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The _range of hea:y charged particles in matter can be expressed with sufficient accuracy by 
a umversal functwn. The range-energy relation can be written out with the aid of this func
tion in the form E =aRm, where m is independent of the composition of the substance. 

1. As is well known, the energy loss of a heavy 
particle of charge ze passing through matter is 
given by 

(1) 

where R is the range in g/cm2, N0 is Avogadro's 
number, A and Z the atomic weight and the 
atomic number of the substance, and v is the par
ticle velocity. We shall call the coefficient B the 
braking ability of the substance. 

Lindhard and Scharff [1] have shown using 
[2] ' Bloch's law I= KZ (where I is the average 

ionization energy of the atom) that in the approxi
mation of the Thomas- Fermi model the braking 
ability B depends only on a quantity x, given by 

(2) 

Using this fact, it is easy to show that the range of 
the particle in the substance will have the form 
R = Azz- 2 F(x), i.e., it will be expressed in terms 
of a universal function of x. 

However, experiment shows that Bloch's law is 
inaccurate. Figure 1 shows the Z-dependence of 
the quantity K = 1/Z, obtained as a result of sev
eral investigations. The full circles denote data 
for protons with energy higher than 340 MeV [3- 5]. 

In reducing these data, only corrections for the 
relativistic effect were taken into account in the 
formula for the losses. The average ionization 
energy of aluminum was taken to be 163 eV. The 
light circles denote the results of investigations 
made with low-energy protons [6•7J. The curve in 
the figure is a plot of I= Kzn, (K = 17, n = 0.86 ). 
The experimental points fit the curve quite well, 
whereas according to Bloch they should form a 
line parallel to the Z axis. 

The experimental data presented show appar
ently that Bloch's law I= KZ does not hold, i.e., 
the braking ability cannot be a function of x only. 
Nonetheless, the range can be expressed in terms 
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of a universal function, provided x is replaced by 
the different parameter 1) 

y = Ejla0 , (3) 

where E and a 0 are the kinetic energy and the 
mass number of the particle ( E should be expressed 
here in MeV and I in keV). Although the expres
sion for y does contain the average ionization 
energy I, the exact value of I is immaterial for 
what follows. 

We assume that the braking ability depends 
only on y not only in the approximation of the 
Thomas-Fermi model, but in the general case. 
Then the range R is expressed in terms of a 
function F which depends only on y: 

(4) 

In the Be the approximation [9], the function F ( y ) 
can be obtained theoretically. In the general case 
it is difficult to calculate F ( y ), for in spite of 
numerous papers [10- 16], the exact form of the ex
pression for the braking ability is unknown. We 
shall determine the function F( y) from the ex
perimental data. Since the form of F( y) does not 
depend on the composition of the substance, i.e., 
F ( y) is a universal function, we use for the con
struction of F ( y) the most exact and complete 

1>As usual, it is assumed that I is independent of the 
energy. The parameter y was previously investigated by 
Maksimov in a calculation of the universal range-energy rela
tion.[~] 
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data obtained in experiments with nuclear emul
sions. 

2. Figure 2 shows the experimental data ob
tained by Barkas et al [t7], who made their meas
urements over a wide range of energies, from 1 
to 700 MeV. The results are given for a proton in 
a standard emulsion. We see that in the energy 
interval 7-200 MeV the experimental points fit 
the straight line quite well. If the energy is ex
pressed in MeV and the range in microns, then the 
range-energy relation in this interval can be ex
pressed by 

h=Zfl'm-2jalm A. (9) 

Inasmuch as F ( y) is a universal function, the 
constants k and m entering into the range-energy 
relations (5) are also universal. Since the average 
ionization energy of a standard nuclear emulsion 
is I= 0.331 keV,C 3•21J it follows that the energy 
interval 7-200 MeV corresponds to a y interval 
from 20 to 600. The range-energy relation for all 
substances is expressed in this y interval, in ac
cordance with (5) and (6), by 

E = aRo,s<4. (10) 

E =aRm, 

where the constants2l a and m are equal to 

a= 0.26.5 ± 0.002, m = 0.574±0.001. 

