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Scattering of high-energy photons by photons is investigated by the dispersion-relation tech
nique. The cross sections for zero and small angle scattering and the total scattering cross 
section are determined. 

THE dispersion relation technique [t-a] is being 
used more widely for the study of various proc
esses involving the scattering of particles. In the 
present article, this technique is applied to the in
vestigation of photon-photon scattering in the high 
energy region.* The dispersion relation technique 
considerably simplifies the calculation of the 
scattering amplitude and cross section and enables 
one to obtain the integral cross section, which has 
not been calculated until now. 

First, from the unitary condition we shall find 
an expression for the imaginary part of the scat
tering amplitude. Then, after investigating the 
symmetry properties and analytic properties of 
the total amplitude, we shall find the real part 
with the aid of the dispersion relations. The dif
ferential cross section for photon-photon scatter
ing is calculated for scattering angles e » m/ w 
(m is the electron mass, w is the c.m.s. photon 
frequency) and for zero angle. In addition to the 
main terms containing the fourth degree of the 
logarithm, we shall calculate terms containing the 
third degree of the logarithm. 

1. The dispersion relations can be used to in
vestigate the analytic properties of the photon
photon invariant scattering amplitude A which is 
related to the matrix element M in the following 
way: 

M = T(2n)4 (w1w2w3w4)-'1' A <'I (k1 +k2- ka- k4), 

where Wi and ki are the frequencies and the wave 
vectors of the photons. 

The amplitude A can be represented in the 
form 

A= As +Ac +Aa +As,e +Ac,e +Aa,e, 

*Photon-photon scattering was first investigated by 
Euler[•] in the low-energy region and by Akhiezer[•] in the 
high-energy region. Karplus and Neuman investigated photon
photon scattering with the aid of invariant quantum electro
dynamics. [•] 

where the partial amplitudes As, Ac, and Aa 
correspond to the scattering processes 

(s) (k1, e1) + (k2, e2)-->- (ka, ea) + (k4 , e4), 
(c) (k1, e1) + (- k4, e4)-->- (k3 , ea) + (-k2, e2), 
(a) (k1, e1) + (- ka, e3)-->- (- k2, e2) + (k4, e4). 

The partial amplitudes As,e• Ac,e• and Aa,e 
correspond to exchange scattering processes with 
the photons in the final states (k3, e3), (k4, e4) and 
are obtained from As, Ac, and Aa by means of 
the interchange 

(1) 

The amplitudes Ac and Aa can be obtained from 
As by means of the interchange 

As-'--> Ac for (k2, e2) +--> (- k4, e4), 
As-> Aa for (k2, e2) +--> (- ka, ea), 

(2) 

and it is therefore sufficient to consider only the 
amplitude As· 

In order to determine the imaginary part of 
this amplitude, we shall start from the unitary 
condition for the scattering matrix S: 

s+s = ss+ = 1. 

Setting S = 1 +iT, we obtain 

T- r+ = ir+T. (3) 

The amplitude As is related to the matrix element 
of the operator T in the following way: 

i (k3e3 , k4e4 I T I k1e1> kze2) 

= T {2n)4 { w1 w2waw<)-'/,As<'l (k1 + k2 - ka - k4). 

It follows from (3) that 

= + L (kaea, k,e4 I r+ I n) <n I T I k1e1> k2e2>· (4) 
n 

If from all the intermediate states in (4) we re
tain only the states of a free electron-positron 
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FIG. 1 

pair, we obtain the following expression for the 
imaginary part of the amplitude As in the first 
nonvanishing approximation of perturbation theory 
(in the order e4): 

I A _ (2n) 4 

m s- 2 
PtSt 

-PzS2 
(p,+p,=k,+k,) 

(5) 

In the first-order approximation of perturbation 
theory (in the order e2), the expressions occurring 
in (5) for the amplitudes of the creation and anni
hilation of a pair in which two free photons take 
part are well known: 

A ( k k ) · 2 -( ) I ~~ (i (p,- k;) - m) e. p1s1, - p2s2 , 1e 1 , 2e2 = w u p, L _ 2p,k, 

, . e2 (i (p,- k~)- m) e~J ( ) 
T _ 2p,k;-- V -p2, 

A+ (k3e3, k.e., p,s,, - p2s2) 

• 2- ( ) [e.(i (p,- ka)-m) e". 
= - te V - P2 -2p,ka 

+ ea(i (p,-k~)-m) e".J ( ) 
-2p,k. u p, 

(Invariant normalization factors were chosen here, 
for the spinors u and v.) 

