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The constants appearing in the Weizsdcker formula for the binding energy of an atomic
nucleus are calculated. To account for correlations the gas approximation with a changed
dispersion law of nucleons, whose applicability was demonstrated in [2], is used. Inhomo-
geneity effects are taken into account in the Thomas-Fermi approximation (heavy nuclei).
Agreement with the empirical values of the coefficients is achieved.

].. One can assume as established that the proper-
ties of nuclear matter are satisfactorily described
through a pair interaction potential between the nu-
cleons, which is derived from nucleon scattering
experiments (cf., for example, [1’23). Therefore
the application of methods worked out in the theory
of nuclear matter to the description of the funda-
mental properties of real nuclei is of definite in-
terest.

Attempts to obtain integral characteristics of
nuclei, starting only with a given pair potential,
have already been carried out earlier [3-6], we
have in mind, in particular, the works of Gombas
and co-workers [3], where the Thomas-Fermi
model is used. However for agreement with ex-
perimental data a pair potential inconsistent with
experiments on nucleon scattering had to be intro-
duced in this connection. The application of the
Bruckner method to the description of the proper-
ties of heavy nuclei makes the mathematical ap-
paratus even more inconvenient. Only preliminary
evaluations have been performed so far in this
direction %87,

To account for the dynamical correlation ef-
fects, which play an essential role for realistic
interaction potentials, a method proposed in a
previous paper by the authors (2] is used in the
present work. The essence of this method con-
sists of the following. The pair interaction poten-
tial of the nucleons is split into a sum of two po-
tentials. For one of them (the attractive one)
which has a large range of action a (the param-
eter kja is > 1, where k; is the Fermi momen-
tum ) we assume the Hartree-Fock approximation.
To the other one (‘‘hard core’’) we apply the gas
approximation (the parameter kjc is « 1, where
¢ is the radius of the ‘‘hard core’’). The interfer-
ence between these two potentials leads to a change

in the dispersion law of colliding nucleons at the
expense of the self-consistent potential of the
forces of attraction, as was shown in (21,1

In contradistinction to the case of uniform nu-
clear matter, in our case it is necessary to take
the effects of nonuniformity into account. In gen-
eral the kinetic energy of the system is some func-
tional of the particle number distribution of the
system Egin = Ekin{p (r)}.? This functional can
often be expressed in the form of an expansion in
the derivatives of the function p ¥:

Eyin = {drfy (p () -+ {drfy (p () (Vo () + - - . .

Here the functions fy, f;, etc contain the density
values at the considered point r only.

Let us further introduce the quantity ky(r)
= (37r2p(r)/2 )1/3; in the uniform case it coincides
with the limiting momentum k; while in the non-
uniform case it coincides with limiting momentum
of the usual Thomas-Fermi method, if the corre-
lation interaction is not taken into account there.
In the general case Kky(r) is the limiting momen-
tum of the motion in some effective field including
the correlation effects.

We must emphasize that these statements are
only true in the case that the ratio of the second
term in the expansion of Eyj, to the first one is

DStrictly speaking, the applicability of the method con-
sidered was demonstrated only for uniform nuclear matter. In
the case of a realistic nucleus, whose density distribution
has the shape displayed in Fig. 1, this proof is applicable
as before to the central part of the nucleus. As to its surface,
the estimates given in [ZT warrant the applicability of the
method even there, except for an inessential region of very
small density.

2The expressions for the remaining parts of the energy
are given below.

We consider a spherically symmetrical system.
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small. An estimate of this ratio from simple di-
mensional arguments gives the quantity (Vp)2%/ ps/ S,
Introducing the wavelength x(r) ~ 1/ky(r) of a
particle moving in the effective field mentioned
above the ratio considered takes the form

(dx/dr)* ~ 1]k,

where rj is the distance over which k, changes
by a noticeable amount.

Thus, if dx/dr < 1, i.e., the wavelength varies
little over distances of the order of a wavelength
itself (this corresponds to a quasiclassical char-
acter of the motion of the particle in the effective
field ), then the second term in the expansion of
Ekin can be neglected. By the same token one
can use the expression for the energy of a uniform
system with the constant k, replaced by the func-
tion Ky(r).