(5) Only the quantity a depends here on the composi
tion of the substance and on the parameters of the 
particle. In the interval 600 ::s y ::s 2700 the range

(6) energy ratio is expressed, in accordance with ( 5) 
and (7), by 
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FIG. 2. Range-energy relations for protons in standard 
emulsion: x- experimental data[17], o- results of calcula
tion. [••] 

In the 200-1000 MeV interval the range-energy 
ratio can also be represented in the form (5). If 
the energy is expressed in MeV and the range in 
em, then the values of the constants will be: 

a= 41.41 ± 0.40, m = 0.656 ± 0.003. (7) 

Comparison with the experimental data has 
shown that formula (5) holds true with high accu
racy in the energy interval 7-1000 MeV. 

3. Let us construct the function F ( y) for a 
proton ( a 0 = 1, Z = 1 ). Using (5), (4), and (3) we 
obtain 

F (y) = kyifm, ( 8) 

2 lOther values were obtained in some investigations for 
the constants a and m: a = 0.262, m = 0.575[••]; a= 0.251, 
m = 0.581[••]; a= 0.286, m = 0.568[•o]. The differences in the 
constant m can be attributed to inaccuracies in the measure
ment and to the fact that the measurements were carried out 
in different energy intervals. 

E = aRo,ns6. (11) 

4. We used the derived relations in connection 
with a water-emulsion chamber [22 •23J. To deter
mine the constant a in (10) we measured the av
erage range of the muons from 1r - f.l - e decay 
and found it to be ~ = 1010 ± 16f.l,. Taking the 
muon energy to be 4.12 MeV [24], we obtained 
a = 0.197. The range-energy relation for a water
emulsion chamber thus has the form 

E = 0.!97Ro,sa. (12) 

Using a = 0.197 and relation (9), we obtain for the 
average ionization energy in the water-emulsion 
chamber: 

lw.e.=0.206keV. (13) 

5. Several experimental facts can be cited to 
corroborate the universality of the constant m, 
and consequently the hypothesis that the retarding 
ability depends only on y. 

A. The Interval 20 ::s y ::s 600 

1) Ranges were measured for 69 protons of 
known energy in a water-emulsion chamber [2 ~] 
with a composition greatly different from that of 
ordinary emulsion. The results were reduced by 
least squares. The relation obtained 

E = (0.201 ± 0.008) Ro,573±o,oos 

agrees well with (12). 
2) Figure 3 shows the deviations of the experi

mental ranges Re from the values Rt calculated 
by formula (10) for aluminum, copper, lead, and 
nuclear emulsion. The relative deviations are 
given as functions of y. 
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FIG. 3 

As can be seen from the figure, the deviations 
do not exceed about one per cent [i7, 25- 27J. 

B. The Interval 600 ::s y ::s 2700 

1) Differentiating (5) and taking (9) into account, 
we obtain an expression for the energy loss in the 
form 

dEjdR = m (Z/Ak)fl/m-2£1-1/m. (14) 

Using this expression and the universality of the 
constants k and m, we obtain for the ratio of the 
braking abilities 

BjB 0 = (A 0ZjAZ0)(ljl0 )11m-2 • (15) 

We see that the energy does not enter into the ex
pression for the ratio B/B0; this is in good agree
ment with experiment [3•4•28- 30]. 

2) From experiments by Mather and Segre 
(340-MeV protons) and of Zrelov and Stoletov 
(660-MeV) in copper[28 •5J, we obtained m = 0.65 
± 0.02, which agrees with (11) within the limits of 
experimental error. 

The author is grateful to M. I. Podgoretskil 
and K. D. Tolstov for valuable discussions, to 
B. P. Bannik and M. G. Shafranova for help with 
the work, and to Kim Ze Phen and Om San Ha for 
making the calculations on the M-20 computer. 
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