It is seen directly from (5) and from similar 
expressions for Im Ac and Im Aa that the follow
ing equalities hold: 

As. e =A., 

Introducing the notation 

As= f-(A, +A~.,), 
Aa = f- (A2. e + Aa. ,), 

we write the total amplitude A in the form 

A =A 1 +A2 +Aa +A~., +A2.e +Aa.e· 

In the first nonvanishing approximation of per
turbation theory, it follows from (5) that the imag
inary part of the amplitude A1 is depicted by the 
two Feynman diagrams shown in Fig. 1 (the elec
tron lines with the horizontal stroke denote free 
particles). 

The amplitudes Ai are functions of the scalar 
products kiej and of two independent scalar in-

variants associated with the total energy and 
momentum transfer. We introduce the following 
notation for these invariants: 

S =- (kt + k~) 2 = - (k3 + k4) 2, 

t = (k1 - k3) 2 = (k2 - k4) 2 , 

u = (k1 -- k4) 2 = (k2 - k3) 2 • 

By the law of conservation, s, t and u satisfy the 
equality - s + t + u = 0. Using the properties of 
crossing symmetry (1) and (2), we have 

At-+ A2 for (k2 , e~) ~ (- k4 , e4), s-+- u, t-+ t; 
At -->-A a for (k2 , e2) ~ (- k3 , e3}, s-+ - t, u -+ u; 

A 1 -+ A 1. e for (k3 , e3) ~ (k4 , e4), s ----->- s, t ----->- u; 

A 1 ->Az.e for (k4 . e4}----->- (-k2 , e2), 

(k3 , e::) -> (k4 , e.). (k2 , e2) ----->- (- ka. ea); 

s--->--t, t-~u, u-·>-s; 

A1-> A 3 ,e for (k2 , eJ-" (- k4 , e4), 

(k., e.)-> (k3 , ea), (ka, e")----->- (- k2, eJ. 

S--->--U, U-->f, f->-S. (6) 

The kinematics of all scattering process with 
four external free-photon lines is shown in Fig. 2. 
The energetically allowed region for the processes 
described by the amplitudes A1 and A1,e is the 
half-plane s ~ 0, and the processes described by 
the amplitudes A2, A3,e and A3, A2,e are ener
getically possible in the half-planes s - t :S 0 and 
t s 0, respectively. The imaginary parts of the 
amplitudes Ai and Ai,e• as will be seen below, 
are nonzero in the regions 

lm At, Im A 1 ,e + 0 for s? 4m2 , 

ImA2, ImA 3 ,e =f=O for uC-4m", 

Im A a, Im A 2 ,e =I= 0 for t (.-4m2 • 

The physical regions (regions in which the scatter
ing angles are real) are shown crosshatched in 
Fig. 2. 

t.m2t S 
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2. We introduce the notation 

!h - P2 = v, k1 -7- k" = k3 + kJ = q, k1 - ll~ = p, 

k" - k4 = p' (- q2 = p2 = p'2 = S, qp = qp' = 0), 

and represent Im At in the form 

ImA =~\d4vi'l(qv)i'Jiv2 -s+4m2) S,+S, · 
1 Sn' ~ ' (vp-;) (vp' -s)' 

x( + (q- v) + mhpH- (v- p')- m )rae~e~e~e~, 

s2=SpC (q-v) -m)rv(f(v-/J) +m)rl' 
X ( ~ ( q + ;) + ni Jr a ( + ( v - p') + m) y pe~e~e~e~ 

(7) 

(q=yl'ql'). (8) 

The calculation of the spurs (8) leads to the 
following general expression for lm At: 

I A _ e• y(1) 1 2 3 4 m 1 - Sn' lm l'vpael'eveaep, 

where the components of the tensor TU~pa have 
the form 

T~Jpa = ( 1\[lvllpaA + 1\l'pl\vaB + 1\l'allvpC) 

+ ( 1\l'vqpqaA (qq) + 1\f'pqvqa B(qq) + i'Jl'aqvqpC(qq) + i'lvpq[iqaD(qq) 

+ 11vaql'qP£(qq) + 1\paql'qvf(qq) + • • •} + (ql'qvpppaA(qqpp) 

+ q.,..qpPvPaB<qqrr> + q.,..qaPvPpc<qqrr> + qvqppl'p~qqrr> 
+ qvqap.,..pp£(qqpp) + qpqap.,..pvf(qqpp) + • • • ) 
+ (pl'pvppp~A<rrrr'> + P.,..PvPoP~B<rrrr'> + Pl'PPPaP~c<rrrr'> 
+ PvPpPaP~D<rrrr'l + ... ) + (ql'qvqpqaA<qqqq) + . · ·) (9) 

(To obtain the omitted terms from the written 
ones, we replace the pairs qq by pp, p'p', pp', 
p' p, qp, pq, qp', p' q; the tetrads qqpp by qqp' p' , 
qqpp'' qqp'p, qp'pp, p'qpp, qpp'p'' pqp'p'' ppp'p'' 
the tetrads pppp' by p'p'p'p, qppp, qp'p'p', pqqq, 
p'qqq, and the tetrads qqqq by pppp, p'p'p'p' .) 
The scalar coefficients A, ... , A(qq), ... , 
A(qqpp), ... , A(pppp'), ... , A(qqqq), .. . 
are functions of the variables s and t. 

