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A set of integral equations is obtained for the partial photoproduction amplitudes. It differs 
from that previously found in that besides the partial amplitudes for scattering of pions on 
nucleons it also contains the partial amplitudes for nucleon pair annihilation into two pions 
and the photoproduction of pions on pions. These amplitudes are related to the partial am
plitudes for scattering of pions by pions. 

l. Dispersion relations in energy and momentum 
transfer simultaneously (double dispersion rela
tions) were proposed by Mandelstam1 for transi
tion amplitudes. Thereafter Chew and Mandel
stam2 developed a method, applicable at low en
ergies, for reducing the double dispersion rela
tions to single dispersion relations for partial 
amplitudes. Further development of the Mandel
starn representation was accomplished by Cini 
and Fubini3 and Ter-Martirosyan.4 

Because certain complications arose (see Ap
pendix 1) when the Chew-Mandelstam method was 
applied to an analysis of meson* photoproduction 
on nucleons, it became of interest to discuss this 
process in the framework of the Cini-Fubini-Ter
Martirosyan method, after generalizing it to take 
into account the spin of the interacting particles. 

In Sec. 2 we discuss the kinematics of a proc
ess involving two nucleons, a meson and a photon. 
In Sec. 3 we write in invariant form the amplitude 
for meson photoproduction. In Sec. 4 we derive 
one-dimensional dispersion relations for the me
son photoproduction amplitude from the two-dimen
sional relations. The resultant one-dimensional 
dispersion relations differ from those obtained 
previously5 by an extra term. Because of this 
term certain expressions must be added to pre
viously obtained dispersion relations for the am
plitudes, as well as for the partial amplitudes:t 
these expressions are found in Sec. 5. 

From the dispersion relations for the partial 
amplitudes one obtains easily integral equations 
for partial photoproduction amplitudes. The lat
ter differ from those found previously5 in that 

*In what follows we understand by the term meson the pion, 
tThe expansion in angular variables of the amplillllde for 

nucleon pair annihilation into a meson and photon needed here 
is given in Appendix 2. 

they contain in addition to the meson-nucleon 
partial scattering amplitude also the partial am
plitude for nucleon pair annihilation into two me
sons and the photoproduction of mesons on mesons. 

The partial amplitude for nucleon pair annihila
tion into two mesons may be determined by making 
use of the integral equations formulated by Frazer 
and Fulco;6 the partial amplitudes for meson pho
toproduction on mesons can be obtained from the 
integral equations derived by Gourdin and Martin. 7 

Thus, in principle, a complete solution of the prob
lem in question is possible. 

The resultant expressions are rather compli
cated. In order to better explain their structure 
we give in Sec. 6 the main expressions for the 
simplest case when the charge of the particles 
and the spin of the nucleon are assumed to be zero. 

2. Let k, q, p1 and p2 be the momentum four
vectors of the photon, meson and nucleons respec
tively. We consider the processes 

y +Nx .-N2 +:rt, 

Let us introduce the invariants 

I 

II 

III 

s (pl + k)2, Sc = (p1 + q)2, t = (px + p2)2 • (2.1) 

In the barycentric frame of process I, these ex
pressions can be rewritten as:* 

s = (pxo + ko)2 = W2 = (E~t +I k 12) 2 = (Ep. + EM)2 , 

Sc = M 2 + tt2 - 2EnEp.- 2lpxll q I X, 

t = 2M2 - 2EnEM + 2 I pxjj P21 X, (2.2) 

*We assume in what follows that ab = a, b.- a· b, p2 = M2, 

q2- P.2· 
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where x =cos (}, (} being the angle between the 
photon and meson momenta, Ek = ..J k2 + M2 , 
EJ-1 = ...j q2 + 1-12 , EM = ...j q2 + M2 , where M and J-1 
are the mass of the nucleon and the meson, and k 
and q are the momentum of the photon and the 
final meson. 

In the barycentric frame of process III we find 

f = 4 (p2 + M2) c-= (Vq'2 -tr:-2 + i q' 1)2, 

Sc = NF + ~t 2 -2£p£q• + 2\p\\q'\y, 

s = M 2 + !!2 - 2EpEq•- 2\ p II q' \y, (2.3) 

where y = cos cp, cp being the angle between the 
directions of motion of the initial and final par
ticles, Ep = ...j p2 + M2 , Eq' = ...j q'2 + J-12 , where 
p and q' are the momentum of the nucleon-anti
nucleon pair and the final meson. 

