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A simple formula for the isotope shift constant, Ciheor, is obtained which depends only on
the mean square radius and its relative variation within the series of isotopes. Comparison
with experiment leads to certain conclusions on the compressibility of deformed nuclei. Sat-
isfactory agreement between the experimental and calculated values of the isotope shift for
23 isotope pairs of spherical and deformed nuclei can be attained by introducing the two em-

pirical parameters of regular compressibility 7 = 0.7 and deformation compressibility ¢

= —5/8m.

1. ISOTOPE SHIFT OF THE nl/j LEVEL OF THE
ELECTRON

THE volume isotope shift (i.s.) of the nlj level
of an electron in the self-consistent field of the
nucleus and the electron shells can be easily ex-
pressed in terms of the electron wave functions
in the field of the nuclear isotopes. In the case
of a spherically symmetric field the variables
are separable, and the radial Dirac equations
take the form (in relativistic units)

les + 1 — Uy (r)] Fi — dGyfdr — kGyfr = 0,
le; — 1 — U (r)) G + dFyjdr — kFyjr = 0, 1)

where i = 1,2 is the number of the isotope, and

h=—(+)=—0+1D)  j=1+Y%
k=t () =1 j=1—1.

The potentials of the self-consistent field of the
nucleus and the electron shells can be written in
the form of a sum of the nuclear potential of the
i-th isotope and the potential of the electron shells

Ua(r) = UR(r) + US().

As we shall see in the following, we may restrict
the solution to small values of r, for which the
average potential of the electron shells U€(r)

can be replaced by a constant potential U,. An
estimate of U, on the basis of the Thomas-Fermi
model gives U, = 1.9 aZ*. We can therefore as-
sume that the Eqs. (1) are written in terms of the
nuclear potentials U?(r)* and the modified eigen-
values of the energy €{ = €; —U,.

*For deformed nuclei and electron states s,, and p,, (k =t1),

U'-;'(r) is understood to denote the value of the potential averaged
over the angles.

The electrostatic potentials U;(r) and U,(r)
are subject to the natural conditions outside the
nucleus

Ui(r)=Us(r)=—¢€2[r, r>R, 2

With condition (2) we obtain from (1) the following
expression for the i.s. (1,2]

[e o]
8T = (GoFy — Gy F )R, /2:: Q (FiFy + GiG;)dr cm™L. (3)
R,
0Tk does not depend on the particular value of R,
as long as condition (2) is satisfied. It is advan-
tageous to choose R, as small as possible, for ex-
ample, equal to or somewhat larger than the larg-
est of the radii of the nuclear isotopes. The nu-
merator and denominator increase simultaneously,
and the integral in the denominator can be replaced
by unity to a good approximation.
We have therefore in this case
8T = o= (GoF1 — GiFa)g, @)

G3 (Ro) G1 (Ro)

o (Ki—Ks), £<O
= Fa (Ro) F1(Ro) ’
— LRI BRD G, £>0

where the functions K(r) = F(r)/G(r) and x(r)
= G(r)/F(r) satisfy the equations [3]
K(=—r*{(e—1-U()

0

ST (K k< 0),

r

1) =r2{(+1-U ()

0

—1-U(r ’ ’ ’
S ()] ke (k> 0). (5)

x[1+

x[1+
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In the first approximation we find the solution in
the form (a = e%/hc)

{K(r)}_ aZ + oZ <R2]k]> 1Fe
x(r)) T 21k] 200+ 2[kT) 1A TF2k]

(5a)
where

R =\, 8, 9) ()1 *1F 2 dr sin 0d0dg

is the moment of order 2|k| of the nuclear charge
distribution p(r,d, ¢). The i.s. for s electrons
(k = —1) depends in this case on a single param-
eter, viz., the mean square radius of the nuclear
charge distribution.