The conditions of gauge invariance and invari
ance with respect to the CPT and CP transfor
mations lead to a number of relations between the 
scalar coefficients in the expression for the ten
sor TllJPCT" These transformations have the form 

gauge invariance: (q + p)l' T~'.!pa = 0, 

CPT transfonnation: q-+ q, p +-+ p', fl +-+a, v +-+ p, 

CP transfonnation: q -+ q, p-+ - p, 

p'-+- p' fl +-+ v, p +-+a. 

We have obtained the following relations 
(Tj =tis): 

A=- s [A<qr'> + A<r'r'l + (1- 2TJ) A<rr'>J, 

A<qq) = p<qq) = s-1A + A<qr'> + (1- 2TJ) A<qr>, 

B =- s [B<qr> + s<rr> + (1- 2TJ) s<r'r>J, 

s<qq) = E<qq) = s-1B + s<qr'> + (1- 2TJ) s<qr>, 

C =- S [C(qp) + C(pp) + (1- 2TJ) C(p'p)], 

c<qq> = v<qq) = s-1C- c<qr'> - ( 1 - 2TJ) c<qrl, 

A<rr> = p<r'r'> =- (1- 2TJt1 (A<qr> + A<rr'>), 

s<rr> = E<rr> = s<r'r'l = £<r'r'> =- (1- 2TJt1 (B<qr'> + s<rr'>), 

c<PP) = D(pp) = c<p'p') = D(p'p') =- (1 - 2TJt1 (C(qp') + c<rr'>), 

A<r'r> = p<r>r' = A<rr'> = p<r'r> = A<qp) + s<qp)- c<qp)- s<qr'> 

- sA<r'qqq) + sB<qr'rr> + s (I - 2TJ) c<qrr'r'>, 

s<rr'> = E<rr'> = s<qr'l- c<qr'> + sA<qrr'r'>_ sA<rqqq) 

-1- s ( 1 - 2TJ) c<qr'rr>, 

c<rr'> = v<rr'l =- [B<qr'>- c<qr'> + sA<qrr'r'>- sA<rqqq) 

+ s (I- 2TJ) s<qr'rr>],, 

s<r'r> = E<r'r>, c<r'r> = D<r'r>, A<qr> = p<r'q) =- A<rq> 

=- p(qp'), 

s<qr> = E<r'q) =- E<qr> =- s<r'q>, c<qrl = c<r'q> 

= - D<qr> = - v<r'q>, 

A1qr'> = p<rq> =- A<r'q) =- p<qr>, s<qr') = E<rql 

= - E<qr'> = - s<rq>, 

c<qr'> = c<rq> = - v<qr'> = - v<rq), 

A<qqrr> = s-1 (B<qr> + c<qr> + A<qr'>--'-- A<rr>)- A1qrrr> 

-(I - 2TJ) A<qr'rrl, 

B<qqrr> = s-1 (A<qr> + B<qr'> + c<qr'> + B<rr>)- A<qr'r'r'> 

- ( 1 - 2TJ) B<qrr'r'>, 

c<qqpp) = - s-1 (A(qp) + B(qp') + c<qp')- c<PP)) + A(qp'p'p') 

+ ( 1 - 2TJ) c<qrr'r'>, 

A(qqpr'> = s-1 (A<qr) + B<qr>- c<qr>)- A<r'qqq>, 

B<qqrr'> = s-1 (A<qr'> + B<qr'>- c<qr'>)- A<rqqq), 

c<qqrr'> =- s-1 (A<qr'> + s<qr'>- c<qr'>) + A<rqqq>, 

A<qqr'r'> = s-1A<r'r'>- A<qrr'r'>- (1 - 2TJ) A<qr'r'r'l, 

B<qqr'r> = s-1 (B<r'r> + c<qr>)- C1qrr'r'>- (1- 2TJ) A<qr'rr>, 

c<qqp'r> = s-1 (c<r'r>- s<qr>) + s<qrr'r'> + (1- 2TJ) A<qr'rr>, 

A<rrr'r'> =- s-1A<r'r'> +.A<qrr'r'>- (I- 211} A<r'r'r'r>, 

.a<rrr'r'> = E<rrr'r'> =- s-1B<rr> + B<qrr'r'> 

- (1- 2TJ) A<r'r'r'r>, 

c<rrr'r'> = D1rrr'r'> = - s-1c<rr> + c<qrr'r'> 

- (1- 2TJ) A<r'r'r'r>, 

p<rrr'r'> =- (1- 2TJt1 [s-1 (B<r'rl + c<r'r>) 

