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Absorption of slow 7" -mesons by light nuclei in the 7* + A — A’ + 2p reaction is considered.
It is shown that an investigation of the proton spectra permits one to study short range pair
correlation between nuclear nucleons. Conditions are indicated under which the correspond-

ing experiments should be carried out.

WE consider the reaction of capture of a slow
positive pion by a nucleus with emission of two
nucleons (for example, protons) of high energy, so
that the product nucleus is obtained in the ground
state or in weakly excited states:

at+ A—> A 4 2p. (1)

If the kinetic energy of the meson is much
smaller than me? (m is the pion mass), then the
reaction (1) is accompanied by a large momentum
transfer, so that its cross section is directly re-
lated to the character of short range pair correla-
tions between the nucleons of the nucleus. Under
the conditions indicated above, reaction (1) can be
recorded as occurring in accordance with the di-
rect mechanism wherein a pion is captured by a
pair of nucleons, and the Born approximation can
be used in view of the high kinetic energy of the
nucleons.

It will be shown in the article that if the nucleus
A is chosen with zero isotopic spin TA, then a
study of the energy distributions in transitions to
a state of the nucleus A’ with T’ =0 and T' =1
makes it possible to determine the parameters of
the pair correlation functions in triplet and singlet
states.

The restriction to reaction (1) is not one of
principle, but is connected with the ease of its ex-
perimental observation. Further investigation will
be based on the reaction

Ci2 4 a*— B 4 2p (1)

as an example, and we shall be interested in final
states of B!’ belonging to the configuration [42] Dy
(in terms of LS coupling).

1. In the model that includes short-range pair
correlations due to the singular repulsive charac-

ter of the nucleon-nucleon forces at small distances
we can write the wave functign of the ground state
of the nucleus in the form: -

CD = (D[pm + 2 2 {Zs}_l &X?jq)ipm ) (2)

i>j s

where &jpm—Wwave function of the ground state in
the independent particle model, xS—pair correla-
tion functions; the symbol S indicates that S may
depend on the total spin S of the correlating nucleon
pair. The remaining symbols and the requirements
which must be satisfied by the correlation functions
xS are dealt with in 3.

Only the second term of (2), which contains the
correlation functions, makes a contribution to the
reaction considered by us.

The positive pion-nucleon interaction operator
can be represented in the nonrelativistic approxi-
mation in the form!?-

H = Grapy (r), (3)

where G—coupling constant, T—operator transform-
ing the neutron into a proton, o—Pauli matrices,
po—relative momentum of the positive pion and
nucleon, and ¢(r)—wave function of the positive
pion. The term quadratic in ¢ has been left out

of (3), since it does not lead to capture. Summing
over all the nucleons of the nucleus and taking the
definition of the relative momentum into account,
we obtain for the operator of interaction between
the 7" meson and the nucleus:

H =G’ [M Z TGV |e=r;— M an (r) ricfv,[] s (4)

where G’ = —ili(M + m)!G, M—nucleon mass,
m—pion mass, ri—coordinates of nucleons of the
nucleus.

It is easy to see that if the initial nucleus has
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the same parity as the states of the final nucleus
of interest to us, then the first term of H’ leads to
capture of pions from spatially odd states, whereas
the second term leads to capture from spatially
even states. Actually, capture from states with
orbital angular momenta 0 and 1 predominates.

2. Let us proceed to calculate the matrix ele-
ment of the first term of the operator (4), which we
denote by H; . For the pion wave function it is
necessary to choose the part of the scattering-
problem wave function corresponding to orbital
.angular momentum ! =1:

6 )=/ e D@ e () Yun 0. ), )

where kj—momentum of 7* meson and 6;—phase
shift in the p state; we have transformed to a co-
ordinate system with z axis directed along the total
momentum K of the final-state protons.

To calculate V¢,(r) we can use the formula

Vo®L (1) Yim (7)) = — VEFT) QLA 1)DE DL (T 14a)e
L VLI@L+1)DL @1 (T2 L1y,
Di=d/dr—L/r, Di=d/dr +-(L+1)/r,

T,]_Mv;_ = 2 Gi‘ﬂp)\M'{—Py)\M‘{'}L E(ro) —p (6)
®

where the components of the unit vector ¢ are de-
termined in accordance with (2.36) of 03], The
scalar product is defined here as follows:

G V = 2 (_)p c—p.Vpd

where

5= — VT, (0 +i0), 04 = V7;(0x — io,) and 0 = 0.