Let us estimate the second order contribution
to the i.s. of an s electron (k= -1). It will de-
pend on the details of the nuclear charge distribu-
tion. We choose the nuclear charge distribution
and the corresponding potential in the form

p() ="t ()

p(r) =
n+1 1 r\n7 Ze
vin="211— 21 () %, r<r
V(r) = Ze/r, r>R 6)
(R is the nuclear charge radius). In this case

(R?) and the square of the electric charge radius
R are simply related: (R?)= (n+1)(n+3) 1R2

Using this circumstance, we write the second
order correction as a product of 6(R?) and a
small factor:

a76<R>
6K’(Ro)_‘5<Rz>6<R2>—‘_~‘ P(n,yl, (1)
where
P (n, y) = (aZ)? (Py (n) — P4 (y))
£ aZ (1 + &) CR%" (Py (n) — Py (9)),
_2(n43) (41?01 nt9 .
e R E R
3(@2n+9) _ 9 ]
T eI e @ Ty GF P EE )
1 3 n+3 1 n+41 n+3
+ta T AT Tz a3 +“1“n+1'
Py(y) = ~é—y2/— Iny,
(n+3)(n+1)"7 1 6
Py (n) = e [‘5‘_ CEEVICE N

9
RS e e 5)}

ta ()" w7 G )

K(R) =K (y) = —aZ {3 + 5 (2Z)*—
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1 1
Piy) =—5y+-,

_ n+1 R e
_l/-n—f~3 R_0< 1/n+
The second order correction term P(n,y) gives a

contribution to the structure terms in 6K(Ry). For
a nucleus with surface charge (n = «) we have

_ <R2>‘/:
U Ry

P (o<, ) = — (@2) (35 + -y —Iny)
—}—aZ(I—}-a)R(—g———%A———%—)
~—LEL  R=R y=1.

For a nucleus with a uniform volume charge dis-
tribution (n = 2) the main terms of P(n,y) lead
to

P (2, y) =~ — 0.22 (aZ)? (Ry=R, y=V?%).

Thus the relative variation in 6K in going
from the model of a nucleus with a uniform vol-
ume charge distribution to one with a surface
charge distribution amounts to only 0.02 (aZ )2

We must now determine Gy(Rgy) G3(Ry). For
this purpose it suffices to find the solutions of (1)
in the region of small r outside the nucleus, i.e.,
in the region of the Coulomb potential. The solu-
tions have the form

F=V Feea(ZY (14 BR) 5 (3)), r>ry

6= M(2) (14 BR) (B)), ®)
where
_ N4k4+n 42 _ N+4k+trw S
b_m’ = NFh—n n =8N —o,
N=aZlVT=¢, o=VE—@IZF, an="hme,
1—e aZ ¢ _k—s ~
]/1+abzk~_c’ B TETe (e=1).

The quantity B(R;) is determined by joining
F/G = K near the boundary of the nucleus (r = Rg):

VYV T—e)/(f +&) b — K (Ro)
V{T—e)(TFe) c—K (Ro)

- k46 1—(aZ)1(k— o) K (Ro) 9)
~ T k=6 T—(aZ) T (k+s)K(Ro)’

B(Ro):‘ -

where K(R,) is given by Eq. (5). In the most im-
portant case k = ~1 we have in second approximation

2 (n3) (n + 1] 1 nt9
Py(n, y) = —‘713“——[‘5—_(n+1)(n+3)(n+5)
3(2n 1 9) 9 ]
tEFIR AT GG T ] (9a)
3 n+3 1 n+41 nt+3

—Z nrit1Z n—|—3+—_1nn—l—1 +lny—-—— "

221 — (aZ)’ Py (n, Y)1},
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Ay is a normalization constant. Its value depends
on the behavior of the wave function in the entire
region of r. If we replace the actual wave function
of the electron in the self-consistent field of the
atom by the relativistic Coulomb wave function,

we find for Af( the following expression:

AE=4nR°oA;<N_"'—k)2 7

T (@11 ) Zaw +1&])°

k—o >2 VAS

T'(2s+41)/) Zan3’ (10)

