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The angular distributions of 100—200 keV protons multiply scattered in polysterene films
are obtained by a photographic method. There is a discrepancy of ~ 20—30% between the
experimental results and the predictions of Moliére’s theory. This discrepancy is a con-

sequence of the application of the Thomas-Fe

rmi model in the theory. Satisfactory agree-

ment between the theoretical and experimental data is obtained for target-proton energies
up to ~ 90 keV if a carbon-atom potential obtained by the Hartree-Fock method is employed.

The discrepancy increases with a further dec

rease in the energy and the experimental an-

gular distributions become broader than the theoretical.

THE experimental investigation of multiple scat-
tering of charged particles in matter has covered

a broad energy range (from ~ 1 to hundreds of
MeV). (1] The obtained data, as a rule, are in good
agreement with the theoretical predictions in which
only elastic collisions of the moving particle with
atoms of the medium are taken into account.F?

The question of the applicability of these calcula-
tions to the region of lower energies (for pro-
tons, tens and hundreds of keV) is open, in view

of the lack of experimental data. The purpose of
the present experiment was to investigate multiple
scattering of 100—200 keV protons on carbon and
to obtain in this way information on the limits of
applicability of the present theoretical views on
the low-energy side.

1. EXPERIMENTAL METHOD

The measurements were made with the electro-
static accelerator of the Moscow State University.
A collimated beam of accelerated protons struck
a thin target set perpendicularly to the beam axis.
The protons experiencing multiple scattering in-
side the target were recorded in emulsion pellicles
set parallel to the target at a distance of ~ 30 mm
from it. The duration of the exposure was so
chosen that the pattern obtained in the emulsion
plates was suitable for photometric measurements.
On the basis of the densitometric character and
the geometrical conditions of the experiment, we
recalculated the darkening density distribution of
the emulsion in order to obtain the angular distri-
bution of the scattered particles.

Films of polysterene (CsHa)n were used as the
carbon targets; the hydrogen gave only a small

contribution to the overall picture of the scatter-
ing and it could easily be taken into account. The
target thickness was determined by weighing.
Measurements were made with five targets of the
following thicknesses (in ug/cm?): 24 + 0.6,

40 £ 0.7, 69 £ 0.9, 88+ 1.1, and 104 + 1.2. For
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each target we determined the angular distribu-
tions at different proton energies in the interval
between 106 and 218 keV. A number of distribu-
tions obtained at these proton energies in this in-
terval are shown in Figs. 1—3 (Figs. 1,2,and 3
represent the results for target thicknesses of

24, 69, and 104 pg/cm?, respectively.) The experi-
mental error, as a rule, did not exceed 3.5% close
to 50% of the maximum; in the region of the maxi-
mum of the distribution (at 0°) it decreased to
1.5—2%. A more detailed description of the method
is given elsewhere. (3]

2. DISCUSSION OF RESULTS

There exist, at present, several variants of the
theory of multiple scattering, [4~" differing pri-
marily in their mathematical approach. Among
them, we may mention the theory of Moliéere, 4
which, as Bethe has shown, [?] possesses a great
degree of generality and is formulated mathe-
matically in a form convenient for its practical
application.

In this report, we compare the experimental
results with Moliére’s theory. According to this
theory, the angular distribution of the multiply
scattered particles is represented in the form
of a series

f (9) 040 = 0d0 [e—92+1},7 (0) + 5 f2 () +] 1)

The functions £¥(4) and £ (#) have been tabu-
lated by Bethe[?] and Moliére. [*] The quantity ¢
is connected with the scattering angle 6 by the re-
lation ¢ = 6/x, VB, while the parameter B is de-
termined from the equation

B—InB=2In(y./%) +1—2C, 2)

where C is the Euler constant. The angle x, is
determined by the condition that the probability for
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a single scattering by an angle .x > x, is 1. Its
value is connected with the number of scattering
centers N in a unit volume, the target thickness t,
the charge of the moving particle Z,e, its energy
E, and the nuclear charge of the scattering atom
Zge by the relation x4 = "NtZ3iZ%e*E-2 The angle
Xa,» called the screening angle, contains the fea-
tures of single scattering. Moliére showed that
for a scattering potential calculated from the
Thomas-Fermi model it is possible to express

Xa With good accuracy in the following simple
form (8] obtained with the aid of the WKB approx-
imation:

%a = %o V 1.13 4 3.7602, 3)

where xy=%/a and a = Zizzez/ﬁv; v and X are
the velocity and wavelength of the moving particle
and a is the Fermi radius of the atom (a = 0.885x
aOZ"/3, a, is the radius of the Bohr orbit).

Moliére’s theory is constructed on the assump-
tion that the angles are small (sin § =~ 6). More-
over, it assumes that the conditions ax, < 1 and
B R 4.5 are fulfilled. The breaking off of series
(1) at the third term then leads to an error no
greater than 2%. In our case, the conditions for-
mulated above are fulfilled.