At small distances we have &1, ~ rL , so that as
r — 0 we have Dich-—- 0, and for L > 1,
D{&; — 0 and D] ®; — const. Since the radii of
the light nuclei are small compared with the Bohr
radius h?/mZe?, then we retain in (6) only the
term with Dj ¢,(r) and then replace its magnitude
by its effective value in the region of the nucleus,
Dj ¢4(r). Questions connected with the determina-
tion of Dj ¢,(r) and the concomitant errors will be
discussed at the end of the article.

We thus have

Hy — A;D19; (r) 2} 2 Dho (0, B) Torm,
i m

=t G Me 7
Al—mGMes. ()

We now must calculate the matrix elements
(‘ri o}n) of the operators ’ricr}n with respect to
spin and iso-spin functions. Since H; does not con-
tain operators acting on the orbital wave functions
of the nucleons, and the correlation function xS
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acts on nucleon pairs which are in a relative

s state, the two protons will have in the final state
a zero orbital angular momentum of relative mo-
tion, so that their total spin should be S, = 0.
Using the matrix elements given in the Appendix,
we obtain (Tl¢l ) in the form

Ogdpy m=0

28,CH.% v .
571513 — 151/3Y/, — 6}:,'_'"61.,0 m= :‘: 1

where the primed quantities pertain to the initial
state of the nucleon pair absorbing the pion. If .
S’ =1, then from the requirement that the wave
functions be antisymmetrical we get that T’ = 0.
Therefore

(Hyy = — V2AD918518r0 2, Dino (o, B) 8x—m. (8)

m=x1

We now proceed to calculate the matrix element
of (H;) with respect to the orbital functions. The
wave function of the C! nucleus can be represented

in the following form D,

Piom (C)
= 2 Rpawsr LST) (Drs+1r F (N ms
<

% @ (pG [}VI]LISIT’; — A= __M'T)l §/>,
x=Vox +1, ©)

where Rp, /1 psgr s is the fractional parentage
coefficient for the separation of two nucleons in the
state ¢’ = L'S'T', & (p¥[AM]L/S'T'; — A — %'

— M/)—wave function of A-2 nucleons, and |£¢')—
wave function of the separated pair.

Applying next the Talmi transformation?’ (see _[1:5’
and recognizing that we are interested in final
states of the nucleus of the type [42] Dy, we ob-
tain

4 1 .
(Dipm (Cm) g -]/3—0 2 R[42]2s'r' z (—)A +=
ST’ Az

X @ (ps [42] 28'T"; — A’ — 2'0) @, (r) Doar (R) X572 Q17
' (10)
The wave function of the final state should cor-
respond to a state with total angular momentum
J =1. Therefore
WM = D CIM Cltgnr D(pS [42] 2S'T; — A'— 3/0)
pA!

X Warr (R) Wy (r) XooRu1, (11)

where j—total angular momentum of the final state
of the product nucleus, ¥ 5’(R) and ¥ ((r)—plane-

DWe use here the equality CR= i S U
DThe one-particle wave functions are chosen in the form
of oscillator functions.



482

wave components corresponding to the orbital
angular momenta 2 and 0.

Gathering formulas (2) and (8)—(11) together,
we obtain the transition matrix element for capture
of a positive pion from the p state in the reaction
C? +7* — B! + 2p in the following form:

TlM ‘/45 A,Diq, ]R[42}210DM0 (a, B) dm, +1f1 (e) M (E),

(12)
where M(E) is the radial matrix element in the co-
ordinate R (E—kinetic energy of the center of grav-
ity of the two protons) and

R @) = VxS o (1) x5 () 90 () rodr, " =0,1(12)
0

(e —relative kinetic energy: k = h~! V' Me).

We note that, as follows from the derivation of
(12), mesons are captured in the p state only by
triplet-correlated nucleon pairs.

3. Let us consider the calculation of the matrix
elements of the second term of (4), which we de-
note by H,, for the capture of a pion from an s
state. Introducing the effective value of the pion
wave function in the region of the nucleus, ¢,(r),
we obtain

Hy—— Ao%(r)zr WV A= gapmGe,  (13)
where 6,—phase shift in the s state and ¢(r)—
corresponding radial function. Going over to new

coordinates

P=ri—T), p,=Ta

yp LY
1 1 ..
R=5(ri4r)— 55T a5i],
we represent (13) in the form

H, (i) = —Ao: (1) [(v'a’ — vIa)) V + 1 (via? + o)) yrl.
(13%)
We calculate first the matrix element of the

first term of (13’). In view of the presence of the
del operator, two protons in the final state will be
in a relative-motion state, and therefore S; = 1.
As can be seen from the formulas in the Appendix,
the possible values are S’ = 0 and S’ =1, Let us
consider the case S’ = 0, and consequently T’ = 1.
Then the matrix element with respect to spin and
isospin functions will be equal to

_V§ Z 626:‘PVP

p=xt1

(14)

The wave function of the final state should corres-
pond now to the total angular momentum of the
system J =0:

Vimo= Y 5 3 (D CRClE, 1D ', B)

A'm
X @ (p° [42] 201; — A'00)Pzp (R) $ym (r) Xyx, Ry (15)
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where D},,(a’,B’) arise because of the rotation of
the relative-motion wave function to a coordinate
system having a z axis directed along the total
momentum K of the protons.

