VOLUME 14, NUMBER 6 JUNE, 1962

SOVIET PHYSICS JETP

DISPERSION REPRESENTATION OF THE DEUTERON FORM FACTOR

V. V. ANISOVICH
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R.
Submitted to JETP editor July 6, 1961
J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1907-1914 (December, 1961)
The second anomalous singularity of the deuteron form factor situated at s ~ 9u® is consid-
ered. The dispersion representation is given for the simplest graph yielding this singularity.

A method is developed which significantly simplifies the calculations of the discontinuities in
the absorption parts of the diagrams with three free ends.

1. INTRODUCTION

THE deuteron form factor, the graph for which is
shown in Fig. 1a, depends on one invariant—the

square of the photon momentum P? = 5. The squares

of the momenta of the two deuterons are equal to
the squares of their masses P? = P = D2 The
deuteron form factor considered as a function of

s has in addition to normal singularities also some
anomalous ones. The simplest anomalous singu-
larity of the deuteron is given by the graphs
shown[!"? in Fig. 1b. It is situated at s = 16Mg
(M is the nucleon mass, € is the deuteron binding
energy D = 2M - £). Subsequent singularities of
the form factor are situated at s > 16Me. At

s =4p® (p is the mass of the ™ meson) there
exists a normal singularity which appears as the
result of graphs of the type shown in Fig. lc.
Analogous graphs with three or four m-meson
lines lead to normal singularities at s = 9u® and

s =16p% At

s = dp® -+ 16p Y e (M — p¥/4M)

there exists a second anomalous singularity which
results from graphs of a different type (cf., Fig.
1d.)

For sufficiently small values of s we can write
the dispersion representation for the deuteron
form factor by restricting ourselves to the contri-
bution made to the dispersion part by graphs only
of the type shown in Fig. 1b. If we want to write
the dispersion representation more accurately, or
if s is not sufficiently small, then we must include
in the absorption part the contribution from the
normal singularities and from graphs of Fig. 1d.
The dispersion representation of the graphs of
Fig. 1d is the most difficult one; it will be carried
out in the present paper.
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FIG. 1. Dotted line denotes a photon, wavy line denotes a
meson, solid line denotes a nucleon, double line denotes a
deuteron.

In the absence of anomalous singularities the
dispersion representation of the vertex part has
the form
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where m is the smallest possible sum of the in-
termediate masses. If we begin to vary any of the
masses in the graphs of the vertex part (1), then
anomalous singularities can appear in this vertex
part. In this case the contour of integration in (1)
will not be a simple one: when the masses are
varied the singularities in the absorption part of
¢@(s) deform the contour. Such a process of the
deformation of the contour of the dispersion inte-
gral (1) by graphs of the type shown in Fig. 1b has
been discussed in detail by Mandelstam(®,

The graph shown in Fig. 1d will also deform the
contour. In order to determine the manner in
which the contour of integration is deformed in the
latter case we consider the graph of Fig. 1d in
which the shaded block is replaced by a dot (we
denote this graph by the symbol 1d*). We shall ob-
serve with the aid of Landau graphs the behavior
of the singularities of interest to us in the absorp-
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tion part of such a graph as a function of the vari-
ation of the intermediate masses.

The Landau graph for 1d* is shown in Fig. 2a.
The double line corresponds to the deuteron mass,
the ordinary solid line corresponds to the nucleon
mass, the wavy line corresponds to the m-meson
mass. The dotted line gives the value of Vs, where
sy is the position of the singularity of the absorp-
tion part of graph 1d* and at the same time is also
the position of the singularity of the whole graph
1d. Graphs 2b and 2c give the position of two other
singularities of the absorption part. All these
singularities of the absorption part are situated
approximately at s ~ p? — 9u% The graph 1d* can
in addition also have singularities of the same type
as the graphs of Fig. le. Corresponding to this
the absorption part of 1d* has singularities deter-
mined by graphs 2d and 2e. They are situated ap-
proximately at s ~ 4Mu + pu?. The singularities of
the absorption part of graph 1d* determined from
Fig. 2 can be not the only possible ones. But these
singularities play an essential role in the discus-
sion of the deformation of the contour of integra-
tion.

