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The cross section for scattering of charged spinor particles in the Coulomb field of a nu
cleus is calculated by taking into account the finite size of the nucleus and screening. The 
relative accuracy of the calculation is of the or~er of ( aZ )2• The calculations are all based 
on the Furry-Sommerfield-Maue function and lead to an analytic formula for the cross sec
tion. 

1. INTRODUCTION 

THE cross section of elastic scattering of a rela
tivistic spinor particle in a Coulomb field can be 
expressed in the form of a series in the partial 
moments.[!] This series is not summed in the 
general case, and leads to numerical results with 
considerable difficulty. If only terms of order 
( aZ )3 are retained, this series can be summed,[2J 
the sum being an exceedingly simple analytic func
tion. It proved possible to obtain the same formula 
in the Born approximation.C3J 

Attempts to include terms of order ( aZ )4 were 
made by Mitter and Urban,[4J by perturbation the
ory, but the infrared divergences were incorrectly 
eliminated. The results obtained in that paper are 
presented in the form of cumbersome double inte
grals. In the nonrelativistic case, a proof of the 
elimination of the infrared divergences in terms 
of order ( aZ )4 was given by Kacser.C5J 

In the present paper we develop a method in 
which terms of order ( aZ )4 can be accounted for 
by using the Furry-Sommerfeld-Maue function. 
The radiation corrections, which are significant 
only at very small values of Z ( Z "' 1 ), are neg
lected. In part I of the paper, the finite nuclear 
dimensions and screening are taken into account 
in first approximation. We consider the condi
tions under which this is sufficient for the em
ployed accuracy in ( aZ )4• In part IT of the article 
the finite nuclear dimensions and the screening 
will also be accounted for in the second approxi
mation, and the results of numerical calculations 
will be given for certain values of the parameters. 
The final expression for the cross section can be 
represented in both cases in analytic form. 

In a recent paper by Johnson, Weber, and Mul
lin [sJ analogous calculations are made for a pure 

Coulomb potential using a somewhat different 
method. In the region covered by both investiga
tions, the results are in agreement apart from 
algebraic transformations. 

2. GENERAL EXPRESSION FOR THE SCATTER
ING AMPLITUDE 

The scattering amplitude of a Dirac particle in 
an external statistical field V has the following 
form (see [r]) 

F (k, p) = 2Jt2Uk (k I vI \jJp) Up = ukf (k, p) Up, (1) 

where V = y 4V, k2 = p2 = E2 -m2, li = c = 1; and 
p and q are the momenta of the incoming and out
going particles. The function I k) uk is a solution 
of the free Dirac equation, while the function 
ll/Jp) Up is the solution of the Dirac equation in a 
field V asymptotically represented by a plane and 
diverging wave 

I \jJp) = I p) + GV; 'll'p) = RIp), 

m-if 
<fIG Is) = 12 2 . (\ (f- s), -p-te (2) 

00 

R = (1- GV)-1 = ~ (GV)": 
n=O 

VR=WV <fo=E; f=yJ;). (2a) 

Assume that the field V can be represented as 
a sum of a strong field V1 and a weak field V2• 

We introduce the solution of the Dirac equation in 
the field V 1: 

(3) 

where 

R1 = 1 + av1R1 = (1-GVtf1 , V1R1 =~ R;vl. (3a) 

It is then easy to verify that the following equa
tion holds: 
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R = R1 + R1GVzR = R1 + RGV2R1. (4) 

Taking (2a), (3a), and (4) into account we can ob
tain the following expression for the amplitude (1): 

f(k, p) = f1 (k, P) + fz (k, p), 

f1 (k, p) = 2:rt2 <k 1 v11 f:Pp), 

f2 (k, p) = 2n2 {(I:J!k I V2l q>p) + (q>k I V2R1GV2I q>p) 

+ <k 1 v-2 Rav2R1av21 l:pp)}, 

where ( 1/!k I = (k I Ri corresponds to a function 
asymptotically represented by a plane and con
verging wave. 

(5) 

(5a) 

(5b) 

As shown earlier,[a] the function I cpp) can be 
represented in the first potential by 

with 

2£ 
(fiG0 Is>= f• 2 . b(f-s), . -p -til 

I ' I I<Dp) = I f:Pp) + GV1IIDp) = R1l f:Pp), -
where <t I ~P~> = i~ <t I ~:pg>, 

~ 

q1, = f- p, q = aq. 

We can then obtain for (5a) the expression 

f1 (k, p) = 2n2 <k! V1 I ((Jp) 

~.· 2:rr2 {<k I VII ~:pg) + (k I Vl\IDp)). 

(6) 

(6a) 

(6b) 

(7) 

The second term of (7) can be transformed with 
the aid of (3a) and (6b): 

<k 1 vl i<Dp> = <k 1 v1R1 i (()~> = <k 1 R+v~ 1 IP~> 

= <c:rk I Vl\ IP~> = <(()~ 1\\ I <p~) +((()~I VlRl[ q>~). 

