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The spectrum of neutrons scattered inelastically from a vanadium sample was measured 
using a time-of-flight neutron spectrometer. A digital computer was used to reconstruct 
the phonon spectrum from the experimental data and the accuracy of this reconstruction 
was determined. 

1. INTRODUCTION 

THE phonon spectrum g( w) is an important quan
tity for solid state physics. Until recently the main 
method for finding the form of the phonon spectrum 
was the calorimetric method in which one studies 
the temperature dependence of the specific heat at 
constant volume. However, it has been shown theo
retically[1,2J that the reconstruction of the spec
trum of excitations of a Bose system from its spe
cific heat, which involves the solution of an integral 
equation with an unstable kernel, cannot be done 
uniquely with the present-day calorimetric tech
nique. 

The possibility of a direct determination of the 
spectrum g( w) from experimental data arose only 
recently in connection with the start of studies of 
inelastic scattering of "cold" and slow neutrons 
and the Mossbauer effect. In these experiments 
the measured quantities are linear functions of 
g( w ), and the problem of reconstructing the pho
non spectrum is simplified considerably. [3- 6] 

One of the first substances for which inelastic 
scattering of neutrons was studied in order to de
termine g( w) was vanadium, which is a mono
isotopic metal with a body-centered cubic lattice. 
[ 7- 10] Because of spin incoherence, its coherent 
scattering cross section for neutrons is negligibly 
small, so that one measures the cross section for 
inelastic incoherent scattering which is simply re
lated to the function g( w ). [3] The main features 
of the data on the vanadium spectrum, as deter
mined from neutron measurements, are shown 
in [s, 9], but the relation between the ordinates of 
the maxima of the phonon spectrum and their widths 
are somewhat contradictory. We therefore made a 
new measurement of the spectrum from inelastic 
scattering of "cold" neutrons by vanadium, using 
a neutron time-of-flight spectrometer with a reso
lution higher than that used previously, and ana
lyzed the accuracy of the corrections made in re-

constructing the phonon speetrum. 

2. MEASUREMENT PROCEDURE 

The measurements of the spectrum of inelastic
ally scattered neutrons were made on equipment 
set up at the IRT-1000 reactor. [1i] The vanadium 
sample, in the form of a plate 15 x 18 x 1 em was 
placed in the scattering chamber at an angle of 45° 
to the incident beam. The sample temperature was 
293°K and the vanadium content in the sample ex
ceeded 99. 7%. The spectrum of scattered neutrons 
was measured over the energy range from 10-2 to 
5 x 10-2 eV at an angle of 90° to the incident beam. 
The chopper had a slit width s = 8 x 10-2 em, the 
speed of revolution of the chopper rotor was 4500 
rpm and the width of the channels of the time ana
lyzer was 32 p.sec. With our choice of rotation 
speed of the chopper, the maximum of the trans
mission function corresponded to approximately 
the middle of the energy range studied, and dropped 
to 0.5 at the ends of the range. Spectral measure
ments at energies below 10·-2 eV were of no interest 
since this part of the scattering curve can easily be 
computed from the elastic constants of vanadium [12] 
and contains no additional physical information. 

The measurements of the spectrum of inelastic
ally scattered neutrons were made with the reactor 
operating at nominal power,. and the intensity of 
scattered neutrons was 0.6 neuts/min per channel 
with a background of 0.3 neuts/min. Thus more 
than 100 hours of measurements were needed to 
get satisfactory statisti.cal accuracy. 

Since the chopper of the time-of-flight spec
trometer has parabolic slits and operates as a 
crude monochromator, to obtain the true spectrum 
of inelastically scattered neutrons one must cor
rect the primary experimental data for the defor
mation of the spectrum by the transmission func
tion of the chopper. For the chopper used in this 
experiment, the transmission function was deter-

1472 



INVESTIGATION OF THE PHONON SPECTRUM OF VANADIUM 1473 

1,0 

.~ aa 
Ul 
Ul ·g D.6 
Ul 

~ a4 
£-< 

fZOO fJOO 

FIG. 1. Comparison of experimentally determined and 
computed chopper transmission functions. 
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FIG. 2. Dependence of 
total correction Tf on wave 
number of scattered neutron. 

mined experimentally. Figure I shows the results 
and a comparison with the theoretical transmission 
function. 