3. The transition matrix element for the photo
production of mesons on nucleons can be written 
in the case of pseudoscalar coupling as follows: 5 

(n\R\y) = f i (2n)4 (koqop10p2o)-'1, 6 (p2 + q- p1- k) 

(3.1) 

Ptil = { Ys (p~ P~- p~p~), i = 1; - ~ ys[y" (p~ + p~)- yll (p~ -j- p~)], i = 2; 

- frs [y"(p~- p~)- yll(p~- p~)], i = 3; - y5 (y"y13- y13y"), i = 4; (3.2) 

Here p is a variable describing the charge of the 
produced meson (p = 1, 2, 3 ). 

The coefficients i'f are functions of the energy 
s, the momentum transfer t, and the isotopic 
spins of the meson and nucleon.* The latter de
pendence may be made explicit by writing 

T'p( ) .. r<I> r<2l 1 [ I r<a> ( ) , s, t = uap t + 'tp t + 2 'tp'ta t • 3.3 

The coefficients Ti possess the following symme
try properties under the exchange s - sc, t- t: 

(3.4) 

TJ[ = 1 ~ 1 =~ ~I· (3.5) 
-1 -1 1 -1 

4. The double dispersion relations for the am
plitude TJ (s, sc, t) are of the form: 

1 

oo co A{la (s', t') 
T{ (s, Sc, t) = 0{ + ~ 5 ds' ~ dt' (s' _ s)(l' _ t) 

(M+p.l' 41'- 2 

(4.1) 

Here 

00 

T~(s,t)=O'i+-!t- ~ ds'ImT{(s',t)[s.=-_s+TJ{~] 
(M+p.)' 5c 5c 

00 

. 1 (' I Hi (t' ) dt. 
T n .J ill i , S, Sc t' _ t , (4.2) 

41'-' 

where o:j = oJ + d ( 1 + TJj ), with the d being 
1 1 1 1 1 

slowly varying functions of s, sc, t, which may 
in first approximation be taken as constant, and 
the Hf are amplitudes for the process III.* The 
relation (4.2) is applicable as long as s- M2 < 4MJ-1, 
Sc - M2 < 4MJ-!, t ::::; 9J-12. 

5. The above dispersion relations for the ampli
tude for the photoproduction of mesons on nucleons, 
Eq. (4.2), differ from those obtained previously5 by 
the presence of two additional terms (an integral 
term and a one-meson term). When these terms 
are taken into account the dispersion relations for 
the amplitude in the barycentric frame may be 
written as 

Re U; = ( ...... ) + V1• (5.1) 

Into the brackets one should substitute the expres
sions given by Eqs. (6.8)- (6.9) of Logunov, Tav
khelidze and Solov'ev or Eqs. (9.1)- (9.4) of Chew, 
Goldberger, Low and Nambu, 5 whereas 

00 

- i . 1 \ dt' 
U1 = C; (1 + TJ!) + -n P \ r _ t (a12 Im B2 

4~2 

+ a1a Im Ba + a14 Im B4), 
Ri, ri are quantities characterizing the one-nucleon oo 

- i 1 ,. dt' 

(5.2) 

and one-meson contributions. Ua = C; ( 1 + TJ;) + n P ~ t' _ 1 (aa1 Im B1 
We restrict ourselves to the low energy region 41'-' 

where it is legitimate to ignore inelastic processes. +aa2 ImB2+aaa ImBa+rxa4 ImB,), (5.3) 
Then the double dispersion relations may be re- where the Bi are amplitudes of process III in the 
duced3•4 to approximate single dispersion relations barycentric frame (see Appendix 2), and 
( at fixed t ) : 

*Expressions for the transition amplitude in the barycentric 
frame are given in reference 5. 

*To avoid misunderstanding we note that the Hl are the 
. 1 

same amplitudes as the Ti but taken in the physical region of 
process III. 
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:zn = 0, ct12 = - Mv1 1 
(W- M) k0 TPT' 

1 [ W2 - M 2 - 2MVt ] 
ctia = Tkf 2 (W- M) (E + M) -1 , 

_ lW2 - M 2 - 2Mvt Mv1 (k'k) J 1 
IX14 - - 2 (W- M) E + (W- M) k0 p2 [ kl ' 

Ot =-· W-M ____ 1_ 
31 ' 4£ ko 1 p I ' aa2 - 2ko I P I ' 

1 [ (W- M) M] 
IX33 =- 2! k I (£ + M) 1- 2£ ' 

Cla4=rw-::>M +{[E-(k~~>]} p2~kl. 
The expression for U2 may be obtained from 

that for U 1 by replacing everywhere W ± M by 
W '~' M and -1 by + 1, and the expression for U4 

may be obtained from that for u3 by replacing 
everywhere - ( W - M ) by ( W + M ) . 