Substituting (8) in (7) we obtain 

f1 (k, p) = 2n2 {(k I V1 \ qJg) ~~· (ljl~ l Vt I q>~) 

3. CHOICE OF POTENTIALS 

(8) 

(9) 

As the total electrostatic potential of the nucleus 
with account of its finite dimensions and screening 
we can choose a potential in the form 

4 

(f I Vs- Vc Is) = - (J,.Z ~a;/ 2n2 (qJs + M), 
i=l 

a 1 = 0,10, a 2 = 0.55, a3 = 0.35, 
4 

a4 = - 1 , ~a; = 0, 
i=l 

A;= 1Jb;, 
(11) 

(11a) 

b1 = 6.0, b2 = 1.20, b3 = 0.30, b4 = 0, 

'IJ = mZ'I•/121, ot = e2 = lfl37. (llb) 

Using, in analogy with Uberall,[10] the Laplace 
transform for the nuclear charge density* 

00 

rp (r) = ~ q> (A) e-t.r dA, (12) 
0 

we can obtain an expression for Vn in the form 

a 1\ ·da <f IV n Is) = - 2n• (i2 J p~r) e-,qr r 

co 

= - 2:. :. 4n ~ q•cp~~i. d/.. 
0 
00 00 

=- 2: 2 {;. 4n~ cp~~) -~A-4n) cpi~) q•~~·dt..}, 
0 

q = f- s. (13) 

Recognizing that 

4;;t r cp i~) d). = 4n r p (r) r 2dr = Z, 
0 

substituting (13) and (11) in (10), and choosing for 
V1 the Coulomb potential of the nucleus, we obtain 

(f IV Is)= <f I V1l s) + <f I V2l s), (14) 

<f I V1 Is> =- v (0), <t I Vz\ s) = - rY (t..;}, 

V (t..) - aZ 1 (14a) 
- 2;l2 q1s + ~· ' 

4 41t 00\ cp (~;) 
'l'; ~ ~ a;- -z dt..; - 2- • 

i=I 0 ~i 
(14b) 

Confining ourselves to a relative accuracy of 
order ( aZ )2, we must include in the amplitude 
terms up to order ( aZ )3 [since the zeroth term, 
which is the first term in (9), is of order ( aZ )] . 
We can therefore replace R1 by unity in the third 
term of (9). 

In this part of the paper we confine ourselves 
to the case when the norm of the operator (14b) 

(10) satisfies the inequality 

where V s is the screened potential of the point-like 
nucleus V c is the Coulomb potential of the point
like nucleus and Vn is the potential of the nucleus 
with distributed charge. 

Following Moliere,C9J we use for the first term 
of (10) in momentum space the expression 

otZ>IIrll> (otZ)2 • (15) 

In the computational accuracy employed it is there
fore sufficient to include only the first (linear) 

*The screening can, generally speaking, be accounted for 
in the same manner. 
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term of (5b). In the second part of the paper we 
shall consider the case 

I >llrll>or:Z, (15a) 

when the second term of (5b) must also be included. 
Taking (15) into account, we can rewrite the 

first term of (5b) as 

4. CALCULATION OF THE SCATTERING AM
PLITUDE 

The functions cp~ and cpp in momentum space 
can be represented in the form [B] 

(f 1 q>g) = - : 8 <I> (q, p, e) 1.-+o' (q>~ I f)= (f 1 <p~), (17a) 

<fliP~>= 2~ <f: qg> = otZ -~,6 VplD(q, p, 0), 

(17b) 

N 1 (o+i +) dx ( - x )ii;. 1 
lD(q,p,e)= 2n2 2ni J' x 1-x (q+px)2 -tpx+IB)~; 

~ (17c) 

q=f-p, 6=otZEfp=otZ/~. N=e"~'2 r(l-i6). 

The integration contour in (17c) is a closed curve 
circling about the points 0 and 1 once in counter
clockwise direction. With the aid of (17) we obtain 
the following expressions for the matrix elements 
(9) and (16) [see (14)]: 

2n2 <~P~ I v (h) I ~P~> 

= or:ZN2r4 (- 8~.)(- a~J H (q, k, p; e1, e2; )..) 1 ••. •r+O' 

2n2 (q>~J\V (1.) I~~> (18a) 

= (otZ)2 N 2y4 (- a~2 )(_~;61vp)H (q, k, p; 0, e2; )..) l•r+O' 
(18b) 

( 1 ;-;;;:; )( 1 ,-._,) = (or:Z)3N2r4 -2ft Vk - 2•" VP H (q, k, p; o, O; )..), 
~ ~ (18c) 

In the appendix we transform the expression for 
H (q, k, p; c: 1, c: 2; A.) to the form 

00 00 

H (q, k, p; e1r e2; )..) =- ~ de~~ de~K (q, k, p, 'l'j), (19) 
~~ ti 

(o+, 1+) . 