If we consider the mass p in graph 1d* to be
large, say equal to 2M, then this graph does not
have any anomalous singularities and its disper-
sion representation is given in the form (1), with
m = 2M + u. By means of the graphs of Fig. 2 it
can be easily shown that as p is reduced (u has a
small negative imaginary part) the singularities
of the absorption part of 2a and 2d deform the con-
tour of integration, while the singularities of 2b, c
and e move without deforming the contour in the
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direction of smaller values of s. When further
decrease in p causes the singularity of 2a to over-
take the singularity of 2e, no further deformations
of the contour occur, since pu has a negative imag-
inary part. The contour of integration in the dis-
persion representation of graph 1d* is in this case
shown in Fig. 3. In the same figure is also shown
the position of those singularities of the absorp-
tion part of 1d* which are determined by the graphs
of Fig. 2. The dotted line shows the position of the
cut in the absorption part arising as a result of the
singularity a.
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The dispersion representation of graph 1d* has
the form

1 (2M'+:x)2d , Ag (5) +~1— ‘§° s @ (s)
E pl T A s —s "’
So (2M +p)?
so= 4+ 16 Mp )/ L (1— 2y, 2)

where Ag(s) is the discontinuity in the absorption
part evaluated on the two edges of the cut coming
from the singularity a. If we are interested in the
dispersion representation of graph 1d* for small
values of s we have to know the discontinuity in
the absorption part near the singularity a.

We know the absorption part of graph 1d* for
s > 4D2 It is given by (for simplicity we assume
the nucleon to be a particle without spin)

@ (s) =Sdkd16(k2-—M2) S(2—M)O((P—k—12—pd)
X W((P1 — k)2 — M?) (P2—1)* — M*)]™?

. (Vs—M): T2y p
_ 14 1 * T2 .
= 'ﬁl/m, ——== doy \ -
— D2 )2
s ( 7 —D ) (M) Ty

/T (51— Ta -~ D)2 —1/,
([ ]
T = M2+D2—§i—1 (01 + M? —p?) (01 — 12 + D?)

_D? D"" )

e ([QE MW ) e D

4o ~—/‘(51
tei:M2+D2—%(s——61+M2)
+2((s/4 —D?) ((s—o1+ M*¥/4s — M*1)".
T1 = (Pl - k)‘l,

T2 = (P2 — [)%, o1 = (P — )2 (3)



DISPERSION REPRESENTATION OF THE DEUTERON FORM FACTOR

We can make an analytic continuation of expres-
sion (3) towards s ~ 9u® and evaluate the discon-
tinuity in the absorption part. However, such a
method of procedure introduces a number of con-
siderable difficulties. We shall proceed in a some-
what different manner. In graph 1d* we shall vary
the masses p and D, ascribing a negative imagi-
nary part to u, and a positive imaginary part to
D. For pu, D > 2M the singularities a, b, ¢, d, e
will go over to the region s >16M?2. In this region
we can easily evaluate the discontinuity in the ab-
sorption part in the neighborhood of the singularity
a. We shall then continue this discontinuity analyt-
ically back towards the original values of the
masses p and E. In the next section we shall
carry out this procedure.

2. EVALUATION OF THE DISCONTINUITY IN THE
ABSORPTION PART OF GRAPH 14d*

The graph 1d* can be analytically continued
with respect to the masses u and D if we ascribe
a negative imaginary part to the first mass, and a
positive imaginary part to the second mass. As u
is increased the singularities a, b, ¢, d, e will be-
gin to move towards larger values of s. When p
has almost reached 2M, but we still have 2M — p
> 2M - D, the position of the singularities will be
the same as in Fig. 4a. As pu is increased further
the singularities a and d will coincide with the
point (2M + p)? (Fig. 4b). Further, the singularity
a will move outside the contour of integration
(Fig. 4c) and moving.in the direction of large
values of s will approach the point s = 4D?, will
go around it, and will start moving in the direction
of smaller values of s (Fig. 4d and e). For p >2M
the singularity a will go into the upper half-plane.