- A<qr'rr> + A<r'r'r'r>J, 

A(qqqq) = s-1 (A<qq) + B<qq) + c<qq)) + A<rqqq) 

+ (1- 2TJ) A<r'qqq>, 
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A (pppp) = - s-1 (A (pp) + B(pp) + c<PP)) + A (qppp) 

-(I- 2fJ) A<P'P'P'Pl, 

A(p'p'p'p') =-(I- 2'Y]f1 [s-1 (A(p'p') + B(pp) + c<PP)) 

+ A<PPPP')- A<qp'p'p'>], 

A<PPPP'> = n<p'p'p'p) = s<PPPP'l = c<P'P'P'P>, 

A<p'p'p'p) = s<p'p'p'p> = c<PPPP'> = n<PPPP'l 

A<pqqq) = n<p'qqq) =- s<pqqq) =- c<p'qqq>, 

A<p'qqq) = n<pqqq) =- s<p'qqq) =- c<pqqq>. (10) 

(The relations between coefficients with the tetrads 
qqpp, qqp'p', qqpp', qqp'p and qp'pp, p'qpp, 
qpp'p', pqp'p' are the same as between the coeffi
cients with the pairs pp, p'p', pp', p'p and qp, 
pq, qp', p'q, and the relations between the coeffi
cients with qppp and qp'p'p' are the same as 
those between the coefficients with pqqq and 
and p'qqq.) Hereafter, we shall take as the inde
pendent coefficients the functions 

A(qp), s<qP>, c<qp)' A<qp'>, s<qp'>, c<qp'>, A<P'P'>, s<P'P>, 

c<P'P>, sA<pqqq>, sA<p'qqq), sA<QPPP>, sA<qp'p'p'>, sA<qp'pp), 

sB(qp'pp), sc<qp'pp), sA(qpp'p'), sB(qpp'p'), 

sc<qpp'p'>, sA<PPPP'), sA<P'P'P'P>. 

We give explicit expressions for the imaginary 
parts of the independent functions A(qp}, B(qp}, 
•.• obtained in the calculation of the spurs (8) (in 
the approximation S, t »4m2): 

Im A (qp) = Im s<qp) = lm c<qp) = s (azl2 - aa) 

= st (lF2 + FI)I2 (s- t) 2 + Fol4 (s- t), 

Im A (qp') = Im s<qp') = lm c<qp') = s (azl2 - aa) 

+ (a~ - a~)l2 = st (tFz + F 1)12 (s - t) 2 

+ (1/4 (s- t) - l/2s) Fo, 

Im A (p'p') = 2s (b4 - aa) + s (bz - a1) + (b~ - a~) 
= s2 (5s- 9t) (tFz + F1) I 6 (s- t) 3 + (- l!4t 

+ 114 (s- t)- tl3 (s- t)2 + ll2s) Fo, 

lm s<P'Pl = 2sc4 - (s - t) cz + sw + s (a2 - ao) 12 = 

= - s (s2 - 8st + 3/2) (tF2 + F1) I 6 (s- t) 3 

- (l/4t + 1/3 (s- t) + tl3 (s- t) 2) Fo, 

lm C(p'p) = 2SC4 - fC2 - SUI + S (ao - az)/2 

= - s (2s2 + 5st- 3!2) (tF2 + F1) I 6 (s- t)3 

- (7112 (s- t) + tl3 (s- t)2) Fo, 

Im sA <pqqq) = lm sA (p'qqq) = s (aa- a2) 

=S (s- 2t) (tFz + F1)l2 (s- t) 2 - Fol4 (s- t), 

Im sA<qppp) = Im sA<qp'p'p') = s (ba-b2) 

= s3 (tFz + PI) I 2 (s- t) 3 + (- 1/8t + 318 (s- t) 

+ tl4 (s- t) 2) Fo, 

Im sA (qp'pp) = lm sA (qpp'p') = s (ca - c2) 

= s2t (tFz +h) I 2 (s- t) 3 + (- 118t + 118 (s- t) 

+ t/4 (s- t) 2)) Fo, 

Im sB<qp'pp) = Im sc<qp'pp) = Im sB(qpp'p') = lm sc<qpp'p'), 

= sea + s (at - b2 - c2) I 2 = s2t (tFz + F1) I 2 (s- /) 3 

+ (l/8t + 118 (s- t) + tl4 (s- t) 2) Fo, 

Im sA <PPPP') = 2s (e4 - ca) - s (ba - b2) 
s3 (s -31) 1 

= - 2 (s _ I)• (tFz 1 F1) + (l/24t- 5124 (s- t) 

+ t12 (s- t) 2 + t 212 (s- t) 3) Fo. 

lm sA (p'p'p'p) = s (2e4 - ca) = 53 (s +I) (tFz -'- F ) 
2(s-1)4 1 1 

+ (l/24t + !3124 (s- t) + t I (s- t) 2 

+ t212 (s- t) 3) Fo, 

where ai> bi, ... , Fi are given by formulas 
(A.1) and (A.2}. 