Using (2), (6), (10), and (13) —(15) we obtain the
matrix element for the capture of a positive pion

from the s-state by an np pair with S’ = 0 and
T =1:
Ty =]/ o AgPo () Risman ) Dho (@, 8) f3(6) T (E),
m=x+1
(16)
where

1 (@) = iV T2 {jy ) - o () 0 () r2dr. (167)

We note that by integrating (16’) by parts and using
the relation (xzjl (x))’ = xzjo(x) » We can obtain the
connection between f18 (e) and fg’ (€) :

fi' (e) = i 3Me)Hf3 (e), an

where M—mass of the nucleon.
We shall not present the detailed calculations

for the case when 8’ =1 and T’ = 0. The end
result has the following form:
Th= A () TP +TP), (18)
w_ _ 2 n gl
TI QVE )fg(S)SR(E), (18,)

TP = 9 ViO ]R[42]210 }_‘mDmO (@, B) fa (&) M(E). (18"

Using analogous derlvatlons, we can readily
verify that the matrix element of the second term
of (13’) is equal to zero when j = 2; we shall
henceforth be interested in precisely such tran-
sitions.

4. Using (2), (16), and (18) and integrating over
the angles of the vectors k and K, we obtain the
following expressions for the m* -meson capture
cross sections dcrsz T'j (for j = 2):

28 (41)3 , S
dayg, = 2—7,‘,;;‘—’— G| Ry o ® (B) { | AiD1if} (02
+3 [Ao‘Po () fz(e) 2 } M};} V EedEde, (19)
dog, = %%Zi mG® | R 000 M (E) 2 IA(’)(PO (Nfa()
(hM“’ VEedEde, (20)
where

A;=G"4, Ay=G"Aoandpt= M.+ @M)?

(Mp_,~mass of the reaction product nucleus).
Let us see now what 1nformat10n concerning the

‘correlation functions xs can be gained from the
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experimental data on the values of doyp and dogy .

In view of the fact that the pair-correlation
radii are assumed small, the quantities f5 (€) can
be represented in the form

1 @) =~ 1V Torg, Oy (k) - qx* () rtdr. (2D)
Expanding j;(kr) in powers of kr, we obtain®
[ (&) = i VT2ng, (O) 1R + ksaf' FRE .
gf = -;—Sgdr— xS'ridr, &z =—3 S xS ridr . (22)

It is obvious that the set of quantities §§’ yields
complete 1nformat10n on the pair correlatlon func -
tion xs (r). If krcor <2 (\glllere rc?or is the
correlation radius; when ri,, < 1.3 F, the con-
dition above corresponds to € < 100 MeV), then it
is sufficient to retain in (22) the first two terms,
and consequently it is possible to extract from the
experimental data two parameters characterizing
the function xsl (r) . In addition, we know the boun-
dary cgnditions (3 hamely yS' — —1lasr— 0
and x — 0 as r — =,

Further, using oscillator wave functions, we
can readily find that | (po(O)l2 = »%/2 371 and

v_SI,e_zE/nm (iE ) ,

| (E) | = (23)

15 V 2n
where v = Mw/h = R52 (Ry is the nuclear radius).
Substituting (22) and (23) in (19) and (20), and com-
paring do/de w1th the experlmental data, we obtain
the values of 51 and 52 Choosing for x some
arbltrary functlon with two independent parameters
B1 and B2 , we can determine these paramegers
from the already known quantities &} s’ and & P .

Of course, the arbitrariness in the ch01ce of the
form of XS, (r) is limited by the boundary condi-
tions indicated above.

