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The spectrum of the nucleus 86Rn218 , which has ten extra nucleons, is computed. It is shown 
that the self-consistent potential Vc + Vs and the pairing potential Vp determined from 
nuclei with one and two nucleons outside the closed shells allow the calculation of the lower 
excited states in many-nucleon problems. The good agreement between the computed and the 
experimental binding energies of the ten nucleons indicates that the effect on the energy of 
forces of a different type, if they exist at all, must be small. It is found that the second ex­
cited state in the spectrum of Rn216 must actually be a o+ state, in contrast to the assign­
ment 2 + which has been chosen in analogy with the vibrational spectra. It is shown that be­
sides the experimentally observed levels there is a large number of as yet unobserved 
levels. The fractional parentage coefficients for the removal of one and two particles have 
been computed for all states with % s j s 1%. 

IN the present paper are considered even-even 
nuclei with more than four nucleons outside doubly 
closed shells. The investigation of nuclei of such 
complexity will allow us to establish how well a 
self-consistent potential augmented by two-body 
forces describes their structure and the character 
of their excited states. In this sense the present 
paper is a logical continuation of previously pub­
lished work [i-5] where consecutively were con­
sidered nuclei with one, two and four extra nu­
cleons. In the present paper are reported the re­
sults of calculations of the spectrum of the nu­
cleus Rn218 which has six neutrons and four pro­
tons outside of the closed shells. 

THE BASIC ASSUMPTIONS 

We briefly enumerate the fundamental assump­
tions on which our calculations are based. 

1. The self-consistent potential which acts on 
the individual nucleons is determined by the spec­
trum of nuclei with one nucleon outside doubly 
closed shells. It consists of a central potential 
V c ( r) and of a quadrupole part Vs ( r ). The 
central potential is 

v ( n )2 I-s- av V c (r,) = 0 -'A -.-- ___!__! - • 
l+ea(r;-ro) ZMc r; ari 

( 1) 

The parameters a, A, V0 were determined by 
comparison of the calculated spectra of a number 
of such nuclei with the experimental data. The 
radial functions RnZj were also obtained. For 
further work we used the functions of Bi209 and 

Pb209 which were obtained with the optimum values 
of the parameters, viz., a = 1.15 A= 25, V0 = 57 
MeV for protons, and v0 = 43 MeV for neutrons. 

The quadrupole potential was taken to be 

v s (r,) = -X (r;) vr ~~ ~ [bp. + (- 1 )~'-b~p.] Y2p. ({};, cpt). (2) 
1'-

Here b + and b are the phonon creation and anni­
hilation operators. The parameters nw and C 
were determined from the quadrupole moments Q 
and from the E2 transition probabilities: nw = 3 
MeV, C = 1000- 2000 MeV. For the radial ma­
trix elements we have the estimate \n I K ( q) I n') 

n+n' 
R; ( -1) 40 MeV ( n, n' are the radial quantum 
numbers). 

2. In nuclei with more than one particle out­
side the closed shells the short range residual 
forces play an important part. They were taken to 
have the form 

Vp (ik) =- (v,rrs + VtJtt) exp(-lr,- rkl 2 /p2), (3) 

where rrs = 1/ 4 ( 1- u 1 ·u2 ) and rrt = 1/ 4 ( 3 + u 1 · u2 ) 

are the singlet and triplet projection operators, 
and p is the range of the forces. We emphasize 
that this form of the forces is sufficiently general. 
It follows from [2- 4] that the parameters v s and 
Vt for the pairs nn, pp, and np are approxi­
mately the same and are vs R; 35 MeV, and vt 
R; 15 MeV. The effective range is p R; 2f. In the 
following it is assumed that no new forces appear 
as the number of nucleons outside of the core in­
creases, and that the parameters of the potential 
and the pairing forces remain unchanged. 
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FUNDAMENTALS OF THE COMPUTATION 
METHOD 

The total Hamiltonian of the system is 

!I= ~ H0 (i) + lis+~ Vs (i) + ~ Vp (ik). (4) 
i<k 

Here 

Hs=nw( ~ + ~btbf"y; 
f" 

Hs is the Hamiltonian of the nuclear surface which 
executes quadrupole vibrations with energy nw. 
Such a Hamiltonian has to be introduced to ac­
count for the coupling of the valence nucleons with 
the core nucleons. 

The single-particle and the phonon wave func­
tions are the eigenfunctions of the operators 

H0 /ljm) = E; /ljm), 

where N is the number of phonons with energy 
Nli.w. 

