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A formula for the isotope shift constant is derived by applying the Sommerfeld method of 
determining the wave functions with account of the finite size of the nucleus. The calcula
tions are carried out for two nuclear charge distributions, a uniform and a trapezoidal one. 
By comparing experimental and theoretical values, two empirical parameters are introduced 
which characterize the nuclear compressibility: the regular compressibility coefficient TJ 

= 0. 7 and the deformation compressibility coefficient ~ = - 5/87T. These values lead to sat
isfactory agreement for most isotopes with known deformation parameters. 

THE isotope shift of spectral lines occurs as a con- they are more general. The idea of this method is 
sequence of the difference in the level shifts of an due to Sommerfeld. [S] With the help of this method 
electron in two isotopes of one and the same element the author has computed [S] the wave functions ge 
due to the finite dimensions of the nucleus. The shift and fe: 
of the energy levels of the electron is very simply { t 
expressed in terms of the values of the wave function f} = ± ce~P/2pY~r VI + e {~: A±+ ~~~ B i:- D±} , (2) 
of the electron at the nuclear boundary: [t] e P P 

!J.E = 1icR2 {go(R) f.(R)- g.(R) fo (R)}, (1) 

where g0 and f0 are the relativistic Coulomb func
tions and ge and fe are the wave functions outside 

where 

A _ f(2r)(21xfl!(n-lx[)! [(N -x)± (n' + 2y)], 
"-- (n + 1 x !}! 

the nucleus with account of the finite nuclear dim en- B + = r (2r)(2 I x J)! (n- I x l)!(n' -Hrl 
-- (n + 1 xI)! (1- 2r) sions. 

It is seen from (1) that the calculation of the iso
tope shift reduces basically to the determination of 

x [±(l-2y-n')-(N-x)], 

the correct wave functions ge and fe. The numer- C = vr (2r + n' + 1) _ ( 2Z )'-'' a _ l!:._ 
ous papers on the calculation of the isotope shift can r (2r + 1) V 4N (N- x) n'! Nao ' 0 - me2 ' 

therefore ~e divided into two groups according to the Doc= (N _ x) ± n', n' = n -l x [, N = V n2 _ 2n' ([ x! _ y), 
wave functiOns used. I 

The first group includes those papers which use 
the Breit-Rosenthal wave functions. [2] These wave 

X= {- {j + lj2) =- (l + 1), 

+ (j + 1/2) = + l, 
j = l + 'f, 

j = [-l!z. 

functions were found as solutions of the relativistic 22 
Dirac equations with E = m 0c2. This assumption is Y = Vx2

- a2Z2
, P = NaoR' 

E 
10=--

moc;!. ' 

indeed valid for the optical spectra. But if the cal- An_-- 2_, LD~ =t= eoMD+ 
u P for J. = l_+ 1,/2, culations are extended to the isotope shift of x-radi- LA~+ coMA+ 

ation, it is hardly justified to use the Breit-Rosenthal 
wave functions, especially not for heavy elements. 

The second group includes the papers which use 
an integral representation for the wave functions. [3] 

In the last paper of Fradkin, [4] where this method 
is used, a rather simple expression for the isotope 
shift is derived. 

However, there exists a third method of deter
mining the wave functions ge and fe which is free 
from the assumption of Breit and Rosenthal. The 
formulas obtained below can be used also for the 
calculation of the isotope shift of x-radiation, i.e., 

(3) 
Here for nst/2 

The small difference between our L and M and the 
values given in [S] is due to the fact that we have in
cluded higher terms of the expansion in the present 
paper. 

The wave functions (2) go over into the Sommer
feld wave functions if y- 1. Therefore the Som
merfeld wave functions are only correct for light 
elements. 
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Using the wave functions (2) in (1), we easily ob
tain an expression for the isotope shift constant for 
a uniform nuclear charge distribution: 

C . _ 4 R (_jj_)2"1 ..!-J.J-- coMD+ 2f (21 + n) OR . 
umf- Y oc N LA_-e0 MA+ f(2r-i-1)(n+1)! R '(4) 

here Roo is the Rydberg constant, and y = 2ZR/a0• 

If we assume that the nuclear radius has the fol
lowing dependence on A: R = 1.2 x 10-13 A 113, we 
have 

6R/R = oA;3A, (5) 

and the calculation of the isotope shift constant using 
(4) gives a result which is almost the same as that 
obtained by using the Breit-Rosenthal functions for 
light elements, but somewhat smaller ("' 6%) for 
heavy elements. 