The dispersion relations for the partial ampli
tudes are similarly modified:* 

R (1.)_ '(1.) eMt,,- ( ... ) +Mt,;. (5.4) 

Into the brackets one must substitute expressions 
determined by Eq. (28) of Solov'ev,5 whereas 

00 4 4 00 

M'(A) M(A)O 1 p \ I { [ 1 "' "'\:1 "' J 
l,i = l,i + n J dt Pu t'- t ...::.J ...::.J .£.J <J.jbTbml' 

4p.' b=I m=Il'=O 

CX) 

I bW} M<~ 1 r ,v 
X m ml' = u + n P j dt £... e2~!z•m Im bmt'; 

4p.2 ml' 
(5.5) 

+I 
e<"> = I ~ p . [ · 2j + 1 P' ( ) J 
u.t~ JI t' - t tz a:ii Vi (i + 1J i y , 

+I 
8 <X), = I ~ Pr [-a:' f(j + 1) (2j + 1) p~ (y) 
li,l j t' - t l /2 j J-I 

' -I 

I ") /2j + 1 p' ( ) I 1 ") /2j + 1 01 1 
- a.ia V i + 1 1 Y + a.14 T V i + 1 P1-1 (y) , (5.6) 

s<"> 
li,l~ 

I ") /2j + 1 I I v 2j + 1 R ] + IXJa V ·-j -Pi (y) + IXJ4 (j + 1) y j P1+1 (y) . 

Here bml' are the partial amplitudes for process 
III, a' = a/Kj, Kj being coefficients connecting 
the amplitudes Ai with the Ui, and Tbm are the 
coefficients that accompany bz' ,j in the expansions 
(A.lO). 

*At that the coefficients bmr' are related to the coefficients 
bz',j that appear in Eq. (A.12), as follows: 

"2-''•b - b "2-''•b b I 1',/(0) - II'• I l'+l,j = 21'• 

"2-''•b - b "2_., b b 
I l',j- 31'• I 2 t'-I,/ = 41' • 

By making use of the unitarity condition Im bml' 
may be expressed in terms of the partial ampli
tudes for the processes of nucleon pair annihilation 
into two mesons and photoproduction of mesons on 
mesons.* The indicated amplitudes may be deter
mined by making use of the integral equations de
rived by Frazer and Fulco6 and Gourdin and Mar
tin.7 In other words, the expression for the addi
tional integral (5.5) in the dispersion relations for 
the partial photoproduction amplitudes may be con
sidered as known. Consequently one obtains for 
the amplitude for photoproduction of mesons on nu
cleons integral equations that differ from the ones 
obtained previously5 in the structure of the inhomo
geneous term, which contains, in particular, a con
tribution from 1r1r scattering. 

6. As can be seen, the resultant expressions 
are rather complicated. To better understand 
their structure we show below the main expres
sions in the form that they take when it is as
sumed that all particles are neutral and that the 
nucleon has spin zero (the spin of the photon is 
taken, as before, to be unity, and the meson to be 
pseudoscalar ). In that case in the expression (3.1) 
for the amplitude of the process only one function 
( T1 ) will be different from zero. 

In place of the dispersion relations (5 .1) we 
obtain 

CX) 

Re U (W, VI) = Q + ~ P ~ dW' 
M+p. 

X [w·2~ wa + W'a+ wa_14Mv~-2Ma] Im U (W', '\11), 

(6.1) 
where 

Q = r(w2 -=..M2 + W2 -M!-4MJ + AV, 
'\1 _ lkl(ro-[q[x) 

1 - 2M ' 
CX) 

- . I 1 \' dt' 
AU = Ci ( 1 + '1]1) + 1t P j t, _ t a.31 Im B 

4r.<' 

- a quantity characterizing the contribution of 
process III. 

In the static limit ( M - oo) one gets with the 
help of Eqs. (5.4) in this model the following dis
persion relation for, for example, the partial am-
plitude E1: . 