Since in the described experiment the protons
lost an appreciable part of their energy in the
target, we used the averaged values of the angles
Xg and xo for the calculation of B and 4. The
averaging was carried out by means of the for-
mulas

Ef
7 dE
Yo = S (XD + (X2l @E dx) “4)
Eo
Ef £
217 d
XX = { (Gl + 0y rrgy - O

E,

The subscripts C and H refer to the carbon and
hydrogen atoms, E; is the initial proton energy,
Ef = Ej— AE is the final energy, AE is the total
energy lost in the target. The dependence of the
specific energy loss of the proton dE/dx in poly-
sterene on the proton energy was taken from
Lorentz and Zimmerman. [?]

Strictly speaking, the calculation of the poten-
tial of the hydrogen atom from the Thomas-Fermi
model is without meaning, but it did not contribute
an appreciable error to the calculation of ¥,, since
the contribution of the second term in expression
(5) is < 3%. In the calculation, we used the value
1.055 g/cm3 as the specific weight of polysterene.
The quantities Ef, xc, and B calculated for a
number of values of t and E; are shown in Table I.
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Table I
V (r) from Thomas- | Vu(r) exact, Vc(r)
t E E; (6.,). X Fermi from Hartree-Fock
7% cm? keV keV min min
5|00/, B |6 A6
24,0 | 106 82.4 114 60 4.60 1,25 6.67 0,98
162.5 142 69 37.5 | 4.60 1.23 6.65 0.97
218 200 49 26.8 | 4.60 1,21 6.63 0.94
40.0 | 106 66.5 178 85 5.25 1.26 7.28 1.03
162.5 128 100 51.3 5.25 1.21 7,26 0.99
218 188.5 69 35.6 | 5.25 1,17 7.23 0,97
69 106 38.4 382 151 5.90 1.42 7,95 1.19
124 56.4 266 114 5.90 1,31 7.93 1.10
142.5 76.7 198 88 5.90 1.25 7.91 1,05
162.5 100.5 155 74 5.90 1.17 7.89 0,99
184 126 129 62.2 5.90 1,15 7.88 0.99
218 165.5 104 50 5,90 1.17 7.87 0:99
88 124 38.1 430 157 6.20 1.43 8.19 1.25
162.5 81.5 213 92 6.20 1.26 8.18 1,07
173 94.5 193 83.2 | 6.20 1.26 8.17 1.06
218 150 126 59.2 6.20 1,17 8.15 0.99
104 162.5 65.5 287 111 6.45 1.38 8.36 1.17
173 78.7 249 99 6.45 1.33 8.35 1.15
218 136 156 67.2 6.45 1.23 8.33 1.06

Attention is drawn to the absence of a dependence
of the parameter B on the energy. This is a con-
sequence of the specific relation between the quan-
tities x5 and E obtained as a result of the use of
the Thomas-Fermi model.

For all the cases considered, we calculated the
angular distributions and determined the values of
their half-widths (6;/)¢. Comparison of the theo-
retical and experimental values of the half-widths
shows that the experimental values (91/2)e are sys-
tematically ~20—30% greater than the theoretical
values (64s)t. The reason for such a significant
difference should be sought, above all, in the fact
that the Thomas-Fermi model gives too rough an
approximation for the electron distribution in light
atoms such as carbon. In order to remove this
shortcoming of the theory, we took the electron
distribution in the atom calculated from the
Hartree-Fock model. The radial dependence of
the scattering potential in the case of the carbon
atom was found with the aid of numerical integra-
tion of the relations

i
0

where Z; and Z, are the charges of the incident
particle and the scattering atom. The radial dis-
tribution of the electron density U(y) was taken
from Landolt-Bdrnstein.[19] In the case of the
hydrogen atom, we used the exact expression for
the potential:[11]

(e}
Ziet ¢ Zegs(y)dy

a P
r/a,

Ve(r)= v Zets (¥) =Zo—\ U (y) dy, (6)

.__r_> e—2rla, .
o

2182
r

Vu(r) ==-(1+ (7)

For the calculation of x5, we took the functions

Vc(r) and VH(r) in the form
V(r) = (Z1Z:€*/r) o (r /a)

and the function w(r/a) was approximated (see
[4]) py a polynomial of the form

3

o(r/a)="3 qpebirie (8)

=1
The parameters aj and bj obtained in this way for
carbon and hydrogen are shown in Table II. Of
course, they turn out to be considerably different
from the corresponding values of a‘i’ and b‘i) oc-
curring in Moliére’s theory. The functions w(r/a)
and the curves approximating them are shown in
Fig. 4. The upper curve was calculated from the
Thomas-Fermi model.