The empirical results concerning the function
p(r) in the nucleus show that the nucleus can be
divided into two parts. In the central part of the
nucleus the density distribution varies noticeably
over distances of the order of the nuclear radius,
ie., ~ aA1/3, where a is the range of the forces.
In this region (dx/dr)2 ~ A'2/3/k(2,a2 ~ A28 since
ko~ 2L In the surface region of the nucleus r,
~ a and therefore (dx/dr)?~ 1.

Thus for sufficiently heavy nuclei the quantity
(dx/dr)? is small in the central part of the nucleus
and of order unity on the surface. The effective
contribution of the second term in the expansion of
Ekin is therefore of order A1, We have to re-
mark that the numerical coefficient in the corre-
sponding expression turns outtobe very small, which
in general allows us to discard the correction con-
sidered. The same applies also to the quantity Ec
[cf. (7) below].

The determination of the function p(r) [and
ko(r)] and also the value of the system energy can
be most simply effected using a variational prin-
ciple, i.e., requiring a minimum of the energy rela-
tive to a change of p(r). We use below a direct
variational method, in which we essentially sub-
stitute into the expression for the energy trial
functions p that depend on some parameters, and
then minimize with respect to these parameters.

These trial functions are chosen of the follow-
ing form:

P, my (1)
r<R—d/|2
R—d/2<r<R+dj2’
(1)

“The expression for this correction (called the quantum
correction) has the form (8/72M) Sdr (Vp)*/p. The coefficient
in the well known Weizsidcker formula, as will be shown, is
too large by a factor of ninel].
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The indices p and n correspond respectively to
the proton and neutron distributions. It follows
from the normalization conditions

Sd"P(p) (r)=Z2, ‘drp(,l)(r) —A -7

(Z 1is the charge of the nucleus) that the nuclear
radius R is determined by the relations

R~ (9 A)h | 2k, (2)

and

Po(m = Po(l —¢), Pony = po (1 -+ &), (3)

where € = (A —-2Z)/A. Here and below it is as-
sumed that the width of the surface layer d is
small compared to the nuclear radius (cf. the
figure). The quantity k, entering into (2) is k,
= (37%p)! /2,

e

/?*z

The trial function (1) thus contains three varia-
tional parameters (for given mass number A). In
the first place there is the nuclear radius R (or
the limiting momentum k; in the core of the nu-
cleus). Second, there is the parameter ¢ deter-
mining the relative excess of neutrons. Third and
last is the width of the surface layer d.

The variation of the energy with respect to these
parameters can, naturally, give only a relative min-
imum. The reason for this is that we are consider-
ing a comparatively narrow class of trial functions,
albeit in agreement with the experimental data on
the shape of the nucleus. Therefore the energy
value obtained below turns out to be somewhat
exaggerated.

The use of a wider class of functions would lead
to a considerable complication of the calculations.
Therefore we limit ourselves to the statement of
qualitative expressions, corresponding to the use
of the chosen class of trial functions. Moreover
we can point to the results of the numerical calcu-
lations of Gombés (3] and Cameron [#J, who inves-
tigated convergent problems and obtained an al-
most uniform density distribution.

We mention in this connection two factors con-
tributing to the relative uniformity of the density
distribution in the core of the nucleus. On the one
hand, the different forces create opposite tenden-
cies in the particle distribution: the Coulomb and
repulsive forces tend to create an excess density
at the surface of the nucleus, while at the same
time the attractive forces lead to a concentration
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of matter in the center. On the other hand, the
sharp density dependence of the repulsive forces
that make a positive contribution to the energy
plays an important role. Therefore a noticeable
deviation of the particle distribution from the
uniform one proves to be energetically unfavored.
It is precisely for this latter reason that Cameron
(cf. above) obtained a practically uniform particle
distribution in the neutron gas.

In view of the fact that the direct variational
method leads to too high a value for the energy it
is necessary to dwell especially on the problem
of the stability of the nucleus against its collapse
to a point. The situation is in that sense more
favorable in the theory of a realistic nucleus than
in the theory of nuclear matter, since the addi-
tional terms in the energy, corresponding to the
Coulomb interaction, symmetry energy, and sur-
face effects give according to their physical mean-
ing a positive contribution. Therefore as soon as
the stability of nuclear matter is established the
stability of a realistic nucleus follows automatic-
ally from it.