If we now increase D + i¢ in such a way that
D > 2M, then the singularity a will return to the
real axis. For D >2M, pu >2M and u — 2M > D
— 2M the position of the singularities is shown in
Fig. 4f. This follows from the fact that for
|p = 2M| > | D ~ 2M|, p ~ 2M, D ~ 2M the posi-
tion of the singularities is a function of the masses

1357

A@p—2M + BV (w —2M) (D — 2M)

(this can be seen from the Landau graphs). In
going over from D, p < 2M to D, u > 2M the
square root does not change its sign.

Generally speaking, these may not be the only
singularities possessed by the absorption part.

But from the analytic continuation of (3), which
will be carried out below, it can be seen that for

s > (2M + p)? the absorption part of graph 1d* has
no other singularities. We have to evaluate the
discontinuity in the absorption part near the singu-
larity a. This can be done simply if we know the
absorption part for values of s situated to the
right of the singularity a, and if we then continue
it towards smaller values of s.

In the case shown in Fig. 4a, for sufficiently
large values of s (for example, for s > 4D?) the
absorption part is given by expression (3). As p
and D are increased both the region of integration
in (3) and the position of the singularities of the
integrands will be altered. We begin to vary p and
D in the following order: we first increase p - ic
in such a way that y > 2M; we then increase D + i¢
in such a way that D > 2M, but x — 2M > D - 2M.
Then for s lying to the right of the singularity a
(cf. Fig. 4b) the region of integration in expression
(3) and the position of the singularities in the oy,
7y plane will be as shown in Fig. 5.

The region of integration is shaded. Singulari-
ties I and II come from the logarithm, singularity

of the type FIG. 5
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III comes from the pole, and singularity IV comes
from the square root. The fact that the line of
singularity is shown by a dotted line signifies that
in the complex domain of 7, the given singularity
lies below the contour of integration.

If we evaluate the integral over 7, then the
integrand which depends on ¢; will have singular-
ities which occur at such values of oy at which the
line limiting the contour of integration intersects
with singularity III (we denote these points of in-
tersection by oy, O‘H‘) or with singularity I
(o111, o1v ). Moreover, these singularities occur
at oy, for which, for example, singularity III in-
tersects with singularities I and II (oy and oyg
respectively). The position of the contour of inte-
gration with respect to oy and the positions of the
singularities o — oy in the case of large s and
p>2M, D>2M (u - 2M>»> D - 2M) are shown
in Fig. 6a. If s has a positive imaginary part, then
singularities oy, oy, oy and opy are situated in
the upper half-plane; therefore, singularities oy
and opy displace the contour of integration with
respect to oy slightly upwards. If s has a nega-
tive imaginary part, oy, op, oy and opy are
displaced into the lower half-plane; singularities
o and oy deform the contour of integration in
the direction of their motion.

LN
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FIG. 6

As s decreases singularities o1 — oy move
in the direction of smaller values of g;. When s
reaches the singularity a, the singularities oy,
orrr and oy will coincide. If s will continue de-
creasing further retaining a positive imaginary
part, then the contour of integration with respect
to oy will be deformed (Fig. 6b). If s decreases
retaining a negative imaginary part, then there
will be no deformation of the contour of integra-
tion (Fig. 6¢). In this case (Im s < 0) the contour
of integration with respect to 7, for oy <oy <oy
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will be as shown in Fig. 7a; 71, 711 denote the
positions of the logarithmic singularities, 7y is
the position of the pole singularity. Along the con-
tour of integration the logarithm is real to the left
of 7p1 and to the right of 7y, while in the interval
between 77 and 7y the logarithm has an added
imaginary term im. For Im s >0 and oy <0y <0y
the contour of integration with respect to 7, will
be deformed. The positions of the singularities
and of the contour of integration are shown in Fig.
Tb. For oy >0y and oy <oy the position of the
contour of integration does not depend on the sign
of the imaginary part of s.