The results obtained are given in Table I. There 
is no necessity of including in this table the calcula
tions based on the Breit-Rosenthal functions, which 
are given in the review article of Brix and Kopfer
mann. [7] It suffices to quote from this review ar
ticle the results for the lightest and the heaviest 
isotopes: 

Cunif for :d<.b (~5 -~7): 

C unif for .,Pi> (21)', -203): 

30.lRef.[ 7], 

52t,Ref.['], 

29.75 Eq. (4) 

429 Eq. (4) 

This result was to be expected, since the Breit
Rosenthal assumption is valid only for the light 
elements. 

However, in these as in other calculations, the 
isotope shift constant comes out about twice as 
large as the experimental value. This disagreement 
is diminished somewhat if the results of Elton [1!] 

are used, who showed on the basis of an analysis of 
electron scattering on nuclei that the dependence of 
the nuclear radius on A is more complicated than 
(5): 

Meligy restricted himself in his calculations to the 
simplest type of charge distribution, viz., the trape
zoidal one: 

{
Po, 0 <, r<:;;, d- t 

p = Po (d + t- r) /2/, d- t < r < d + t; 
0, d + t < r 

(8) 

here d is the distance at which the charge density 
has dropped to half its central value, and 2t is the 
surface thickness of the nucleus. Meligy obtained 
the value 

C.trap/Cunif= 0.5. 

If this were indeed so, we would obtain excellent 
agreement between the experimental and theoretical 
values of the isotope shift constant, even if (5) is as
sumed valid for R. However, it was pointed outre
cently by Bodmer [13] that the paper of Meligy con
tains some mistakes and that this ratio should be of 
the order "' 0. 87. In view of this controversy about 
the effect of the nuclear charge distribution on the 
value of the isotope shift constant, the author has 
carried out a new calculation with a trapezoidal 
distribution. 

The method of calculation was the same as the 
one used by Meligy. The difference consists in the 
use of different wave functions. The result obtained 
is 

( y )2Y 2r (21 + n) 
Ctrar=4rRoo t.f r (21 + 1) (n + 1)1 

X {I ..1 ... rtZ _!__ (l __ _ t )-2 
' 101 Rtrap Rtrap 

where 

LtrapD-- eoMD+ BRtraQ 

LtrapA_- eoMA+ ~~P 

(9) 

R = (l.li5·A'1, + 2.151-A-'"- 1.742-A-1)-10-13 • 

Using this formula, we obtain 

(6) The parameters d and t were taken to be [14] 

t = 1.49-10-13 =canst. (10) 

6R llA 1-1.fi29A-''•.:-4.G87A-'1" oA (7) 
R :JA 1 _,_ 1 mq r', _ 1 C(f' A-'.',- = :>A~- The values of Ctrap calculated by this formula 

' ···-·' .J - are given in Table I. It is seen from these data that 

The factor t takes values between 0.90 and 0.833, the ratio Ctrap /Cunif varies within the limits 0.86 
the first value referring to 82 Pb, the second to 37Rb. for Pb and 0.83 for Rb if R = 1.2 x 10-13 A1/ 3, and 
In this way the calculated values of the isotope shift is almost equal to unity if R is assumed to be given 
constant are somewhat decreased, but not enough to by (6). These results confirm the conclusions of 
reach complete agreement between the experimental Bodmer, although we have used different wave func
and theoretical data (see Table I). tions. Thus the nonuniformity of the nuclear charge 

This problem can be viewed in two different ways. distribution leads to a very insignificant decrease of 
On one hand, it was proposed by Meligy [ 8, 12 ] that the value of the isotope shift constant (- 1 to 3% ). 
good agreement between the experimental and theo- According to the second point of view, the entire 
retical data can be achieved if the non-uniformity of difference between the experimental and theoretical 
the nuclear charge distribution is taken irtto account. values is ascribed to the nuclear compressibility 
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Table I. Isotope shifts 
Ctheor• 

i:i m G' 
" A,-A, ~ .;. ~ & 
E ..:.W -w 0. 