1 X, dx ( - x )'~' {a+ bx}'~' 1 
K (q, k, p; TJ) = 2ni J x 1- x ex+ (3x a+ bx' 

(19a) 
where 

a=q2+TJ\ ot=(q+p)2-(p+iTJ)2, 

b =- 2 (qk+kiT]), ~ =-2 {(q + p)k + k (p +iT])}; 

T] = e~ + e~ +).. (19b) 

We note that q is constant when it comes to dif
ferentiation in (18b) and (18c). 

The matrix element (18a) enters only in (16), 
and within the framework of the accuracy em
ployed we should therefore confine ourselves in 
(18a) and (18b) to terms linear in ~ and in (18c) 
to the zeroth term. When ~ 1 = 0 the value of the 
integral in (19a) is given by the residue of the last 
term of the integrand. When ~ 2 = 0, the contour 
of integration can be contracted to zero and the 
integral becomes equivalent to o (x). Taking 
these circumstances into account, we obtain 

K (q, k, p; TJ) = ~ (I + 2i6ln :). (20a) 

Calculating the gradient with respect to p under 
the integral sign in (18b) and then calculating the 
residues, we obtain 

(20b) 

Cp = q- iT]p I p, D = k + kp I p, A= b I a, B =~I ot. 
(20c) 

Finally, calculating the gradient with respect 
to k of (20b), we get 

(- Vk )( _ _y_g_)K = .!......!_{2 _1_ In 1 +A }(I- li{l) 2•~• \ ~<:•61 2 aa + A- B 1 + B- kp . 

(20d) 

Taking (20c) and (19b) into account, we substitute 
(20a), (20b), and (20c) into (18a), (18b), and (18c). 
Then, recognizing that the first term in (9) is the 
Schrodinger scattering amplitude in a Coulomb 
field* divided by 2E, and taking account of the 
identities 

ukr47iup = UkY4fJUp = uk (r4£- m) up, (21a) 

ukr;kpup = UkY4 (r4£- m) 2 Up, (21b) 

*We note that the scattering amplitude in a Coulomb field 
is multiplied by the distorting phase factor exp [- i~ In (2pr)], 
but if an infinitesimally small screening is introduced, a fac
tor exp [i~ In (2p/A)] appears in front of the entire wave func
tion (A is the screening parameter). [ •] These two factors 
cancel each other. 
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we obtain the following expressions for the ampli
tudes (9) and (10) 

f1 (k, p) = r. a~ {exp (i£ 21n e)+ aZM E- 1'm K1 (0) q p 

M + (aZ)2 ~ [2£ (E- r.m) K2 (0) 
p 

+m(y4E-m)K3 (0)J}e'"', (22) 

etZ { e1 

f2 (k, p) = r. 7 r,-M e• +I-II 

[ E •I e• + fl2 + 2al i --8-ln ' 
P 8•+fli -if-1,(1+i!-l;) 

+ E -Pr,m K 1 (f.li) ]} ei"'' 

where 
q . {} 'A; 

e = 2P = sm 2 , fl i = 2P , 

M = - N 2e-1"' = 2n£ f ( 1 - e-2"~). 

. .,_ f(1-i£) 
et - - r (t +is)· 

and 'Yi is given by (14b). Furthermore, 
00 

K 1 (f.l) = e2 ~ (i + iTJ:~2 + TJ2) 
p. 

_ _!:!:__ (-1- In e + if-1 __ 1_ In- 8 +il-l') 
- 2 1 - 8 1 + if-1 1 + e 1 + if-1 ' 

(23) 

(24) 

, _1_ L ( 8 --1 ) __ 1_ L ( 1 +e) __ 1_ L (' ~) 
' 1 - e 2 8 + if-1 1 + e 2 8 - ill 1 - e 2 8 + ill 

_1 L (~)} + 1 + 8 2 e - ifL ' 

The integrals (24) and (26) are calculated by 
making the substitution 

b 
. t+b ("dx 
lTJ----*1, lnt+a= Jx+t' 

a 

(25) 

where the integration along the imaginary axis in 
the complex t plane is replaced by integration 
along the real axis with all the singularities cir
cuited from above. The function L2(z) contained 
in (25) and (26) is the logarithmic Euler function [HJ 

(see also [ 5]): 

*The single integral (26) is obtained from the double in
tegral (18c) by integration by parts. 

z 

L2 (z) = -~In(\- I) dt = ~ ~~ . (27) 
o n=o 

All the multiple-valued functions in (24) - (26) 
are specified in terms of their principal values on 
a plane with a cut from z = 1 to z = + oo along the 
positive axis, where 27T > arg (z -1) > 0. 