CX) 

R e E (s) - N + 82q P \' ( 1 + 1 ) 1 I E ( ') d ' 1 - n j 8'- 8 8' + 8 8'2q' m 1 8 8 ' 
f.< ~.~ 

where E1 is the amplitude for meson production in 
the P state by an electric quadrupole photon, N 
= M0 + MJ., E = W -M, E' = W' -M. The corre
sponding integral equation is written as: t 

*See Appendix 3. 
tHere one should keep in mind that Im E1 = E1h* where h 

is the meson-nucleon scattering amplitude. 



DOUBLE DISPERSION RELATIONS AND PHOTOPRODUCTION OF PIONS 769 

00 

XI (e) = N' +..!.. \' de' [ , 1 .1) 
lt ~ .B - B -I 

1'-

+ , + 1 .1)] XI (e') h* (e'), 
B B-1 

(6.3) 

where 

The solution of this equation has been given by 
Omnes8 [Eqs. (5.3)- (5.9)]. The situation is anal
ogous in the approximation under discussion for 
the other multipole as well. 

APPENDIX 1 

We consider first the case when the mesons 
are produced only in s and p states (i.e., we 
limit ourselves to photons with energies close to 
threshold). Then the non vanishing coefficients 
Mli in the expansion of the amplitude Ti ( s, x) in 
the angular variables x can be written as 

+I 
M.oa (s} = ! ~ T~ (s, x) dx, (A.1) 

-1 

if the mesons are produced in s states, and as 

+I +I +I 
Mu (s) = - {- ~ T~x dx + ~ ~ T~ dx + ~ r: dx, 

-I -I -I 
+I 

M12 (s) = ~ T~dx, 
+I +I 

1 \' ' 1 \' ' Mia (s) = 6 ~ TI dx + 6 j T 2xdx, 
-I -I -I (A.2) 

if the mesons are produced in p states. 
Here 

Mtl = Mt_- Mt+• Mt2 = (I + 1) Mt+ + IM1_, 

Mta = Ei+ Mt4 = E~_, T~ =-WT1/ K13 , 

T~=3WT2/2iK1 , r:=-4WT4 /(W-M)K2· 

The coefficients Mz±( s ) and Ez±( s) depend on the 
energy only and constitute the amplitudes for meson 
photoproduction with relative orbital angular mo
mentum l, by magnetic and electric multipoles re
spectively, when the total angular momentum of the 
system is l ± %. 

We make use of the double dispersion relations 
(4.1) to deduce the analytic properties of the ampli
tude Mli in the complex s plane. After substitu
tion of Eq. (4.1) into Eqs. (A.1) and (A.2) there will 
appear in the latter equations denominators of the 
form s~- sc, s'- s and t'- t. 

The vanishing of the denominator s' - s gives 
rise to a series of branch points on the positive 
real axis of s; the first one of these branch points 
is at s = ( M + J..L ) 2 (see the figure). The vanishing 
of the denominators s~ - sc and t' - t with x = 1 
results, after Eq. (2.2) is taken into account, in 
the equations: 

s2s~ + s (s? + M2ft2 - M 4 - s;p,2 - 2s~ M2) 

+ M 2 (- s;M 2 + 2M4 + s;f12 -M2fL 2) = 0, 
s2 + s (t' -2M2 - f'- 2} + ft4M2 It' + M4 - tt2M2 = 0. 

(A.3) 
For x = 0 these equations become instead: 

s2 + 2 (s~- M2 - f1 2/2) s- M4 + M2f1 2 = 0, 
s2 + 2 (t'- M 2 - f1 2/2) s + M4 - M2f12 = 0. (A.4) 

The singularities due to the pole terms appearing 
in Eq. (4.1) are obtained by setting in the above 
equations s(: = M2 and t' = J..L2• 

An analysis making use of Eqs. (A.3) and (A.4) 
shows that the partial amplitudes are analytic func
tions in the entire s plane except for a cut along 
the real axis from ( M + J..L ) 2 to oo and from M2 to 
- oo and also along the circumference of the circle 
C (see the figure). The existence of singularities 
lying in the complex plane considerably compli
cates the situation.* The analytic properties of 
the partial amplitudes Mli for other values of l 
will be the same provided that the expressions for 
them contain no coefficients with W = -IS , which 
introduce additional branch points. 