" " ·ae ]S .. 
&l c) 

" 8 "8 ..... u .... u 

37~b 85-87 29.7 25,6 24.8 
ssSr 84-1;6 32.2 27.7 2ti.8 

86-88 31.\J 27,5 26.6 
44Ru 96-98 48.0 41.4 40.1 

98-100 47,6 41,0 39.7 
100-102 47.2 40,7 39.4 
102-104 46,9 40,4 39.1 

46Pd 106-108 53,2 45,8 44.3 
108-110 52,7 45.5 43.9 

.,Aa 107-109 57.3 4\!,3 47.7 
.. c 106-108 61.5 53.0 51.4 

108-110 61.1 52.6 51.0 
110-112 60,6 52.3 50:6 
112-114 60.2 51,9 50.2 
114-116 59,9 51,6 49,9 

soSn 112-114 69.1 59,7 57,7 
114-116 68,7 59.3 57.3 
116-118 68,2 58.\J 56.9 
118-120 67,7 58,5 56.5 
120-122 67,3 58.2 56,2 
122-124 66.9 57.8 55,8 

54Xe 132-134 85,6 73.9 71.5 
134-136 85,1 73.5 71,1 

soB a 134-136 97,5 8!1.4 81,6 
136-138 96,9 83.8 81,1 

ssCe 136-138 112 96,6 93,8 
138-140 111 96,0 93.2 
140-142 110 95,5 92.7 

soNd 142-1M 125,8 108.8 105,7 
144-146 125,1 108.1 105.1 
146-148 124.4 107,6 104.4 
148-150 123,7 107,0 103.8 

s2Sm 144-146 143.1 123.7 120,4 
146-148 142,3 123.1 119.7 
148-150 141,5 1122,4 119.0 
150-152 140,7 121,7 118.3 
152-154 140.0 121,1 117,6 

•aEu 151-153 14\!,4 129,2 125,7 
64Gd 152-154 160.6 L.l9.0 1:35' .5 

154-156 159,9 138.3 134,7 
155-157 159.3 137,9 134.3 
156-158 159,0 137,6 130,8 
158-1ti0 158.2 136.9 133,2 

7oYb 170-172 231,0 200,2 196.0 
171-173 230.5 199,7 195.4 
172-174 229,9 199.2 194,9 
174-17ti 228.8 198.2 193,9 

nHf I 178-180 260,5 225.8 224,8 
,.w 180-182 297.3 257,9 253.1 

182-184 295.9 256.7 252,2 
184-186 294,3 255.8 250.8 

75Re 185-187 314.8 274,4 268.7 
,.os 186-188 336.4 292,1 287.5 

188-l::JO 334,9 290,9 286.0 
190-192 333.2 289,2 284,5 

771r 191-193 356.7 310,2 305,2 
78Pt 194-196 379.7 330.1 323,9 

1\16-198 378.3 328.6 322.6 
soHg l9li-1ll8 434,3 377.8 :373.3 

198-200 432,4 375.9 371.5 
200-202 430,6 374,4 369,7 
202-204 428.3 372,8 367.6 

81 T1 

I 

203-205 459.2 399,6 395.0 
s2Pb 204-206 491,7 427.9 423,7 

206-208 489.6 425,8 421.5 

I 208-210 487,3 424,1 419.5 

effect. If we adopt this viewpoint and introduce the 
regular compressibility coefficient [ts] 71 = 0. 7, we 
obtain indeed, as is seen from Table I, satisfactory 
agreement between the experimental and theoretical 
values for spherical nuclei. 

10-• cm-1 

" "2. Cexp• w-• cm-1 
~ r-. ..... .._.,., 

"o "I co 
"II 't:J II J.& u " () pJ' 

17,91 14,0 16.0 8±12 ['] 
19,4 ~o ['] 
19.2 ~o [ 'l 
29.0 52,3 39,7 ) 
28.7 37.9 32.9 I 34±9 ['] 28,5 43.7 35.5 ~ 

I (average) 28.:3 46,1 36,5 J 
32.1 41,1 36.2 42±9 ['] 
31.8 42.6 36.7 36±5[7] 
34.5 41.3 37.6 38±6 ['] 
37,1 43.6 40.0 
36.8 32.5 34.9 32±4 ['] 
36.6 40.1 38.1, 
36.3 40.0 38.0 
36.1 37.0 36,5 
41.8 44.0 42.8 40± 10 ['] 
41,5 39,9 40.8 40±10 [7 ] 