The function L2(z) has the following properties, 
which make it readily possible to calculate its 
imaginary and real parts 

L2 (z) + L2 ( +) = n 2 /3 - + ln2 z + ni In z, 

L2 (1-z) + L2 (z) = n2 /6-lnz ln(1-z), 

+ L 2 (z2) = L 2 (z) + Ld- z), 

Im L2 (z) = 0 for - 1 -< z <;;: I. 

(28a) 

(28b) 

(28c) 

(28d) 

5. SCATTERING CROSS SECTION IN THE PRES
ENCE OF INITIAL POLARIZATION 

The cross section in the presence in the initial 
polarization t of the incoming particle is obtained 
from (1) with the aid of the formula [T] 

a ('l't) = + Sp f (k, p) (1 - iar5) (m- ip) t (k, p) (m- {k), 

-f f+ r . Pb Pb . (2 9) 
= '14 l4• a=.,+ m(m +E) p, Go= m' 

The expression for f (k, p) is given by (5), (22), 
and (23). 

After calculating the trace in (29) and transform 
(25) and (26) with the aid of (28a) and (28b), we ob
tain the following expression for the cross section: 

a =caR {Ql + Q2 + (R1+R2) n~}, 

aR = ( 2~)' :. ' n= ~~~, (30)* 

Q1 = 1- ~2e2 + alnM~e (1- e)+ 2 (aZ)2 Me {L2 (e) 

-L2(-8)+ lne(ln~=;:: + elne)+ ~2 (2e-3) 

- ~2 8 [ L2 (e) + L2 (- e) 

+ In 8 (In (I - e2)-~ ~ In e)-~ ~ 1 - 8 )} 
2 1 - 82 2 4 1 + e ' 

(31) 

R1 =- 2 aZMe3 (! = ~:)"' {~ lne + nal [21~ 2 

(32) 

Q2 = 2Mr. { e• 2 (1- ~282) + al [~ (1- ~2e2) i-
' 82 + !L; 82 + !Lt 1-' 

( M 8 1 ) ( !Lt (1 +e) 
X n -2 1 + -2 arctg- + ~e (1- e) arctg 2 e fL; -e+ l"t 

!"· (1- e))l} - ( 1 + e) arctg ' 2 ·• 
8 + !L; -

*[kp) = k X p. 
t arctg = tan-•. 

(33)t 
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4 00 (2 ) 

(34) We transform the three-dimensional integrals in 
(18d), after which we get 

_ '\."1 4:t \ d <p PI'; 
Y; = .c.J a; - z .\ fl; 2 2 

i=I o Pfl; 
( cf. (14}and(ll)), 

e = 2~ = sin g , ~ = ; , M = -1,.... __ 2:n:---'e~"-2-,~~-, 

l: = r:tZE- = ~ 'At 
':> p 13 . fl;=·2p' 

In the extreme relativistic case ({3- 1, p- oo ), 

the screening potential drops out as a result of 
(lla), and (31)- (34) assume the form 

Q;_:r = 1- e2 + aZrre (1- e)+ 2 (aZ}2e {(1- e) L2 (e) 

- ( 1 + e) L 2 (- e) + In e f (I - e) In ( 1 - e) 
8 (2 ;_ 82) J n2 8 (1 + 78)} -(1 +e)ln(l +e)+ 2 (1 _ 82) lne -24 1 + 8 • 

(35) 

cr { 8 2 '[ 8 2 1 3e + 2 2 1 ) Q2 = 2y 82 + !'' + aZ 82 + !'" \ rr 2 (1 +E) - arctg fl 

+ e (<I- e) arctg f1•(i + 8)- (1 +e) arctg I' (1 -.E))· 
--e+•f12 E+IL" ' 

(36) 
00 

r __ 4:t \ d•'- <p (2pf') Rcr = Rcr = 0 - z j r 2pf'" • 1 2 • 
(37) 

0 

In conclusion, the author thanks Prof. L. A. Sliv 
for continuous support during the work. 

APPENDIX 

Using the formula (see [3] and [ 8]) 

1 \ £fils 

2:n:• j (q~s- A') [(qsp + r)2 - (r + iTJ)2) 

I qnp + r I + r + A+ iTJ 
= 21 qnp + rl In I qnp + r 1 + r +A+ iTJ 

00 

I d'A 
= .) (qnp + r)"- (r +A+ i'A)2 ' 

'll 

H (q, k, p; e1, e2; A.) 

1 (o+;2+) dx, ( - x2 );a, (o+;2+) dx1 ( - x1 );a, 
= (2ni) 2 'j' x;- 1 - x2 'j' ~ 1 - x1 

q = k- p, TJ = e1 + e~ + I.. (A.2) 

By evaluating the integral with respect to x 1 by 
residues and putting x = x 2, we obtain (19). 
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