Using the values of a; and bj shown in Table II
and applying Moliére’s procedure for the approxi-
mation of the exact dependence of x, on the energy
by expression (3), we obtain

Ya = %o V' 0.26 +0.71a2 for C, 9
%a =%,V 0.45 + 1.30a> for H. 9")

From Fig. 5 it is seen that the approximate func-
tions (9) and (9’), represented by the dashed and

Table II
Carbon Hydrogen From Thomas-Fermi
; Model
a; by a; b; a; b
1 0.1 5.0 0.75 1.3 0.1 6,0
2 —0.4 1.3 0.27 0.9 0.55 1.2
3 1.3 0.85 —0.02 0.3 0.35 0.3
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dash-dotted lines, are in good agreement with the
results of the direct calculation of the value x,
(the points for ¢C are denoted by circles and
the calculated points for ;H! are denoted by
crosses ). The solid line represents the function
(3) used by Moliere. The functions (9) and (9’)
were used to calculate the new values of the pa-
rameter B. They are shown in Table I. The theo-
retical angular distributions calculated with their
aid are shown in Figs. 1—3 by solid lines.

The experimental and theoretical values of the
half widths 6/, are compared in the last column
of Table I.

As seen from the figures and the table, the ex-
perimental and theoretical results are in good
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agreement for all energies at thicknesses of 24
and 40 ug/cm? With thicker targets, agreement
is observed only for larger initial energies.

The foregoing behavior indicates that the devi-
ation of the experimental distribution from the
theoretical one occurs after the particle energy
drops below some critical value as a result of the
slowing down in the target. The existence and the
magnitude of this critical energy can be seen in
Fig. 6, where the ratio (64/5)e/(61y)t is shown
as a function of the energy E¢; the data for all
thicknesses are shown in one figure.

From the analysis of the results, we can con-
clude the following. Multiple scattering of protons
in carbon is described well by Moliére’s theory
down to an energy 80—90 keV if the Hartree-Fock
model is used only for the calculation of the scat-
tering potential. For proton energies below this
value, the present theory does not give a correct
description of the experimental results. In order
to explain the reason for this difference, it is nec-
essary to accumulate more experimental material.
There is, however, a preliminary indication of at
least two factors which are not taken into account
in the theory and which can affect the experimen-
tal results.

1) Inelastic processes, in particular, charge
exchange of the moving ions. As is known, [12]
for proton energies of the order of several tens
of keV, this effect is very important. It is par-
ticularly important to take into account inelastic
processes in calculations of multiple scattering
of nuclei heavier than protons. For them, the
inelastic processes, as well as the partial screen-
ing of the charge will play a role even at much
greater energies. There are no experimental
data for such multiply charged particles. How-
ever, they are of interest, in particular, in con-
nection with the use of recoil nuclei in nuclear
investigations. [13,14]

2) Deformation of the electron shells in the
case of solid targets due to the interaction be-
tween neighboring atoms. Here, it is of great
interest to compare the experimental data ob-
tained for solid and gaseous targets.

FIG. 6. Comparison of experimental and theoretical
values: of the half-widths of the distributions for diff-
erent thicknesses (in pg/cm?); e—24, 0—40, x—69,
0-88, A-—104.
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In conclusion, the authors express their grati-
tude to V. S. Nikolaev and Ya. A. Teplov for help-
ful discussions.

1H. A. Bethe and J. Ashkin, Experimental
Nuclear Physics, edited by E. Segre, John Wiley
and Sons, New York, 1953, vol. 1.

2H. A. Bethe, Phys. Rev. 89, 1256 (1953).

3Bednyal«:ov, Boyarkina, Savenko, and Tulinov,
PTE (in press).

4G. Moliére, Z. Naturforsch 3a, 78 (1948).

5S. A. Goudsmit and J. L. Saunderson, Phys.
Rev. 57, 24 (1940); Ibid. 58, 36 (1940).

6H. S. Snyder and W. T. Scott, Phys. Rev. 76,
220 (1949). W. T. Scott, Ibid. 85, 245 (1952).

TH. W. Lewis, Phys. Rev. 78, 526 (1950).

200 keV PROTONS ON CARBON 519

8G. Molidre, Z. Naturforsch. 2a, 133 (1947).

9D. C. Lorents and E. J. Zimmerman, Phys.
Rev. 113, 1199 (1959).

10 Landolt-Bornstein, Phys.-Chem Tab. 6, Aufg.
Bd 1 T.1, 1950, p. 293.

N, F. Mott and H. S. W. Massey, Theory of
Atomic Collisions, Oxford, 1949.

25, K. Allison, Revs. Mod. Phys. 80, 1137 (1958).

BB A. F. Tulinov, JETP 31, 698 (1956), Soviet
Phys. 4, 596 (1957).

14 A. N. Boyarkina and A. F. Tulinov, JETP 36,
353 (1959), Soviet Phys. 9, 244 (1959).

Translated by E. Marquit
119