APPENDIX 2 
We give here the angular expansion of the am

plitude for the process y + 1r- N + N, which was 
used in deriving Eq. (5.5). The matrix element 
for this process is given by 
<:n:-y I R I N N) = -i- i (2:n:)41\ (p1 + p2 - k - q)(pioqokopzo) -';, 

(A.5) 
i 

In order to obtain Pf/3 it is necessary to replace 
Pi by -Pi in the appropriate expressions (3.2) for 
p~/3. 

1 Since in the barycentric frame we have on the 
one handt 

u<l>Iv =- 2ikoE (k' e), 

u<l>2v = E-1 (pik) (a [ek')) +E- 1 (k'e) (a [kk'l) 

+i£-IMko (k'e), 

UCD3v =-£-I (p2k} (a[ek'l) + £-1 (k'e) (a [kk'l) 

+ i£-IMk0 (k'e), 

u<l>• v = 2~0 (k'e) + 2(a [ek]}- E (E ~ M) (k' e) (a [k'k)) 

+ E ~i~)M) (a[k'e)), (A.6)t 

*An analogous situation occurs for meson-nucleon scatter
ing,• 

tAt that P1 , 4 == «111 , 4 , «112 = P2 + P., «<I,== P2 -P,. 
~[kk') == k X k', 
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and on the other hand10 (we have dropped the fac
tor preceding the sum ) 

< IRINN)=i(k'e)B +~[k'e])B 
ny I k I 1 I k' I 2 

+ (11 [ke]) B + (11 [k'k]) (k'e) B (A. 7 ) 
I k I 3 k'"l k 1 4 ' 

we find by substituting Eq. (A.6) into Eq. (A.5) and 
comparing the result with Eq. (A. 7) that 

-BI/Jplko = 2EHi- MH~I E- 2H~! E, 

B2 = - H~ (k' k) IE + 2 (k' k) H~ IE (E + M) + koH~ I pI , 
B3 = - 2H~ I kl, B4 I P2 1 k I = - H~ IE 

- 2H~ IE (E + M). (A.8) 
Determining from here Hf we get 

Bl(t, y) B3 (t,y) MB.(t, y) 
HI (t,y} = 2Ek0 I pI - 2£ (£ + M) I k I - 2£ P2 l k I ' 

8 3 (I, y) EB4 (t, y) 
H 2 (t,y)=Jki(£+M)- p"jkJ' 

H (t ) = B2 (t, y) _ (k'k) B4 (I, y) 
3 ' Y I P I ko p2k~ ' 

B"(t, y) 
H. (t, y) = - ~ , 

(A.9) 
where (see reference 10) 

V- 2j + 1 ' 
i 2 B1 (t, y) = br.i<o> Vi (i + 1) Pi (y), 

. V2 B (t y) - b . V<i + 1) (2j + 1) p: (y) 
- l 2 , - I'+LI j J-1 

2j + 1 ' ( 
-bt'.ii(i+i)pi y)-

Vi<2i +1> · 
bl'-l.j i+1 pi+l(y), 

·v- .12j + 1 • 
-t 2 Bs (t, y) = - bt'+I./ V i + 1 P; (y) 

"~ 1 2i + 1 · + bz·-1.1 V -;- P1(y), 

V- 1 'lf2i + 1 • 
- i 2 B. (t, y) = bt'+I./j V J"+""1 PJ-dY) 

2j + 1 • 1 -./2j + 1 • 
- br,J i (i + 1) P1 (y) + bt'-l.i i + 1 v-i- P1+1 (y). 

(A.10) 
Here j and l' are the total and orbital angular 
momenta of the final nucleon-antinucleon system. 

APPENDIX 3 

Expanding both sides of the equation 

Im B (t, y) = ~ dy' d~u·Tt., .... ""T 1<-rt-+NN 

in polynomial-matrices10 

(A.ll) 

lm ~ bih (t) L;n(Y) = ~ ~ dy' d~u·F!{l (t) L~{l (y') Gmn (t) Lmn (z) 

(A.12) 
and making use of the normalization condition of 
the polynomial-matrices, we obtain 

Im 2; b;h (t) L;k (y) = 41t 2] F:,m (t) Gmn (t) Lan (y), (A.13) 

where F am and Gmn are the partial amplitudes 
for the processes of meson photoproduction on 
mesons and nucleon pair annihilation into two me
sons. A comparison of the coefficients of iden
tical Lik and Lan gives as a result an expression 
for the 1m bik in terms of the partial amplitudes 
F am and Gmn. 
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