(11) 

3. Singularities of the total scattering amplitude 
are represented in Fig. 2 as functions of two in
dependent complex variables. In the real plane 
(s, t), the total amplitude breaks off at 
2 Im (At + At,e> in the half-plane s ::::: 4m 2, at 
2 Im (A2 + As,e) in the half-plane u :s -4m2, and 
at 2 Im (As + A2,e) in the half-plane t :s -4m2• 

The cuts in the complex plane s (for a given t) 
run from 4m2 to co and from -4m2 + t to -co. 

The analytic properties of the total scattering 
amplitude with respect to s are expressed by the 
dispersion relation (without subtraction) 

. 1 00\ Im A(i) (s' I) 1 -•m~'+t lm A(i) (s' I) 
A<•> (s t) =- 1 ' ds'-- 2 ' ds' 

' 1t s' - s 11 s' - s 
4r:l2 -00 

1 C lm A~'.~ (s', l1) d , 1 -•r+t lm An (s',l1) d , 
+ n J s'- s s - n .) --5,-~ s ' 

4m 2 -oo (12} 
where t1 = s' - u, or by the relation 

00 I A (i) ( ' I) 00 I A Ue) ( ' AU)=___!___ (" m I s' ds' _;_ ___!___ \ ~l s' u) d!f 
Jt ~ s' - s · n ~ s' - s 

4m2 4m2 

(X) (i) 00 (i) 
1 ~ ImA 1 c(u',l) , , 1 \" lmA1 a (u',-s) , +- , du 1 - \ , du . 
:rc • u + u n ~ u + u (12,) 

4tw 4m 2 

In Fig. 2 the contour of integration lies in the 
upper half-plane ( t::::: 0) and, for t >4m2, par
tially enters the nonphysical region. Hence, no 
contribution comes from the contour of integration 
of the quantities Im ~3 and Im A2,e· In (12) we 
understand by Im AP) the imaginary part of any 
of the independent scalar functions _A(qp) an.d 
B(qp), and we understand by Im A~1 >, Im A~1~, 
Im A~!~ the imaginary parts of the same independ
ent functions in the expansion (9) for A2, A1,e. 
A3,e. In (12') all the functions under the integral 
sign are expressed in terms of independevt coeffi-
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cients of the expansion (9) for A 1 [which is possi
ble owing to (6)]. 

4. Inserting in (12') the expressions for the 
imaginary parts of the functions A (qp), B(qp), 
••• (11), we find the expressions for the real 
parts of these functions. We note that for those 
terms in (11) which do not decrease (they remain 
constant) as s- co, the subtraction should be 
carried out at the point s = t. 

Using (A.3), we obtain, for s, t »4m2, the fol
lowing expression for the real parts: 

ReA(qp) = 4(s~l)• ln2+ + :O(s~l) In +• 
Re A(qp'J = I ln2 _I_- s- 21 In _i_ 

4 (s- 1)2 s 2s (s- I) s ' 

ReA (p'r'J = ~ 5s- 91 ln2 _i_ 
12 (s- 1)3 s 

3s3 - 15s21 + 22sl2 - 61 3 t 2 - ' In--~-~ 
6sl (s- 1)2 s 3 (s- I) ' 

Re E(p'p) __ 1 s2 - Sst+ 312 ln2 t 
- 12 (s-- 1)3 s 

3s2 -10sl + 31 2 I 2 
- 61 (s-1)2 Ins+ 3(s- I) ' 

R c<P'Pl __ __!__ 2s• + 5sl- 312 l 2 _!_ 
:\e - 12 (s-1)3 n s 

7s- 31 I 2 
- 6(s-1)2 ln5-3(s-IJ ' 

R A (pqqqJ s - 21 I 2 1 1 I t 
e s = 4 (s- I)" n s- 2 (s- I) n 5' 

R A(qppp) s2 I 2 t s2 - 5st + 21" I I + 1 
e s = 4 (s -- 1)3 n 5- 41 (s- 1)2 n s 2 (s- I)' 

ResA(qp'pp) = _s_l_ ln2 _i_- s (s -31) ln_i_ + __ 1_ 
4 (s- t)" s 41 (s- t)2 s 2 (s- I) ' 

R (qp'pp) _ sf I 2 t s2 - st + 212 I I 1 
esB -4(s-1)3 n 5+ 41(s-1)2 n-s-+2(s-t)' 

ResA<PPPP'> = _.£__~ ln2 ~ 
4 (s- 1)4 s 

_,_ s3 -8s21 -T-25s12 -61" I ~ + ~ 
' 121 (s- 1)3 n s 2 (s- I)' ' 

