aga)( s,t) do not
contain unobservable angles it is necessary to take
for t, the threshold value of t:

ktn =p 2m 4-p) /2 (m +0).

With the help of Egs. (36), (11), (13) and (15) the
functions a%’ and aﬁ)‘) are easily expressed in
terms of the imaginary parts of the partial photo-
production amplitudes. If we then substitute Eq.
(35) into Eq. (17) we obtain the intégral equation
for photoproduction.

A. Isotopic vector amplitudes. The last integral
in Eq. (35) is absent for the isotopic vector ampli-
tudes (o =1,3), and we obtain relations previously
discussed® ! by expanding in powers of w/m and
w’/m and retaining only the leading terms. The
nucleon recoil must be taken into account more ac-

37

bty =p? —2pky, (38)
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curately for the resonant magnetic dipole ampli-
tude, and this is easy to do with the help of Egs.
(17) and (35).

B. Isotopic scalar amplitudes. For the isotopic
scalar amplitudes (a = 2) reaction III contributes
to Eq. (35). From Egs. (36), (23), (26) and (31) we
obtain the following expressions for bj(t):

0 = T~ TN
__ mq m o1, 1 pen)s
be () = 167p? [_ E T, + V2 T= ]h:

by () =0, by (t) = — (mqy/167E) T, (39)
where, as noted above, the amplitudes TS have
been discussed by Frazer and Fulco!® and f; by
Solov’ev.13

For the amplitude for photoproduction of pions
we havel3

fi (f) = Ao (1),

where 6 = 6} is the pion-pion scattering phase
shift in the J=1=1 state, and ¢(t) is a known
integral containing this phase shift [Egs. (36), (38)
of Solov’ev!®]. The parameter A is given by13

(40)

oo

2 ds’ ,
- S L(AmF (s', cos = 1)z,

am*

A

(41)

where the function appearing under the integral

-sign is related to the amplitudes for the processes

yr — NN and 7w — NN as follows:

2

J odd

(Im & (s', cos 0)) y 5 = (Im f5(s"))yxP7 (cos 0), (42)

m? p’
(Im I = ns’zq_'
1

x [TO (OFY + @@y + 7O (@@ 4 o))

§7 =2 (p' + m)=2(q? +p). (43)

The amplitudes that enter here correspond to high
energies and cannot be calculated at present. There-
fore the parameter A must be taken from experi-
ment.

If it is assumed that the phase shift 6} has a
resonance then the function ¢ in Eq. (40) also has
a resonant character.!® If one also ignores the
nonresonant pion-nucleon scattering phase shifts,
then one obtains from Eq. (35) the following ex-
pressions for the isotopic scalar photoproduction
amplitudes:

2egd
= )(s:m’ i;:_imz)

HP (s,5,1) = (B?)— i—p?

0

+\

4p2

b, (1) dt’

T (44)
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where the bj are given by Eq. (39). The 7* to 7~

photoproduction cross sections ratio at threshold
should depend sensitively on the magnitude of ex-
pression (44).
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