= 4JTR00A;Z(

where

A, POt mdte
T 2D (1) (N — k) N

’

Re = 2m2me*/h%c is the Rydberg constant and n
=n’ + | k| is the principal quantum number. Neg-
lecting the binding energy and the potential of the
electron shells at the origin in comparison with
the rest mass of the electron, we have € =1 and
n’ — o, N— . In this approximation (4] we
obtain
lim A/; = 1.

n’, No>oo
Using (4), (8), and (10), we can express the corre-
sponding i.s. in the form*

8T = (Z2%/1n®) Cy;

k—o

2 ZZRO 20
= 2R (it ) (22)

X 14 B (Ry)2 XKLBeL

A,

(k <0). (11)

The isotope shift constants Cy are determined
by the charge distributions of the nuclear isotopes
and are practically independent of the state of the
electron. In first approximation we have

s+ k| )2(22120)2" 8(REIkD
I'2s-+1) ay [kl (14 2|k])REI#I

Cr= R (
(12)

The ratio of the i.s. of the electron states
(n, j, |k|) and (n, j, —|k|) is equal to

6T|kl _( aZ )2 r = 67“.’1171/2 _ aZ 2
T a1 e T, , T+o )"

For Z =80 we have v = 0.104 and the term
5Tnp1 P must be included in the calculation of

the spectral lines.t

*The product G, (R,) G, (R,) is replaced by G?(R,), since the
difference between G, (R,) and G, (R,) gives rise to a negligible
contribution.

tA particularly large i.s. 8Tnp " will be observed for the

spectral line emitted in the transition (n + 1)s - npy,.

(k <0).
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We consider separately the i.s. for the ns

electron:
6T ps = A2Zn3C cm™ (A= Ay).

The i.s. constant C has in second approximation
the form

R [ 145 \2/2Z CRBNZ 8 <R
Ctheor= —3,—(1‘(1—{-26)) ( ay > e, 4, 2) <R (13)

where

f(n, y, Z)

1—oc aZ+ (1+6)K(y) \2 s o
=<1”1+caz+(1_s)1<(y)>-‘/2“ "1 —P(n, ),

c=V1-(aZ)?, P(n,y) is determined by (7) and
K(y) by (9a).

The dependence of the i.s. constant Cipoop ON
the details of the nuclear charge distribution (6)
for fixed values of (R?) is given by the functions
f(n,y,Z). We have carried out calculations for
three cases: nonuniform charge distribution
(n =1), uniform volume charge distribution
(n =2), and uniform surface charge distribution
(n = ). The results, given in Table I, indicate
a very weak dependence of the i.s. on the details
of the nuclear charge distribution (variations of
less than 1%). The error in the determination of
C from the experimental data on the i.s. is sig-
nificantly larger. We can therefore assume in
formula (13) that f(n,y,Z) = £(Z) (see the fig-
ure).* Thus Ctheor depends, apart from Z, only
on the nuclear parameter (R?) and the relative
variation 6(R?)/(R?) in a series of isotopes.

As is seen from Table I and the figure, £(Z)
~ 1 with an error not larger than 3.5% for a large
region of nuclei with Z = 80. In this region the
formula for Cipheor takes on the simplest form

(13a)

Roo< 146

2, 2Z (R2>l/” 265 (R2>
Ctheor = 3 [‘(1—]—26)) ( )

ay (R °*
In references [*] and [¢] the i.s. constant Cipeor
has been determined for a definite radial charge

distribution of the nucleus, given by the trapezoidal
function

Po 0<r<e—z
p(r)={po<c+z—r)/2z, c—z<r<e+tz,
0 ct+z2<Zr

where

*The i. s. constant should not depend on the value of R,.
i.e., on y. The dependence of f(n,y,Z) on y indicates that the
applicability of our approximation is limited to the region of
small R, close to R, the radius of the nucleus. Since