The complete orthogonal system of functions 
belonging to the operator ~ H0 ( i) + Hs will be all 

1 

the possible functions of the form I JnJp: J; NR 
: IM), which are constructed according to the 
angular momentum coupling rules with Clebsch­
Gordan coefficients from the neutron function 
(whose angular momentum we denote by Jn), the 
proton wave function (angular momentum Jp). 
and the phonon wave function I NRMR). The neu­
tron wave function itself (and also the proton wave 
function) is constructed by vector coupling differ­
ent functions of the form I jn aJ) which is fully 
antisymmetric in all neutrons. ( Here j is the 
angular momentum of the individual nucleons, J 
is the angular momentum of the configuration jn, 
and a designates all the other quantum numbers 
necessary to specify the state jn.) 

The function which corresponds to filling the 
levels j 1 and h with neutrons and the levels ja 
and j 4 with protons is written in the form 

I (j~'alJl, j~'a2J2: Jn)a u;'aala, j~'a4J4: Jp)a: J: NR: /M). 
(6) 

A function containing a larger number of levels is 
written in an analogous fashion. 

The solution of the Schrodinger equation with 
Hamiltonian (4) can be represented as 

/IM) = ~ c~ IJnJp: J: NR: IM), 
~ 

where, in general, the sum goes over the com­
plete set of eigenfunctions of the operator ~ H0 ( i) 

1 

+ Hs. Inserting such a function into the equation 
Hlf! = Elf! one obtains after the usual manipulations 
the energy matrix. Its diagonalization yields then 
the eigenvalues of the operator H and the values 
of the coefficients cb. 

The matrix elements of the interactions nn, pp, 
and np can be represented as sums of two-body 
matrix elements using fractional parentage coef­
ficients. Similarly the matrix elements of the 
interaction V s are given by sums involving frac­
tional parentage coefficients. The appropriate 
formulae were derived but we shall not give them 
here due to their cumbersome form. 

The characteristics of fractional parentage co­
efficients are discussed in many papers. However, 
actual numerical computations exist only for angu­
lar momenta up to j = %. 1) We have therefore 
computed the fractional parentage coefficients for 
all angular momenta % s j s 1%. Basic for the 
computations was a recurrence relation [7] which 
gives the fractional parentage coefficients for the 
configurations I jn J) in terms of those for the 
configurations I jn- 1 a'J' ). However one has to 
keep in mind that: 

1) the wave function I jnJ) may not corre­
spond to some well defined seniority s but may 
be a linear combination of several functions with 
seniorities s" - 1 and s" + 1 and with the given 
angular momentum J ( s" is the seniority of the 
parent state); 

2) the obtained set of linearly independent 
functions with angular momentum J will not be 
orthogonal. 

Therefore in the computation of the fractional 
parentage coefficients one has to adhere to a def­
inite sequence and to find such mutually ortho­
gonal linear combinations of the functions which 
correspond to the desired value of s. 

CALCULATION OF THE SPECTRUM OF 86Rn218 

After computation of the fractional parentage 
coefficients, we programmed the BESM-2 elec­
tronic computer to calculate arbitrary diagonal 
and off-diagonal matrix elements. The energy 
matrix was investigated in detail for I= 0, 2, 4. 
All single-particle states with an excitation energy 
of up to 3 MeV were considered, i.e., six neutron 
levels and five proton levels (see Fig. 1). Even 
with this limitation the number of states contrib­
uting to each angular momentum state is very 
large. However, not all states have an equal in-

l) A number of papers, e.g. [6 ], contain errors for the case 
of more than half-filled shells. 
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fluence on the positions of the lowest levels. One 
thus must select judiciously that finite number of 
states which determine the position of the low 
levels. 

To begin with, the diagonal elements were com­
puted and the low levels were examined in the 
diagonal approximation. Figure 2 shows that the 
level density is very high, and that it increases 
with increasing I. The close lying lowest levels 
for each I are associated with the states 

I( 6 ) (h4 ) M) d I 4 .2 ) g9/2Jn a 9/2JP aJ an (g 9/2J1 111/2J2:Jn a 

( h ~/2 JP) a JM). 2) 

The selection of states was performed so as to 
obtain as high an accuracy as possible for the few 
lowest levels for each I. For each of the three to 
seven lowest levels, all off-diagonal matrix ele­
ments were computed, i.e. the first few rows and 
columns of the energy matrix were constructed. 

2lin this respect the spectrum of Rn218 differs from that of 
Po21•. 

FIG. 2. The lowest excited states of the 
ten nucleons of Rn21", taking into account the 
single particle energies and the diagonal ele­
ments of the residual interaction. The config­
urations are indicated to the right. The energy 
is counted from the single particle ground 
state energy. 

Then the quantity a{k/1 aii - akk I was evaluated, 
where aik is an off-diagonal matrix element, and 
aii and akk are the corresponding diagonal ma­
trix elements. For I = 0 and I = 2 those rows 
and columns of the energy matrix were stricken 
out for which ark/ I aik - akk I < o.oo5. 