We note that in order to determine the para-
meters B?" and st/ it is sufficient to know just the
form of the spectrum do/de, the absolute value of
the cross section not being needed. Indeed, expres-
sion (20) can be represented in the form (we are
leaving out the symbol S’)

dog,/de= c [exE] |- 2622 E, + e (B +28,E,)] VeE | M (E) |2

where k = H?M and €, = E + e—maximum value
of € allowed by energy and momentum conserva-
tion laws; c¢ is some unknown constant. From com-
parison with the experimental curve we obtain the
system of equations

cxE3 (8:B,) = 1y,

2en2E

1 (B1B2) E2 (B1B2) = a,

cx3 (&3 (B1B2) +28; (B1B2) &5 (3:82)] = as, (24)

3 jx) =1 RIPE RUENS NV NI E A
() an +310 +

45360
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from which we can determine the parameters 8,
and B, by eliminating the quantity ¢. An analogous
procedure can be applied also to (19), after which
we obtain a system of four equations for By, B,,
and the two unknown constants. It follows there-
fore that to determine the parameters of the corre-
lation functions it is not necessary to know the
values of ¢,(r) and Dj ¢,(r). The foregoing proce-
dure calls for high experimental accuracy, since

it is based essentially on a comparison of the quan-
tities £3 and 284¢5.

5. Let us proceed to an examination of the effec-
tive values of ¢;(r) and D] ¢,(r). From the ex-
perimental data on the shift of the s level of the
m-mesic atom it is known ) that the interaction
between the pion and the nucleus is repulsive and
the scattering length is appreciably shorter than
the nuclear dimensions. If we approximate the
potential in the s-state by a rectangular well, we
obtain from the data previously obtained (4J for the
C' nucleus that V, ~ 5 (+20%) MeV. The total
potential acting on the pion in the region of the
nucleus will be Uy =~ V, + Zez/Ro ~ 8 MeV. Ex-
panding the wave function in the region r = R in
powers of k'r (k' =h !y am |Eq — Uy|) we can easily
see that when E;, < 15 MeV (E, is the pion energy)
the wave functions for r = 0 and r = R differ by not
more than 1%. Therefore under the limitation im-
posed above on the pion energy we can put
@o(r) = ¢(Ry). The value of the wave function at
the boundary of the nucleus can be calculated if
the phase shift in the s state is known.

Before we proceed to determine Dj¢,(r), we
note that the most essential region of the nucleus
is the one in which the density of pion-absorbing
nucleons has a maximum. We are interested in the
capture by nucleons in the p shell of the nucleus.
It is easy to show that in this case the maximum of
the density lies at r;,,x ~ 3R,/r. We can there-
fore define Dj ¢4 (r) as being equal to D}l ©(3R(/4);
the resultant errors in the radial integrals do not
exceed 1—3% , as shown by calculation.

The potential of interaction between a pion and
a nucleus in the p state is not known with any
degree of reliability. However, since no bound
state of the positive pion is observed even in the
heaviest nuclei (this would manifest itself in radia-
tive capture of the 7° meson by the nucleus), the
interaction potential in the p state is bounded by
the inequality | Uy| = n?h%/2mR}. For R, = 8 F we
obtain from this U; = 20 MeV . Since the intensity
of interaction of the meson with the nuclear matter
should be proportional to the density of the latter,
the estimate obtained for U; should remain in force
for light nuclei, too.
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Expanding the pion wave function in the region
r < R, in powers of k'r (k' = il V2M(E, — U)),
we can show that by calculating the value of
Dij¢,(r) for r = R, (for which we must know the
phase shift in the p state) and by extrapolating
linearly in the region r < R to the point ry 4>
we obtain an error not exceeding 3%, if we confine
ourselves to energies E; < 10 MeV.

We also estimated the contributions of the ma-
trix elements discarded in Sections 2 and 3 above.
When E;, = 10 MeV, their total contribution does
not exceed 2—3% of the calculated value; the esti-
mate presented here has been obtained for a purely
Coulomb nuclear field.

We can therefore conclude that the approxima-
tions made during the course of deriving (19) and
(20) are sufficiently good if we confine ourselves
to E; <10 MeV.

6. There is presently under development a
theory of direct nuclear reactions, based on the
idea that the direct processes are connected with
the presence of singularities in the amplitude as a
function of momentum transfer 7. It is assumed
here that the role of the particular Feynman dia-
gram used to represent the corresponding ampli-
tudes depends on how close the singularity lies to
the physical region of variation of the invariant.

From this point of view it is of interest to in-
vestigate the positions of the singularities of vari-
ous very simple Feynman diagrams which repre-
sent the reaction considered in the present article.

APPENDIX
Let us write out the matrix elements of the op-
erators o}, and ™ (8)Zylol, 182" and
(ToMTo | 71| T Mir> , used in the text:
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<00 |05 | 00y =0, (12|05 |00) = dgm,
asiehion ={_2 174,
(00[51,,]12‘.>={_22_m Z:ii

<00 | 0% | 1Z) = bz, —m,

azidizy == T

LT T'0y = Ci, v

A1 |T0y = (47117 T'0p.
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