41.2 40.9 41.1 30±10 l'l 
40.9 40.8 40,9. 30±10 l'l 
40.7 40.5 40.7 15±10[7] 
40.4 40.4 40.4 15±10 ['] 
51.7 18±4[8 ] 

51.5 2.)J:6 ['] 
5(J .1 44±9 [32 ] 

58,6 67 ± 13 [32 ] 

67.6 6± 1 [8 ] 

67.0 6± 1 [8 ] 

66.8 85.6 74,9 147 ±30 ['] 
76.2 187±35[7] 
75,7 78.3 76,8 
75.3 144.5 104,4 202±:38 (8 ] 

74.9 302.5 170.6 286±54 [8 1 

86.6 190±40 ['] 
86.2 HJ0±40 [7] 
85.7 155,2 114.5 211 ±46 r•J 
85,2 423.0 225,0 :H7±67 [8 j 
84,8 222.0 141.6 170±35 [4 ] 

90,4 664.6 326.2 450±50 [7 ] 

97,3 :>75±60 !"I 
96.8 259.4 163.0 162±26[0 ] 

96,5 107.6 101,4 109± 18 [9 ] 

96.3 182.5 131,4 121±1\J ["I 
95,8 146,9 116.7 125±20 [9 ] 

140.1 174.1 153 110±10[7] 

139.8 81.2 117.3 112± 12 [4 ] 

13\J.4 130.4 135:51 99+ 8 1'1 
138,7 102.9 124.7 H1± 8 [7 ] 

158 97:3 135,2 114±1:3 ['I 
180,5 R0±20 18 ] 

179,7 104.7 152,3 J:l2±2:3 [1"] 
179,0 161!.2 173.6 117±20 ['0 j 
192.1 30.4 133,7 157 ±40 [7 ] 

204.5 77.9 159,4 17(i±27 1"1 
203.6 134 178.8 150±23 [8 ] 

202,5 -71.5 105 l:i0±20 I' I 
217.1 44.7 156.7 1:30±30 [7 ] 

231.1 27.7 160.9 1:l5±2.5 [7 ] 

230.0 337.3 267 
264.5' 
263.1 191.8 239.31 243±27 [8 ] 

262.1 270±30 [8 ] 

261.0 267 ±30 [8] 
279.7 

I 

280±40 [7] 

299.51 280±31 [8] 
298,0 315±35 [8] 
296.9 I 548±61 [8] 

It stands to reason that further deviations due to 
the deformability of the nucleus will be observed. 
To obtain a formula for the isotope shift constant 
with account of the nuclear deformability it is nec
essary to multiply (4) by the factor 
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Table II. Deformation parameters 

I 
Nucleus I Q" ~ I NuGleus I Q, I Nucleus I Q, 

Rbs• 0,924 ['"] 
Rbs' 0. 70 ['"] 
Ru95 1 :Go [ 171 
Ru"" 2.18 l"l 
R u'"" 2.40 I" J 
Ru'"z 2.71 ["] 
Ru'"' 3,0:i [ 17] 
PdlOG 2.55 l"l 

0,110 
0,083 
0.1117 
0.19() 
0.212 
0.23.~ 
0,259 
0,208 

Sn
122 I Sn124 

Cet•o 
Cel42 

l. 2:3 
1. I !J 
1.65 
2.D:l 
I ,;;2 
1.:18 
2.67 
4.()9 

['"] 0,0888 Yb"a 7.77 [28] o.: 
[ 191 0,0852 Yb',. 7.72 [2•] o.: 
[2"1 O.Drl17 Yb176 7.60 (2"] 0.' 
[2"1 0.115 Hf"8 6.85 [29] 0,' 
(2'1 0.0835 HflBO 6,61 [29] 0.' 
1z, I 0. 086:3 w1s2 6.3lt [29] 0. 
[ '"1 0.141 w1s• 6.04 [29] 0,' 
["1 0.253 W'"' 5,99 [29] 0. 