R, > R = V(n+3)/(n+1) <R*>>%, we choose, e.g., y =%
(column 3 of Table I and figure).
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Table I. The function f(n,y, Z) for different nuclear
charge distributions

Pp(n y=1/y =", en (1) y=", Y=,
n=1 0.992 0.996 n=1 0.863 0.934
Z = 56 n=2 0.993 0.998 Z= 90 { n=2 0.866 0.938
n=oo0 0.995 1,000 n=oo 0.869 0.942
n=1 0.921 0,964 n= 0.781 0.885
Z=280 n=2 0,923 0.967 Z=100 { n=2 0.784 0.889
n=o0 | 0,927 0,971 n=o0 | 0.788 | 0.89%
{%)_ a definite radial distribution of the nuclear charge.
’ For this purpose we write the nuclear charge dis-
tribution in the form
03951
p(r, 9, @) = pof (r/r1), (14)
b~
650 where p, is the charge density at the center of the
. ' 2 nucleus and r; is the radius to the nuclear surface.
L 1 L
b 0 7 107, For nuclei with ellipsoidal deformations (7]

Behavior of the function f(Z) in the region of Z<100. For
Z<80, f(Z) = 1 with an error of less than 3.5%. The calculation
was done for a uniformly charged nucleus (n = 2). The value of
the parameter y was chosen as y = 2/3..

[+ (T

z=1,53.10"13 cm.

3Ze

_ L1013 A's
Vel ¢c=1,05.-10"13 4" cm,

Po =

It is asserted in the above-mentioned references
that such a choice of a nonuniform nuclear charge
distribution allows one to achieve agreement be-
tween theory and experiment for the i.s. without
recourse to the hypothesis of the compressibility
of the nucleus. However, it can be shown that
formula (13a) gives the same results if we substi-
tute in it (R?) for the trapezoidal distribution,

4 B — 2

)/ [1+ (]

with the above-mentioned numerical values for
the parameters ¢ and z. The calculation of (R?)
shows that the choice of numerical values for c¢
and z of references [*] and(®] leads to values of
(R?) which are too low by 10 to 15% for various
nuclei, as compared to the values inferred from
the experiments on mesic atoms and the scatter-
ing of fast electrons on nuclei. Thus the trouble
does not lie in the shape of the radial distribution
but in an incorrect choice of the numerical values
of the parameters determining (R?) and 6(R?)/
(R?).

c—2z

c+z

(R = Z(c+2p[1+(

2. COMPRESSIBILITY OF DEFORMED NUCLEI

Let us now determine the values of (R?) and
8 (R?)/(R?) for deformed nuclei without assuming

ry= ?1[1 +2°‘uy2p(ﬁv (P):l ’
P

where ¥, is the radius of the nucleus averaged
over the angles. In a special coordinate system

oy = 3cos7, oy =oa_y =0, Oy == Ol_g = 2‘1/’Bsin 7.

The radial charge distribution is given by the
function

f(x) >0 for x < 1;

For a uniform volume charge distribution, f(x) =1
for x < 1. We shall not specify the form of the
function f(x).

Let us determine (R?) for a nuclear charge
distribution chosen in the form (14):

R =o(r, 0, q)rdo [{p(r, 0, 9)do
- 7§s<§> (14 Eapsz]SdQ/cgy[l + S, Y 5,12 dQ
S T S VN R

where

f(x)=0 forx>1.

s = Sf(x) x“dx/ Sf(x) x2dx; f(7) = cosy(l —4sin?y).

0
We express Ty in terms of the radius of the
volume-equivalent sphere, Ry:
- 3 1 5
ri{l + 4 8+ W—V{;B% (T)} =R;.  (15)
The corresponding formula for (R?) takes the
form *

*The formula is also useful for dynamical deformations. For
vibrational nuclei 3?must be replaced by <3?> and y must be
set equal to y = 30°
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Ry=Ris[1+2p+ 2V Zeim+...]. a9

Here s is a parameter of the radial charge distri-
bution. For a uniform distribution s = ¥, and
formula (15) takes on the usual form. £el

We cannot separate the parameters R, and s
without making specific assumptions about the
radial distribution of the nuclear charge. Let
us therefore introduce the radius of the equivalent
uniform distribution

3 2 2
5 Rleq = Rus.