Re sA<p'p'p'pJ = .£__ ~ ln2 _i_ 
4 (s- 1)4 s 

+ s (s2 + lOst + 12 ) l ~ + 3s- t 
12t{s- t)3 n s 2 (s- t)• · 

(13) 

We now write the general expression for the 
scattering amplitude in the center-of-mass system: 

A = 4CI.2 { (e1-2) (eae4) a + (e1e4) (e2ea) b + (e1ea) (e2e4) c 

+ s-1 [ (e1e2) (pea) (pe4) + (eae4) (jl e1) (p' e2) 1 d 

+ s-1 !(e1e4) (p' e2) (pea) + (ezea) (p' et) (pe4) 1 e 

+ s-1 !(e1ea) (p' e2) (pe4) + (e2e4) (p' e1) (pea)] f 
+ s-2 (p' e1) (p' e2) (pea) (pe4) g}, 

where a is the fine-structure constant and 

a = A + A. + Be + Ba, b = B +c. + Ac + Ca, 

c = C + B. + Cc + Aa, 

(14) 

d = s [A <PP> + A~Pl + + (B~qqJ + 2B~PPJ + B~pp'J + B~P'rl 
+ c~qq) + 2c~P> + c~p'> + c~'p) + 2c~qp) + 2c~qp'>)J, 

e = s !B<P'P>- C~p'pJ + + (A~qqJ + A~PP> + A~'p'> + 2A~PP'> 

+ A~qqJ + A~P> + A~'P'> + 2A~P'>)1, 

f = s [C<P'P> - B 1P'P> -'- _!__ (C(qqJ + 2c<PP> + c<PP'> -'- c<p'pJ e 1 4 c c c, c 

+ 2C~qpJ + 2C~qp'J + B~qqJ + 2B~P> + B~P'> + B~'pJ)], 

g = s2 !F<PPP'P'> + f~PPP'P'> + 1~ (2B~qqppJ + 2C~qqppJ- A~ppp'p'J 

+ 2B~ppp'p'J- 2C~ppp'p'J- F~ppp"p'J + 2A~qpppJ_ 2A~qp'p'p'J 
+ 2A~pqqqJ- 2A~'qqq> + A~qqqq> + A~PPPP> + A (p'p'p'p> 

+ 4C~qqppJ- A~pp'p'J- 2B~PP'P'> + 2C~pp'p'> 
- F~PP'P'>- 2A~qpppJ - 2A~qp'p'p'J- 2A~qqqJ- 2A~'qqq) 

+ A~qqqq) + A~PPP) + A~'p'p'p'))]. (15) 

It follows from (6) that the functions with the 
indices e, c, and a can be obtained from the 
corresponding functions without the indices by 
means of the substitutions s - s, t - u; 
s- -u, t- t; and s- -u, t- -s. 

5. The differential cross section for photon
photon scattering is related to the scattering am
plitude A by the expression 

da = (16nr2w-2 I A I 2do. 

Inserting expression (14) in place of A and aver
aging over the polarizations of the initial photons 
and summing over the polarizations of the final 
photons, we obtain 

da= (a4/26n2) w-2do !4 1 a 1 2 + 1 b I 2 + I c I 2 

+ 2Re (ab* + ac* +be*) + 2 cos26 ( I b I 2 + I c I 2 

+ Re (ab* + ac* +be*))+ 4sin26 Re (2ad*- be*- 2cf*) 

- 4 sin28 cos 6 Re (e +f) a· + cos46 ( I b I 2 + I c 12) 

+ 2 sin4 6 (3 1 d 1 • + 2 1 e 1 2 + 2 I t I 2 

+ Re (a + b +c) g*) + 4 sin26 cos2 e Re (bd* -be* 

+ cd*) - 4 sin26 cos3 6 (bf* + ce*) 

- 8sin4 e cos e Re (e + f) d* 

+ 4 sin6 e Re (d - e - f) g* 

+ 2 sin46 cos2 6 ( I e 1 2 + I f 1 2 

+ 4 Reef*) + sin8 e I g I 21. (16) 

If in the initial state the polarizations of the pho
tons are orthogonal to each other and if the polari
zations reverse as a result of the scattering, then 
the cross section has the form 

da ( 1 j_, 2 II , 3 II • 4 j_) = ( a4/26n2) w -•do [ I b \2 cos2 e 
+ 2 Re (be*) sin2 e cos e +I c 1 2 sin4 61. (1 7) 

For small scattering angles (m/ w « e « 1), 
the greatest contribution to the scattering ampli
tude (14) comes from terms containing the func
tions a, b, and c, which, in this case, are equal 
to (we neglect the contribution from the imaginary 
parts) 
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I 2t 8I t c = n - +--:-- n-s ;j s ' 

the cross section is then expressed by the formula 

da = (a4/n2) ro-2do [(erea)2 (e2e•) 2 In4 6 

+ f(erea) (e•e•)((2-3 In2) (erea) (e2e.) 