Variation of the expression for the energy yields
a relation which agrees in form with the semiem-
pirical Weizsicker formula.® Therefore the com-
parison of the results obtained here with experi-
ment causes no difficulty and indicates a sufficiently
good agreement (at least with a 20 per cent accu-
racy). Thus the model in which an empirical nu-
cleon pair interaction is used can describe a whole
series of characteristics of a realistic atomic nu-
cleus in the ground state. This circumstance ap-
parently indicates that the role of many-body
forces in nuclear matter is not as large as could
be concluded from general arguments.

2. We choose the same nuclear pair interaction
potential as in [2];

v (r) = () +0a(r)'§§
ve = oo for r ¢, v.=0forr>¢
v, = -Vyfore<<r <a, v, =0forr<lc, r >a
c=04F, a =23F, Vo = n%4AM (a — ¢)%;

§ is the Serber exchange operator.

In the approximation considered the total en-
ergy of the nucleus can be written down in the
form of a sum:

E = Ekin + Ea -+ Ec + ECoul' (4)

Here the kinetic energy of the nucleons has the
form (kop,ny(r) = (37%0(p,ny(rN'7)

9The pairing effect, which requires different methods for
its description, is of course, not taken into account here.
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P
Exin = 550 \dr (&S (o () + & (m)(r)). (5)
In the Hartree-Fock approximation the energy
corresponding to the attractive potential v, has

the form

e
E, == g—\drl dry Vg (r10) {Pip) (1) oy (F2) Py (1)) Py (r2)

e
L Apgy (1) pey (ra)} + 2 2y S dry dryu(ry)

% «{.\"dpldpz i\ dpidp, + 4 | dpldpz},

i i 111

x exp [i (py — po) Tl (6)

where the integration regions I, II, and III are de-
fined respectively by the inequalities

Pz < Ry (p) (11); Pre < k@ (ry);
(6")
The correlation energy Ec is calculated in the

gas approximation taking the changed nucleon dis-
persion law into account and has the form (cf. 23y,

P < ko (r), P2 <Ry ) (rs).

47t

E;= @y \.Ma (ry {\d[h dp, +§ dp, dp, + 4 \ dp, dp, }

111

- gy ) dr {5 <~A~4‘?%> (%52 o

+0.13¢( ()) (MY £ (1) + 5

B} (7)

Here the integration regions I, II, and III are
defined by (6’), where one only has to replace r,;
and r, by r; ky(r) =[3n? (Ppy +Pemy) )/2 113, M*(r)
and My(r) are effective masses, which in contra-
distinction to the corresponding quantities in (2]
depend on the coordinates of r. In the derivation
of this formula we did not consider the dependence
of the effective masses on the difference between
the densities p(py and p(p). Moreover we neglec-
ted this difference in the terms of second and third
order in c. The contribution of the terms not ac-
counted for here is very small.

The expression for the Coulomb energy will be
given below for a specific function p(r).

3. Substituting the trial function (1) into the ex-
pression for the energy (4) we can represent the
latter in the form of an explicit function of the
variational parameters kg, d, and €. Here we
neglect from the very beginning terms giving a
contribution of the order of (a/R)%~ A~%/3, which
is equivalent to considering heavy nuclei. Assum-
ing that the thickness of the surface layer is d ~ a
(this will be verified by the calculation), we also
omit terms of the order of (d/R)2. Furthermore
the quantity €, in which an expansion to second
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order inclusively will be carried out, turns out to
be comparatively small. Terms giving a contribu-
tion of the order of €%*(a/R) as well as the men-
tioned interference of surface effects and the sym-
metry effect will likewise not be taken into account.

In the calculation of the integrals in (7) we re-
place the functions M*(r) and My(r) on the sur-
face layer by the constants M{ and Mm, which
are defined in the same way as in 2] put are re-
ferred to the density p =p,/2. This replacement
does not lead to a significant error, since M* and
M, depend very weakly on r. Numerically M,/M
=1.47, M{/M = 1.3 (with the equilibrium value of
the parameter kg).

As the result of easy but lengthy calculations
one obtains for the energy per nucleon the expres-
sion

U surf

—A— = Uvor-r & Usym+ UCoul +

(8)
coinciding in form with the Weizsidcker formula
without the correction for the pairing energy.