Choosing Rgq = r0A1/3, where ry = const, we thus
regard the nucleus with the equivalent uniform
charge distribution as incompressible.

Dropping the hypothesis of the incompressibil -
ity of the equivalent uniform charge distribution
under deformations, we must assume that

R2eq = geq f (8),

where Rgeq does not depend on the deformation
parameter B (Rgeq= 1.20A3 x 101 ¢cm ). The
function f(B) is chosen in the simplest form

J8) =1+ 88

The value of the coefficient ¢ is determined by
comparison with experiment. The dependence of
Rgq on the deformations can be explained either
by the compressibility of the actual nucleus under
deformations [Ry = Ry(B)] or by a change in the
radial distribution under deformations of the nu-
cleus [s =s(B)]. We shall not separate these
two causes in our discussion.* Using (17) and
(17a), we obtain for (R2)T

Ry =2 Riq[ 14 (Z+8)8 + -V Zeiw).
(18)

The final expression for the i.s. constant Cipeor
in the region of deformed nuclei has the form

(7)

(17a)

Coreor = 2 R (2 (123 (Znten )" L e,
where
L6 =1 (% + 1) (BB e + & 10+ 08m

X (B — B2) + 0.3 (B1f (11) — B3 F (12))]- (20)

*fonesco-Pallas[®] has recently discussed the i.s. for a
definite radial distribution of the nuclear charge depending on
the deformation parameter S3.

TCorrections for the compressibility of the nucleus under
deformations are introduced only in the term ~3°. However, this
should not lead to a great error, since the term ~B* is small. Its
relative contribution to <R*> is < 1% and to § <R*> not more
than 10%.

E. E. FRADKIN

For spherical nuclei L = 6Rgeq/Roeq-

Let us now turn to the determination of the
relative change in the equivalent radius 6Rgeq/
Rgeq under variations of the number of neutrons,
N, in the nucleus. We have

0Ry eq 8N ORjeq 8N SR, eq 6A
= = =M% (21
Roeq  FRoeq ON Roeq o4 N=3aMe @D
where
_ 8Ryeq /ORyeq ¢ = 34 dRyeq
M= "N 84’ T Roeq 44

For the model of the nucleus as an incompressible
drop we have n=1 and ¢ =1.

The data on the scattering of fast electrons on
nuclei speak in favor of p(r) = const, except in
the surface region, where p(r) goes smoothly to
zero.[T] The existence of a surface region has
practically no effect on the relation R, eq™ A1/3,
but changes the value of {. In evaluating the ex-
perimental data with the help of the Fermi model,
¢ is expressed in the following form: €21

3A dR

= _ 1—1.92947" 44,6874~
T Ryeq

T 14192947 — 41,5624’
which implies ¢ = 0.88 + 0.02 in the region 125
< A < 218. If the experimental data are evaluated
on the basis of the trapezoidal model, one also ob-
tains ¢ = 0.87 + 0.03 for this region of values of
A. Thus the value of ¢ does not depend on the spe-
cific shape of p(r) but is determined by the ex-
perimental data on the dimensions of the nuclear
surface region. The coefficients of regular com-
pressibility, n,tz] and deformation compressibil-
ity, &, of the nucleus are determined by compar-
ing Ctheor and Cexp in the region of spherical
and deformed nuclei. We assume that n and ¢
depend weakly on A and can be regarded as con-
stant in the region 134 < A < 210.

In order to be able to use formula (20), we must
know the values of the deformation parameters S
and y. The parameter 3 can be calculated from
the data on the intrinsic, quadrupole moment of
the nucleus Qj, which has been measured with
an accuracy of better than 5% by Coulomb excita-
tion. For this purpose we give the formula ex-
pressing the dependence of Q, on B with an accu-
racy up to terms of order p%:

oeq

dA (22)

Q= S p(r,®, @) r2 (3 cos?d — 1)dv

— 41/ (o 9,0) 20 (8) dr sin Dadde.