- (ere2) (eae•) - (e1e.) (e2e3 )) In3 6]. (18) 

If we restrict ourselves to the first term in (18), 
we obtain the formula first found by Akhiezer. [5] 

In this case, the cross section averaged over the 
polarizations has the form 

da = (4a4/n2) ro-2do [In4 6-4 (In 2- 1/a) In3 6]. (19) 

6. We shall also find an expression for zero
angle scattering cross section. In the center-of
mass system, the zero-angle scattering amplitude 
has the form 

A = 4a2 [(ere•) (eae•) a + (ere•) (e2ea) b + (erea) (e•e•) cl. 

Using (A.1) and (A.2) for t = 0 [we now retain in 
(8) terms containing the electron mass] and de
termining the real parts of the scalar functions 
from the dispersion relations (12'), we obtain for 
a, b, and c the expressions 

- b - t, I s -~ I • s 20 I s a - ~ 3 n m' ' c -~ n m' - 3 n m" 

(we neglect the contribution from the imaginary 
parts). 

In this case, the differential cross section is 
expressed by the formula 

(da/do)o~o = (a4/rt2) w-2 [(erea)2 (e2e•)2 In4 (w/m) 

- f (erea) (e2e4) ((5-3 In 2) (erea) (eze•) - (erez) (eae•) 

-(ere•)(ezea)) In3 (w/mJ]. (20) 

The cross section averaged over the polarizations 
has the form 

(da/do)e~o = (4a4/rt2) w-2 [ln4 (w/m)-- 4 (4/a- In 2) ln3 (w/m)l 
(21) 

(the first term was obtained by Karplus and 
Neuman [GJ). 

7. Finally, we give expressions for the total 
cross section in the case of definite polarizations 
of the colliding and scattered photons (17). In (17) 
the real and imaginary parts of the functions b 
and e have the form 

R b _ ~ 6-9x + 3x2 + x3 1 2 
e - 6 (1 - x)' n x 

_r 2 - 2x- 3x2 + 5_,~ + -> 4 l 2 (I _ ) 
r 6x2 n x 

1 + 3 (3-5x- x 2) In x In (I- x) 

4 - 4x - x2 2 + x + xz 
- 3 (i-x) lnx + 3x In(l-x), 

1 + 4x + 20x2 - 36x3 + 27x4 - 8x5 In• X 
Ree= 24(1-x)a 

+ 8 + 2x - 6x2 - 5x3 + 5x5 l 2 ( I _ ) 
24xa n X 

3 -3x + 8x2 
- 12 Inxln(1-x) 

6- 23x + 11x~ -10x" + 8x4 I 
--- 12x(1-x)2 n X 

_ 6- x2 + 4x4 In ( 1 _ x) + 1 + 6x- 3x2 

6x(1-x) 6x(1-x) ' 

I b _ x 6 - 9x + 3x2 + x3 I 
m - 3 (1- x)z n x 

+ 12 - 3x- 5x2- x3 I ( 1 _ ) + 3- 3x + x2 

3x n X 3 (1 - x) ' 

I _ 1 +4x+20x2-36x3 +27x 4 -8x5 I 
me- 12(1-x)a nx 

+ 8 + 2x-6:;x; 5x3 -5x5 In (1 _ x) 

+ 8-13x+ 12x2-4_x3 + 5x4 - 4x5 
6x2 (1-x)2 ' 

where X = Sin2 %8. 
Integrating (1 7) over x from 0 to 1 (we note 

that all divergences occurring here drop out), we 
obtain 

a (l_c, 211, 3 1 ~, 4~) = Ca,4/w2 , 

c ={22f:n){2[8~(2J-I1~(3J+ I7U4J-n<sl 

+ £ (3)- 3] + rt2 [7- ~(2)- 4~ (3)]} = 27, 

where t (s) is the Riemann zeta function and 
is the series of Riemann functions (A.4). 

(22) 

~(s) 

In conclusion I express my deep gratitude to 
Professor A. I. Akhiezer for valuable advice and 
discussion. 