In addition one must take account of deviations 
of detector efficiency from a 1/v law and of atten
uation of the neutrons in the air along the path be
tween the chopper and the detector, where the path 
length is increased because of the scattering. Fig
ure 2 shows the dependence of the total correction 
TJ on the wave number of the scattered neutron, in
cluding all three factors, while Fig. 3 shows the 
experimental curve of the spectrum of inelastic
ally scattered neutrons when all the corrections 
are included. As we see from Fig. 3, the maxima 
in the spectrum of scattered neutrons are well re
solved and the maximum at higher energy is the 
more intense one. 
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FIG. 3. Intensity of scat
tered neutrons as a function 
of wave number; ~is the 
resolution of the neutron 
spectrometer. 

k, 108 cm-1 

3. RECONSTRUCTION OF THE PHONON 
SPECTRUM 

As already mentioned, for vanadium the proba
bility of scattering of a neutron with absorption or 
emission of one phonon of frequency w is propor-

tional to the density of the phonon spectrum at the 
given frequency: [3] 

W(± 1 l = F (E, n, £', n') g (E- £'), (1) 

where F ( E, n, E ', n' ) is a factor which contains 
functions specific for the scattering as well as 
simple normalization factors: E and n are the 
energy and unit vector along the direction of the 
scattered neutron; E' and n' are the correspond
ing quantities for the incident neutron. Roughly 
speaking, the experimental spectrum of inelastic
ally scattered neutrons (Fig. 3) enables one, using 
(1), to determine directly the phonon spectrum of 
the material. 

However, an analysis made in this approximate 
way does not permit the reconstruction of the func
tion g( w ) with the maximum attainable accuracy 
for this experiment. Actually the expression (1) is 
strictly applicable only to the spectrum of neutrons 
scattered by an infinitely thin sample, where the 
contribution from multiphonon scattering has been 
subtracted, and applies only to an apparatus with 
infinite resolution. These requirements are not 
met in the experiment. Thus to reconstruct g( w) 
from the neutron experiment one must consider the 
effect of distortion of the spectra of incident and 
scattered neutrons due to target thickness, the con
tribution of multiphonon and successive one-phonon 
processes, and also include the effect of non-mono
chromaticity of the primary spectral line of "cold" 
neutrons and the finite resolution of the time-of
flight spectrometer, which determine the overall 
resolution of the equipment. 

It is convenient to carry out the procedure for 
reconstructing g( w) in two stages: 1) reduction 
of the experimentally measured spectrum of in
elastically scattered neutrons to the spectrum for 
an infinitely thin sample and subtraction of the con
tributions from multiphonon and successive one
phonon processes; 2) reconstruction of the function 
g( w) from the spectrum for the infinitely thin sam
ple taking into account the overall resolution of the 
apparatus. 

The complete solution of the problem of finding 
g( w) for vanadium was obtained using the TsM-2 
digital computer. Figure 4 shows the function 
g( w) obtained in the first stage of the reconstruc
tion, while Fig. 5 gives the final result. In the in
terval from w = 0 to w1 = 1.52 x 1013 sec-1, the 
function g( w) is given by Bw2 (with B = 0.0579 ), 
while in the range w > w 1 it is reproduced by the 
expansion 

13 

g(w) =C ~ g..fa.(w) (2) 
cr.=O 
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FIG. 4. Phonon spectrum 
of vanadium, constructed 
assuming a delta-function 
shape for the overall reso
lution function. The dashed 
curve gives the contribu-
tion of twofold and two-

/o phonon processes. 
10-2 sec·' 
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FIG. 5. Phonon spectrum 
of vanadium, constructed 
using the overall resolution 
function. The curve o(w) 
indicates the accuracy in 
reconstructing the spectrum. 
The dashed curve shows the 
low-frequency part of the 
Debye spectrum for 8 = 338° 
K. 

in the system of basis functions fa( w ), defined by 
the relation 

~ fa~ COS [Jt~ (w - w0) I Q l, 
r3~o 

where a and (3 are integral-valued, and ga and 
fa(3 are expansion coefficients, w0 is the lower 
limit of the spectral region investigated, which 
was 0. 714 x 1013 sec-1, Q gives the entire fre
quency range over which the reconstruction was 
done, and c is a normalization coefficient, equal 
to 0.0218. 

(3) 

The expansion coefficients found in the recon
struction are shown in the table. Representing the 
phonon spectrum of vanadium by this kind of expan
sion is very convenient since it enables one to com
pute quantities (like specific heat, Debye-Waller 
factor, etc) which depend on the phonon spectrum, 
and also to construct the dispersion curves from 
the data on the phonon spectrum of the vanadium 
lattice. In Fig. 5 we show, together with g( w ), 
the error curve o( w) for the reconstructed func
tion: 
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6(w) = 2J fa (ro){ , 
tz=O 

(4) 

and the dashed curve gives the low-frequency part 
of the function g( w) computed assuming a Debye 
characteristic temperature e = 338°K for vanadi
um. The limitation of the expansion to 14 harmon
ics is related to the requirement of "smoothness" 
of the error curve o ( w ) , which was imposed on 
the solution of the fitting problem. 

DISCUSSION OF RESULTS 

In conclusion the authors thank M. I. Pevzner 
and Yu. M. Kagan for discussion of the results, 
G. F. Shavkutenko and A. S. Ignashev for help with 
the experiment, and the TsM-2 crew who made 
possible a successful performance of the compu
tational work. 
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