Choosing p(r,, ¢) in the form (15), we obtain
with the help of (16)
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Table II. Deformation parameter

Nucleus| Q,10~* cm? B || Nucleus | Q,,10-% cm? B Nucleus [Q,,10-% cm?| B8
Sm1so 3,65 [1] |0.480| Gdiss 7.41 [1] 0.325 Hif180 6.61 [15]]0.,243
Sm152 5.86 [11] |0.278| Gdeo 7.65 [11] 0,332 wisz2 6,34 [15] 10,226
Sm1s4 6.83 [1] 10.316 Yb17 7.48 [1] 0.290 Wiss 6.04 [15]]0.,215
Euls! 2.73 * 0.134 Yb171t 7,98 [Y4] 0,306 Wise 5.99 [15]]0,212
Euls8 6.94 [12] |0,317 Yb172 7.72 [11] 0.296 Rel8s 6.28 [16]10,219
Gdis4 5.88 [11] |0.268 Yb17 7.77 [14] 0.296 Re!87 15,60 [¢] (0,196
Gdiss | 6.50 (9] |0.202| Ybwe | 7072 [1] | 0.294] Osis |5.50 [10] |0 191
Gd1ss8 6.79 [1] ]0.303 Ybte 7.60 [11] 0.287( Ostse 5.30 [16]]0.184
Gdrs7 6.60 [3] |0.294 Hif1® 6.85 [19] 0.253|| Ost% 5,06 [16] |0.174

Osl92 4:54 [18]1 10.156

*Computed from the ratio Q, (Eu“l)/Qo (Eu"s) =0,393. ["]

3 5 .
Qo= ﬁZRzqu{cos'r + %V%B(l — 2sin%y) +. . }

___3_ 2 R 1_ in2 e
—VHZRoqu{COST+03GB( 2 sin’y) 4 }

(23)
The fact that formulas (17) and (17a) violate the
condition of incompressibility of the nucleus under
deformations affects only terms of order g%, which
have been omitted in (23). Within our limits of ac-
curacy* we can thus in (23) replace R3y by Rjeq
a quantity which does not depend on the deforma-
tion parameter 8. Within the framework of our
model it is not possible to determine the terms

of order % more precisely. For axially symmet-
ric prolate nuclei we havet

_ 3 _ope
Q==2R Oqu{l +0.368 +. . }
In Table II we list the values of the deformation

parameter 3 for 28 nuclei, as computed with the
help of formula (23a) (Rggq = 1.20 Al x 10 Bcm).

(23a)

3. COMPARISON WITH EXPERIMENT

The constant C is found from the experimental
data on the i.s. with the help of the formula

C exp = 8TnsZ [ A%matil (0), (24)

where 3(0) is the value of the nonrelativistic

wave function at the position of the nucleus.
Setting A% =1, we obtain the expression given

by Rosenthal and Breit, (4] where the relativistic

*The error in the estimate of 3 due to the neglect of terms
~B%in (23) is not larger than 3 to 5%, i.e., of the same order as
the experimental error in the determination of the intrinsic
quadrupole moment of the nucleus.

‘tIn a number of papers ([*°] and others) the following formula
is given:

Qo= B/ BMZR2 o4 Ll + 0.16p +...} (23b)
The discrepancy between (23a) and (23b) amounts to a few
percent for strongly deformed nuclei. It can be shown that the
term ~B3? has been determined incorrectly in the derivation of
formula (23b).

wave function is normalized by its asymptotic
form. The function yg(0) can be treated as a
wave function in some effective field of the nu-
cleus and the electron shells and the semi-em-
pirical Fermi-Segré-Goudsmit formulal!®] can
be used. Assuming € < 1, we find the following
expression for A%(n’) in the Coulomb field:

(n* + 1T (0’ + 26 +1) (N +1—n'2 (N +n’ + )
T(r+1)(1+o)2N3+20 (N 1)
In the effective field of the nucleus and the elec-
tron shells the number n’ can be regarded as an
effective radial quantum number equal to ng —1.
The calculations show that for 56 < Z < 82 the co-
efficient A% varies within the limits 0.80 < A
< 1.10 as n’ changes from 0 to 7. Changing n’
from 0.5 to 7 induces variations of A? within the
limits 1 < A < 1.10. It follows that a sufficiently
accurate estimate will be A2=1+ 0.1.

The coefficient in (24) can also be determined
in a different manner, by using the dependence of
the hyperfine structure constant of the s electron
term of an odd isotope on the magnetic moment of
the nucleus:[181* ag = GH(n")majp?(0)/Z, where

A2(n') =

8 .
G = Rua?Z - Y- F (1, 2) (1 —08) (1 —e),
H(n') = (" +1)* 12 (n’ + ) + N}/3N*.
The formula for Cexp can be rewritten

c oT,
&P 7 q (n)a,/G ’

_3 T("+2+1) N+n"+o)(N+1—n)

B ’ 2 ! o A
ZT@WEDAFT 2@+l (W DN o

The calculations show that the quantity «(n’) in-
creases smoothly from 0.95to 1 (Z = 55) and

*Usually one leaves out the coefficient H(n') in the expres-
sion for the hyperfine structure constant. This corresponds to
the approximation £=1, n”» oo, N » co, Then limH(n") =1.
Actually, e <1 and H(n") differs from unity by terms of order
(aZ)*, which may introduce errors of the order of a few per cent
for heavy nuclei.
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Table III. Isotope shifts

Ctheor'!0™ cm™ Bc
Ele- z 07 % (22), 1=0 exp’
ment A— A, C=ia,=110=1, ) 3 (22)2.,:1(1)= T a0£=0 il 85_ 10~ cm™
Ba | 56 134—136 102.2 62 62 4419 [
136—138 101.7 62 62 6713 [24]
Sm | 62 150—152 486 428 334 275 31265 [25]
152—154 327 268 173 189 17035 [25]
Eu | 63 151—153 818 754 657 458 450%50 [29]
154—156 353 285 177 203 162+26 [2)
155—157 185 118 110 109+18 [26]
Gd | 64 156—158 300 233 174 12119 [25]
158—160 218 152 128 12520 [2]
170—172 312 215 185 110£10 [*7]
Yb | 70 171—173 175 78 109 11212 [*7]
172—174 238 142 144 9918 [27)
174—176 196 100 121 94+5 [%7]
Hf | 72 178—180 206 97 132 144413 [2)
w T4 182—184 234 111 152 132+23 [28]
184—186 301 179 188 117420 [28]
Re | 75 185—187 149 18 106 15740 [2]
186—188 316 177 200 17627 [%]
Os | 76 188—190 291 152 186 15023 [%]
190—192 235 98 157 130£20 [23]
198—200 479.7 301 301 243+27 [%]
Hg | 80 200—202 477.6 300 300 270+30 [25]
202—204% 475.5 299 299 26730 [25]
Pb | 82 204—206 548.,0 345 345 280+30 [2]
206—208 546.2 344 344 31535 [25]

from 0.92to 1 (Z =80) as n’ is increased from
0to 6.

Thus we may estimate a(n’) to be equal to
a(n’) = 0.95 = 0.05. If sufficiently accurate ex-
perimental data are used for ag and p (error
~1%), formula (24a) is more reliable than (24).
The i.s. constant C,y, is determined from the
i.s. of the spectral line 6v up to a factor g which
allows for the contribution from the electron
shells to the i.s. Numerous computations [18-23]
indicate that 8 ~ 1 (with an error of 10 to 15%,
usually in the direction of a lower value of B).