It can now be easily shown that the discontinuity
in the absorption part between the singularity a
and b is given by

— A (s) = (s + ie) — @ (s — ie)
oV

= ! S
18 y's (s/4—D?) L

d (— 2mi)? .
61 2\ 2 l/ 1
{51 [(61— M2+ D?)%/45; — D?]} /2

0, = §/2 + M? — [s(s/4 —D? (1 — 4M¥D?)]",
oy, = M? -+ D*2/2M?

+ [4D% (1 — D¥AM?) (1 — p¥/4M2)1™. (4)

This expression must be analytically continued
back towards the physical values of D, u and
towards s = 9u?% but in reverse order: we first
decrease D + i€ to the physical value of D. The
singularity oy goes into the upper half plane, and
the singularity oy goes into the lower half plane.

We now decrease u — ic. For u < 2M oy falls
on the real axis, and the upper part of the cut be-
tween the singularities of the square root o
=(D - M)% o; = (D + M) As a result of such
continuation the sign in front of the square root in
oy will not change. Moreover, we must diminish
s in order to obtain the value of the discontinuity
in the absorption part for s = 9u2 The values of
s must be varied along the path along which the
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singularity a moved when we were increasing the
masses p and D from their normal values
towards p, D > 2M. This means that we must
first take s into the upper half plane, then bring
it to the real axis at s < 4D?, increase it to S = 4D?
go around this point clockwise, and then decrease
it along the real axis (cf. Fig. 4d, c, e). As a re-
sult of this, s reaches the lower edge of the cut
from the root (s/4 — D2)!/% the root in oy does
not change sign.

We obtain the following formula for A¢ for
physical values of p, D and 4u>
+16Mp[e(1 — p¥aM?)/M]/2 < s < 16p%

oV

= (D — M)
Vmgdm{[m (D — M)?*1

o1l

Ag (s) =

X [— o1+ (D + M3y (5)
orr and oy are given by formula (4). Agp vanishes,
as it should, for s = 4p? + 16Mu [ (1 — p¥4M?)
/M]1/2.
We have represented the discontinuity in the
absorption part in the form of an integral over
0y = (P = 1)% In addition, we can introduce into
formula (5) integration over oy = (P — k)z. As
long as we are considering only the graph 1d*,
generally speaking, this is not worth while doing.
But in the more complicated graphs 1d we must
carry out the integration both over ¢y and over o,.
In graph 1d* integration over o, can be intro-
duced fairly simply. In the right hand side of (5)
we must introduce into the integrand a factor equal
to unity:
1 ¢ 2 2 21"z .
@ —n@E—1)— c—ann™;

2~

2y = lezi']/(zf —D(E-1),

(6a)

where z4, z, and z are defined by the relations

0 = M + 5 — o (01 MP— ) (01 + 5 — M?)
Lo T (61 + 5 — M??
S

0 =D? — 5= (01 + M? —p?) (01 — M* + D?)

D2] I_(SI + M2 —pi? Mz]}‘/z’

435,

(51 + M2 — p?)?
4’51

s
s}
J

T oa{[lm s

45y

0= s——.—zi—l(ol—l— s — M?) (o1 — M? + D?)

T o R OR300

43, 43y

_ Dz}}" ’(6b)

Formulas (5) and (6) give the required value of
the discontinuity in the absorption part near the
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singularity a. In the next section we shall formu-
late a rule which considerably simplifies the eval-
uation of the discontinuities in the absorption
parts of diagrams with three free ends.