In formula (8) the expression for the volume
energy Uyo] coincides with the one obtained in [2]
for the case of nuclear matter. The second term
in (8) corresponds to the symmetry energy due to
deviation in the proton and neutron numbers from
the mean (it vanishes for Z = A/2). For Ugym
one obtains the expression

3sin 2
(et )]

le:ﬁ 2
WP
9)

Here we dropped the correlation correction of sec-
ond order in 7y, which is equal to

Usym= 'YM*+ 12(

4k 221n2—1/M> M,

—omMT T w w) M

0w ~ — 0.5MeV.

Here and below y = kyc, & =kpa, and M* is the
effective mass for p = p,.

The expression for the Coulomb energy is calcu-
lated with sufficient accuracy from the model of a
uniformly charged sphere

2e2ky / 3\
Ucour= 5°<—) .

< (10)

Finally for the surface term Ug,,f We obtain the
expression

Usur;=2.950a + B + (1.3 a + B) y + 0.45 ¢ y* + o(y*).

(11)
We introduced here the notation
d B 3\ mEe
l:T_l’ O‘«:m(ﬁ> "—_144(2_,”4»

=) [+ + oz

G. M. VAGRADOV and D. A. KIRZHNITS

(4 =] - - $h - 34
SR — )

—eefon (4 ) - (00) + )

It is assumed that y < 1; this permits us to limit
ourselves to the terms written down in (11). For
the equilibrium value of k; we have o ~ 27 MeV
and 8 ~ —50 MeV.

4. We proceed to the variation of the expression
obtained for the energy. We begin with the varia-
tion with respect to ky. In the previous paper [2],
where an analogous procedure was carried out for
the first term of formula (8), the equilibrium value
of ky equal to kg = 1.4 F~! was found. Writing the
equilibrium value of k, for a realistic nucleus in
the form

ko = koo + 6’30»

it is easy to see that 6k, can be put into the form
of a sum® 6;€? + 6,A71/3, where 6; and 6, are
certain coefficients. Substituting the expression
obtained into (8), expanding it in powers of € and
A" and allowing for the minimum condition
9Uyo1 /9Ky Koo = 0 we verify that within the accu-

racy limits taken we can put

ky = koy — 1.4 F-1, (12)

The equilibrium value of k; is thus determined by
the first term of formula (8) alone. The value of
the nuclear radius corresponding to (12) [cf. (2)]
turns out to be equal to 1.1 Ai/3 F, which almost
coincides with the experimental value.

Only the quantity Ug,,f depends on the param-
eter d. Its variation with respectto y =d/a — 1
gives

Ugurs = 23 MeV, y = 0.6. (13)

The thickness of the surface layer is defined as
the distance over which the nucleon density drops
from 90 to 10% of its value at the center. For y
= 0.6 the thickness of the surface layer turns out
to equal to roughly 3 F (the experimental value is
2.4F).

The symmetry energy Usym can be gotten di-
rectly from the relation (9). One obtains for it the
value of Ugym ~ 33 MeV. The variation with re-
spect to the parameter ¢ is easily carried out if
one expresses the factor Z? in the Coulomb energy

9In this analysis we do not take into account Coulomb
effects, whose contribution turns out to be very small.
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through €. As the result one obtains the following
equilibrium value:
z Ucout 44\
z 2<4+ ol ) .

AT sym

(14)

Using the fact that Uggy) = 0.71 MeV we obtain for
uranium Z/A = 0.41 (the actual value is Z/A
=0.39).

In conclusion we compare the values obtained
above of the coefficients of U in formula (8) with
their empirical values. Two variants of the semi-
empirical Weizsicker formula (7 can be used for
such a comparison.

In the simplified variant the coefficients U have
the following values”:

Usure~ 18 MeV, Usym=~ 24 MeV.

In the second variant of the Weizsicker formula
we take into account the mutual influence of the
surface effects and the symmetry effect; this influ-
ence contributes the additional term U’e2A~1/3,
Then

Ut~ 21 MeV,  Usym~30MeV,  U’'~ — 36 MeV.

The values of the coefficients Ugypf and Usym
obtained in this work correspond more closely to
the second variant, even though these variants do
not differ strongly from each other. A detailed
comparison with the second variant could not be

NThe coefficient Uyo; was considered in[ZJ; the coeffi-
cient Uc,y1, which has a simple meaning, coincides with
its empirical value.
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achieved in here, owing to the neglect of the mu-
tual influence of the surface effects and the sym-
metry effects. To account for this influence we
must introduce different trial functions for the
protons and neutrons in the surface layer, which
will be done in a separate paper.
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