This way a matrix of rank 31 was obtained for 
I= 0 and of rank 55 for I= 2 and I= 4. However, 
we had to limit ourselves to a somewhat lower 
accuracy for the case I = 4 since there the den­
sity of low lying levels is considerably higher. 
One thus would have to diagonalize a matrix of 
higher rank than 55, which is difficult with the 
BESM-2. 

We can estimate the influence of the states not 
included by second order perturbation theory. 
Remaining within the open shell, we get an addi­
tional shift of approximately 0.05 MeV for the low 
levels with I = 0 and I = 2 and approximately 
0.15 MeV for those with I= 4. In order to check 
on the manner in which the positions of the low 
levels change with increasing order of the matrix, 
a number of matrices of different rank were 
diagonalized for I = 0 and I = 2. In varying the 
rank of the matrix and investigating the depend­
ence of its eigenvalues on the rank, we essentially 
use a certain analog of the Ritz method. 

In Fig. 3 we have plotted the first eigenvalues 
for I= 0 and I= 2 against the rank of the matrix. 
The last points which correspond to a matrix of 
rank one hundred have been obtained by perturba­
tion theory. It should be noted that it is of equal 
importance to consider the pp, nn, and np off­
diagonal elements. To illustrate this point we give 
two matrices of the sixth order taken from the 
energy matrices for I = 0 and I = 2 (see Table I). 
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to zo JO •o so 

Table I. Sixth rank energy matrices for I = 0 and I = 2 

(g~/20) (h~/20) -13.85 -0.3 -0.62 * 0.07 

(g!/20i~l/20) (h~/20) -0.3 -13.99 -0.56 -0,62* 0.84 

(g~/22) (h!/22) -0.62* -12.54 -0.2 

(g~/22i~l/22) (h!/20) 0,07 -0.56 -13.06 

(g:/22iil/20) (h~/22) -0.62* -0.2 -12,76 

(g:/20iil/20) (h~/2°ii3/20) 0.84 -11.34 

1=2 

(g:/20) (h:/22) -13,12 -0,3 -0.28*' 

(g~/20iil/2) (h!/22) -0,3 -13,27 -0.3* -0.28* 

(gbOiii/22) (h!/20) -0.3* -13,49 -0.25 -0.03 0.84 

(g!/22iil/20) (h!/20) -0.28* -0,25 -13.49 0.2 

(g~/22) (h~/20) -0.28* -0.03 0.2 -13,34 

(g!/20iil/22) (h~/20ii3/20) 0,84, -10.8 

*Off•diagonal elements of the np interaction. 

tOO 

FIG. 3. Dependence of the 
first excited states with I = 0 
and I = 2 on the size of the 
matrix. 

The np off-diagonal elements are indicated by an 
asterisk. 

Inclusion of the Coulomb interaction will de­
crease the separation of the levels with I = 0 and 
I= 2 further by approximately 0.05 MeV and 
those with I= 0 and I= 4 by about 0.1 MeV. The 
final level scheme is depicted in Fig. 4. The ex­
perimental level scheme is shown to the right. 

------z, 

In the experimental papers [s] the third excited 
state which lies at 0.65 MeV has been given the 
tentative spin and parity assignment 2 +. This is 
based on the analogy with the level sequence in 
vibrational nuclei. The calculation shows that it 
must have the quantum numbers 0 +. The second 
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2 + level lies at a higher energy (see Fig. 4). The 
experimentally observed 1- level can be explained 
as follows. The 1- levels are obtained from con­
figurations of the form 

I (g~1Jn)a (h~;J3i"~,: Jp)aJ = r->, 
l(g~;,Jiif.tJ2:Jn)a(h~,J3i"f, :Jp)al = r-), 

I (g~/,Jlj"/2 : J n)a (hf;,J p) J = I-). 

Many such configurations exist. However, they lie 
high above the ground state since they are associ­
ated with the breaking of a pair of protons (or 
neutrons) and the raising of one of the protons 
(neutrons) to the level i 13; 2 ( j 1512). Therefore the 
first 1- level appears at approximately 2.5 MeV 
despite of the large number of 1- states and their 
strong interaction. 

FIG. 4. Level scheme of Rn218 for spins 0, 2, and 4. To the 
right is shown the experimental level scheme. The energy on 
the ordinate is counted from the single particle ground state. 