APPENDIX 

1. In (7) the following integrals are encountered: 

Fo (s) = ~ d4vo (qv) o (v2 - s +4m2) = 2n6 (s- 4m2) r1, 

F ( ) (" /j (qv) /j (v2 - s +4m2) d4 __ n 6 ( 4 2 ) I 1 + rr 
r s = ~ vp- s v- - s s- m n 1- 'r' 

F • (s t) = \ /j (qv) /j (v•- s +4m2) dlv 
- ' ~ (vp- s) (vp'- s) 

= ~ 6 (s- 4m2) In ' 1 + '• 
strz I rr- rzJ 

r 2 =YI +r(l-rJ), 

YJ = tjs. r = 4m2jt); 

= (q q + sb ) a' + fJ fJ b' 
(J.. v p.v 2 1.1 'J ~' 
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~ vr-<v•vPII (qv) o (v~- s +4m2) 
~ (vp _ s) (vp' _ s) d4 V = [(q1,qv + sbp.v) (p + p')P 

+ ... J aa , + (Pp.PvPp + p~p~p~) bs 

+ (pp.p~p~ + .. + p:,p.pp + .. ) Cs, 

+ i (bp.vqpqo + • ,) + q';J-qVqpqal a4 

+ [(pp.pv + p~P~) (qpqa + sbpa) +· .. ]b4 

+ [(pp.p~ + PvP~)(qpqa + sbpa) +· .. ] C4 

+ (Pp.PvPpPa + p~p~p:p:) d4 · 

-+- (pp.p~p~p: + . · · + P~PvPpPa + ... ) e4 

+ (p~p~pppo + · · ·) f 4 (A.1) 

(the omitted terms are obtained from the written 
ones by all possible permutations of the indices 
f.J., v, p, a), where the quantities aJ., a2, ... are 
expressed in terms of the integrals F0, F1, and 
F2: 

a~= F1, a~= F1 + F 0 js, a~= - F 0 j2s - 2m2F1/s, 

b~ = F1 + 3F0j2s + 2m2F 1 js, a0 = F 2 , 

a 1 = (sF2 + F1)/2 (s- t), 

a2 = - (tF2 + F1) j (s- t) - 4m2F2js, 

b2 = s2F2/2 (s- t)2 + (2s- t) F1/2 (s- t)2 

- (s ·_ 2t) Fo/4st (s - t) + m2sF2jt (s - t), 

C2 = s (tF2 + FI)/2 (s- t)2 + Foj4t (s- t) 

- m2 (s- 2t) F2/t (s- t), 

aa = - s (tF2 + FI)/2 (s- t)2 - Foj4s (s- t) 

- 2m2F2j(s- t)- m2F1js (s- t), 

bs = s~F2/2 (s- t) 3 + (3s (s - t) + t2) F 1/2 (s - t) 3 

~ (3s- 2t) (s- 3t) Foj8st (s- t)2 

+ 3m2s2F2j2t (s - t)2 + m2 (3s- 2t) F1j2s (s- t)2, 

c3 = s2 (tF2 + F!)/2 (s- t) 3 + (s + t) Foj8t (s- t) 2 

- m2s (s- 4t) F2j2t (s- t) 2 + m2F!j2 (s- t)2, 

b4 = - s2 (tF2 + FI)/3 (s- t) 3 - (3s- t) Foji2s (s- t) 2 

- 5m2sF2j3 (s - t) 2 - 4m4F2j3t (s- t) 

- m2 (2s- t) F1js (s- t) 2 + m2 (s- 2t) Foj3ts2 (s- t), 

c4 = - s (s + t) (tF2 + F1)/6 (s- t)3 - Foj6 (s- t)2 

_ m2 (s + 4t) F2/3 (s- t)2 + 4m4 (s - 2t) F2j3st(s - t) 

- m2F1j(s- t)2 - m2Foj3st (s- t), 

e4 = sB (tF2 + FI)/2 (s- t) 4 

+ (s2 + 2st- t2) Fo/8! (s- t) 3 

- m2s2 (s- 5t) F2j2t (s- /) 3 

- m4s (s- 2t) F2ji2 (s- /)2 + m2 (3s- t) F1j2 (s- t)s 

+ m2 (s2 - 2st + 2t2) Foj4st2 (s- t)2 • (A. 2) 

(We have given here the expressions for the coeffi
cients used in the calculations.) 

2. We now give the asymptotic integrals, for 
s, t »4m2, occurring in the first term of (12'): 

i_ r s'h [tF2(s', I)+ f,(s')] ds' = sk-l ln2 ~ 
:rt J (s'- 1)12 (s'- s) 2 (s- 1) 11 s ' 

4m' 

__!_ C Fo (s') ds' ~ _2_ [In ~ - n~I (-1)" Is- I)"] 
1t J (s'- 1)12 (s'- s) ~ (s- 1) 12 s L..J k \ I . • 

4rn' k=l (A. 3} 

3. We finally give the expressions for the in
tegrals occurring in integration of (1 7): 

1 
\ 1 dx J Jnn x 1- x = n! \; (n + 1 ), 
0 

l 

11 1 1 dx J nn x In 1- x 1- x = n! £ (n + 1 ), 
u 

00 

£ (s) = ~ ~ (s, : + 1) (A.4) 
n=l 

and t (s, n) is the Riemann function of two argu
ments: 

00 

\; (s, n) = k~o (k ~ n)s • \;(s) = \;(s,1). 
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