PdlOS 2,73 ["1 0.220 

Nd14·' 

Nd'•' 
Nd''s 
Nd'5" 
Sm''s 
Srn I 5o 
Smt.52 

Smt54 

Eu 101 
Eul53 
Gdt54 
Gdt55 

2. 2ft [18 1 0,116 Re's" (i. 28 ["] 
5.60 [17 ] 

0,' 
0.' 

l05 
-\02 
2!Jfj 
2uo 
250 
2:3:3 
222 
31D 
22() 
202 
2:·n 
21G 
205 
161 
155 
121 
Jli5 
104 
127 
1t:l 
O\J811 

Pd"" 2.D4 [171 0,234 :3.14 [181 0,158 Re187 
.'\.gHl7 2.6S ('8] 
AglOU 2.7D ['8 J 
Cd106 2.17 [" J 
CdlOB 2.32 ['71 
cdno 2.2;) l''l 
Cd' 12 2.:33 [ "l 
Cd114 2.1t2 [ ''] 
Cd"" 2.1t6 [ 17 J 
Sn'12 1.:34 ['"] 
Sn114 1.42 [ 191 
snno [.?,8 ['9] 
snns 1,38 1'"1 
Snl~o t.:\1 !'"1 

--

0.211 
0,219 
0, 17?, 
0.182 
0.17;) 
0.179 
0.184 
0.186 
0.!02 
0.106 
0.102 
0.101 

O.mJ;)2 
-

I Gdl56 
Gd'57 
Gd15" 
Gd'"o 
Yb170 

Yb171 

, Yb'7" 

5,\lG 
6.85 
2. :J:3 
(i,fJ4 
5.82 
(),48 
u.8:.3 
6.57 
7,:34 
7,H5 
7 .S11 
7,98 
7.7?, 

(221 0,286" Os"6 6.57 [30] 0. 
[ '"1 0.:12:3 Os'"" 6.10 (30] o. 
[""1 0.117 o51oo 5.83 [ 30] 0.' 
['"] 0.32?, Ost92 !1.54 [17 ] 0. 
[24] 0.271 lr191 4.39 ( B j 0. 
[24] 0.297 Irloa :1.40 [ 8 l o: 
[ '"1 0.311 ppo• !!. 19 [31] 0. 
[241 0.299 p[l96 :Ul7 [31 J 0, 
[24] 0,329 p[198 :3.68 [31 ] 0. 
(26] 0.:3:39 Hgt•s 3.36 [8 l 0. 
(27] 0.29!1 I-Ig20 0 2, 92 [8 ] 0. 
[ 281 0.314 
[""! o.:m4 

---·~~- ------ ---- .. ~-----~--

+ ~ !3_ 2y (2y -1-3) (R2 _ R2) 
2y bR Sn 1-'~ 1-'l ' 

Then 
(11) 

(12) 

The deformation parameters for axially symmet
ric prolate deformed nuclei were determined by the 
well-known formula[4J 

Q0 = (3/ -vs;:t) ZR2~ (1 + 0.36~), (13) 

where R was assumed to be given by (6). The val
ues of Q0 and {3 are given in Table II. 

It is seen from a comparison of the experimental 
and theoretical values for deformed nuclei that 
agreement can be obtained only if, in analogy to the 
case of spherical nuclei, the deformation compressi
bility coefficient C4J 

~ = - 5/8Jt (14) 

is introduced and fctef is set equal to 

t. = 1 , 2r (2r + 3) - .s (f3' + [3~)2 
def -t" 8n 2 

+ _1_ !3_ 2r (2r -i 3) - 5 (R2 _ R2) 
2y fiR Sn ~-' 2 ~-' 1 . 

(15) 

The results of the calculation using (15) are also 
given in Table I. 

In conclusion, we note that a comparison between 
the experimental and theoretical values of Table I 
shows good agreement for spherical and weakly de
formed nuclei. Complete agreement for strongly 
deformed nuclei ( Sm, Eu) could not be obtained. It 

is quite probable that this is explained by the approx
imate character of the calculations taking into ac
count only terms of order {32, whereas higher powers 
of the deformation parameter must be included for 
large deformations. Moreover, it is possible that 
the deviations for some pairs of isotopes (Ce, Nd, W) 
arise from incorrect values of the deformation pa
rameter {3. 
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