3. A SIMPLE RULE FOR THE EVALUATION OF
THE DISCONTINUITIES IN THE ABSORPTION
PARTS OF DIAGRAMS WITH THREE FREE
ENDS

The evaluation of the discontinuity in the ab-
sorption part of graph 1d* consisted of three
stages. We first increased the masses u + i€,

D +ie to u, D > 2M, and in doing so we observed
the behavior of the absorption part by means of
Landau graphs. In the second stage we made an
analytic continuation of the absorption part with
respect to the masses from the region D, p < 2M
into the region D, p > 2M, and we evaluated the
discontinuity in this absorption part near the sing-
ularity of interest to us. In the third stage we made
an analytic continuation in strictly reverse order
of the discontinuity which we have obtained back
towards the physical values of p and D and
towards s 2 4p? + 16pu[eM (1 — p¥4aM?) 172,

The second stage is considerably more difficult
than the first and the third taken together. How-
ever, it is specifically for this stage that we can
introduce a rule which in practice avoids all these
difficult calculations. It has been noted already a
long time ago that the discontinuities in the absorp-
tion parts are a result of the vanishing of the de-
nominators of the functions Ap (private communi-
cation from V. N. Gribov and I. T. Dyatlov, cf.
also [4]). In the region p, D > 2M we can attempt
to replace in (3) [(P; — k)2 — M?]7! [(P, — 1)?

- M?1"! by @6 [(Py - k)2 — M?]6 [(Py - 1)? — M?]
and see whether we might not obtain the same re-
sult for the discontinuity in the absorption part as
we obtain as a result of a direct calculation. It

can be seen at once that this can be done if

a = (-2mi)2 The discontinuity in the absorption
part of (2) in the region p, D > 2M can then be
written in the form

(— 2mi)? g dkdl® (B — M2)d (12 — M?)S (P — k— [)> — p2)

X O ((Py— k)2 — M?») O (P — )2 — M?), (7)

In doing this we must remember that expression

(7) differs from zero for s lying between the singu-
larities a and c¢ (cf. Fig. 4c). For s lying be-
tween the singularities a and b expression (7)
gives one function, while for s lying between the
singularities ¢ and b it gives another function.

We require the value of the discontinuity in the
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absorption part near the singularity a, and, there-
fore, in expression (7) we must keep s between
the singularities a and b.

We can also carry out a similar procedure in-
volving analytic continuation with respect to the
masses in the case of a simple graph of type 1b.
In order that in such a graph all the lines can be
real, it must be reduced by varying the masses,
for example, to the graph of Fig. 8. If we do this
by varying M; — ige, Dy + ie¢ and D, + i€, then we
shall see that the discontinuity in the absorption
part of such a graph can be correctly evaluated by
replacing [(P; — k)2 = M{1~! by (-2mi) 6 x
[(Py — k) — M}

From these two examples it can be seen that in
order to evaluate the discontinuity in the absorp-
tion part of any graph corresponding to a diagram
with three free ends we must go over to such
masses that each vertex of this graph becomes
fully decomposable. In the absorption part of this
graph we must replace factors of the type
(k? — m?)! by (-27i) 6 (k? — m?). The discon-
tinuity so obtained must then be continued analyt-
ically with respect to the internal masses having
a negative imaginary part, and with respect to ex-
ternal masses having a positive imaginary part.
The inverse continuation of the discontinuity
towards the physical values of the masses is not a
very difficult problem. Its solution is aided by an
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investigation of the behavior of the singularities
by means of Landau graphs.

4. CONCLUSION

The introduction of graphs 1c and d into the
dispersion representation of the deuteron form
factor is of interest since these graphs determine
the structure of the deuteron at distances of the
order of u‘l. We have presented the dispersion
representation only for the graph 1d*. Apparently
the representation of other graphs of type 1d is
given by the same integrals (5) and (6), but with
the integrand containing an additional function
A (s, 01, 0y) corresponding to the shaded block in
graph 1d. This is associated with the fact that this
shaded block has no anomalous singularities for
s ~ 9u? and, therefore, will not likely deform in
any manner the contours of the dispersion inte-
grals. It seems to us that by means of the method
utilized in the present paper this can be shown
more rigorously. Apparently a similar method
of evaluating the discontinuities in the absorption
parts can be successfully applied to diagrams with
four free ends, and this must simplify the evalua-
tion of p(s, t) for complicated graphs.
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