The total error in the determination of Cexp
from the experimental data on the i.s. of the spec-
tral lines 6v is equal to 15 to 25%. This estimate
is supported by the fact that the values of Cexp
obtained from different spectral lines of an ele-
ment show a spread of the same size. [18]

In Table III we make a comparison of the i.s.
constants Cexp and Ctheor for 25 pairs of iso-
topes. Ciheor is computed from formulas (19),
(20), and (21) with different assumptions about the
values of the nuclear compressibility parameters
n, &, and £. It follows from the analysis of Table
III that it is necessary to introduce, in addition to
¢ [formula (22)], the coefficient of regular com-
pressibility n = 0.7 (column 5) in order to achieve
agreement between the calculated and experimen-
tal values of C in the region of spherical (Ba, Hg,
Pb) and equally deformed nuclei (Cd%%-157,
Ybi72-114) [2,21] gowever, for isotope pairs with

large differences in the deformation it is not suf-
ficient to decrease the regular part of the i.s. in
order to obtain agreement between theory and ex-
periment. We must also decrease the deformation
part of the i.s. Illustrative examples of this are
the i.s. of the nuclei Eu!®1-1% angd others (column 6),
where only the deformation isotope shifts are
given. The latter are not smaller than the total
experimental i.s. Cegxp.

It is therefore necessary to introduce the com-
pressibility constant of the nucleus for deforma-
tions £ < 0. If we set n=0.7 and £ = —5/8m, we
obtain agreement between the calculated and ex-
perimental values in almost all cases (23 pairs
of isotopes, column 7). *

The computations leading to Table III have all
been carried out for axially symmetric nuclei
(y=0). According to the model of Davydov and
Filippov, [?*] some of the nuclei considered by us
are not axially symmetric. However, the effect
of the deviations from axial symmetry on the i.s.
is small (not larger than 10%) and is not observ-
able in practice in view of the experimental errors
in the i.s. itself as well as in the values of the de-
formation parameters. We illustrate this on the
example of the relative i.s. of the isotopes of Os
(Table 1V).

*The calculated values Ctheor for the isotope pairs Yb'”,
Yb'"? and W'®*, W'*¢ are too high, apparently owing to the use of
incorrect values for the deformation parameter 3 for the nuclei
Yb'7° and W6,
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Table IV. Relative isotope shifts of the isotopes of Os*
(n=0.7, ¢&=0.894)

Relative Relative Relative
Isotope i s i s, L s Experi-
of Os Y 5 Y 5 5 ment(*]
E=—gn =0 E=— g | E=0 E=—gn | &0
186 0 15.9
1.27 1.81 1,31 2,00 |vibra-| 1.36 2.30 1.35
188 0 18,5 tional
1.18 1.55 1,26 1.78 Nuclei 1.22 1.83 1.15
190 0 21.9 ucled
1 1 1 1 1 1
192 0 24.5

*The relative i, s. were computed by formulas (20) and (21) for three nuclear models:
axially symmetric nucleus (y=0), non-axially symmetric nucleus,[”] and vibrational
nucleus, with different assumptions about the value of the nuclear compressibility con-
stant for deformations: f=0 and {=-5/87, The i. s. of the pair Osl”, Os™? was taken as

unity,

Using the value ¢ = —5/87 we obtain for the
mean square radius of the deformed nuclei

RS = 2R [ 1+ e+ 2Y Eeim], asa)

which exhibits a slower increase of (R?) with B
than is the case for incompressible nuclei with a
radial charge distribution which is independent of
the deformation. This can be interpreted as an
increase in the concentration of protons at the
center of the deformed nucleus as compared to
spherical nuclei.

In conclusion I take this opportunity to express
my deep gratitude to Prof. N. I. Kaliteevskii and
M. P. Chaika for their constant attention to this
work, Prof. Ya. A. Smorodinskii and Yu. P. Don-
tsov for a fruitful discussion of the results, and
to D. P. Grechukhin for valuable criticism.
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