So far we have discussed single particle ex­
cited states and have neglected "particle-hole" 
excitations of the core. Actually the core excita-
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Table II. Expansion coefficients c~ for the wave functions of some 

states of Rn218 

(g:.}l) 

(g: 20iil/20: 0) 

(gZ,z2) 

(g~/20) 

(g~ 20) 

(g~ 20g~/20 : 0) 

(g!122ii122 : 0) 

(g~20iil)~: 2) 

(gt/22iii;20 : 2) 

(g~/20ii1,20: 0) 

(g~/20j~5/20 : 0) 

(g~-22) 

(g~/20) 

(g~_20iil/22 : 2) 

(g~'22iiv2o : 2) 

(g! 20iii·20: 0) 

(g~/20) 

(g!'20ii 1/20 : 0) 

(g~l20ii I/22 : 2) 

(g~/22iil 20 : 2) 

(g~/22) 

(g!,22ii1122 : 0) 

(g~,20iil 22 : 2) 

(g~ 22) 

(g:,22i~l '22 : 2) 

(g~l22iil 24 : 2) 

(g~ 20iil 2" : 4l 
(g~,20iii '22 : 2) 

(g:122ii1122 : 2) 

(g:/22iil/22 : 3) 

(g~ 22ii1,22: 4) 

(g~ z2) 

(g~/20) 

(g~,20ii1,20: 0) 

(R~;}Ji~I 24: 4) 

(g;/22ii1;22 : 4) 

(g~/20iil/22 : 2) 

(h~/20) 

(h:120) 

(h~ 22) 

(h~/20{~/20: 0) 

( h~/20ii3/20 : 0) 

(h:/20) 

(ht/20) 

(h~/22) 

(h~/22) 

(h~/20ii3/2: 0) 

(h:/20) 

(h~/20) 

(h!122) 

(h~/20) 

(h~/20) 

(h~/22) 

(h:/22) 

(h:/22) 

(h~/20) 

(h:120) 

(h!/20) 

(h!/22) 

(/z~/20ii3/20 : 0) 

(lz~;20ii3/20 : 0) 

(h:/20) 

(/z~/20) 

(lz!122) 

(h:/22) 

(h!/22) 

(h~/22) 

(h~/22) 

(ht/22) 

(h~, 20) 

(h~ 20) 

(h~, 20) 
(lz~20) 

(h!/22) 

1="2 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

2 0 0 

J N R. o, o, 

0 0 0 

0 0 0 

0 0 0 
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2 2 -0.10 

2 2 -0.22 

2 2 -0.16 

2 2 -0.16 

2, 

0.06 

0.32 

0.67 
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0.07 

0.13 
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-0.12 

2, 

0.40 

0.21 
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0.40 

0.56 

0.05 
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0.06 
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-0.14 
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0.10 
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-0.10 

0.06 
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0.10 

0.10 

2, 

-0.:35 

0.17 

-0.23 

0.57 

0.10 

0.06 

0.10 

0.0!5 

-0 .. 12 

-0.12 

~ ~ ~I 

0.19 

0.22 

-0.12 

0.1:3 

0.06 

0.02 

--0.15 

0.05 

0.07 
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tions have a negligible influence on the even-parity 
low excited states. However, when investigating 
levels of the opposite parity one has to take into 
account the "particle-hole" excitations. Thus one 
has to consider in addition to the interaction of 
filled single particle orbitals also that of hole 
states associated with core excitations if one wants 
to obtain correct position of the 1- levels. This 
will lead to considerable lowering of the first 1-
state and it must depress it to the experimentally 
observed position. 

In Table II are given the expansion coefficients 
cb of the wave functions of Rn218 in terms of the 

10A A 
eigenfunctions of 4 H0 ( i ) + Hs. 

1 

It is of interest to compare the experimental 
and the calculated binding energies of the ground 
state. The single particle energy of six neutrons 
and four protons is ( -3.9 x 6 - 3.8 x 4) = -38.6 
MeV. The computed pairing energy and the inter­
action energy with the surface is for a ground 
state -16.1 MeV. The Coulomb energy for the re­
pulsion of the four protons equals 2.5 MeV. Thus 
the computed separation energy is 52.2 MeV. The 
observed separation energy for ten nucleons in 
Rn218 is 50.8 MeV. It should be remembered that 
the basic assumption was that the excited nucleons 
interact only through residual pairing forces. The 
obtained result indicates that any additional forces 
of a different type, if they exist at all, make a 
small contribution. 

In order to determine how sensitive the ob­
tained results are to changes of the parameters, 
we varied them within certain not too large 
ranges. In Fig. 5 we show the motion of some 
levels due to changes of the single particle energy 
of the state i11; 2• This change can be generated by 
a change of the surface diffuseness parameter of 
the potential Vc. In Fig. 6 the position of the 
first few levels with I = 0 and I = 2 is shown if 
the parameters Vs, Vt and C are varied, with 
nw = 3 MeV. From this it is evident that the level 
sequence 0 - 2 - 0 is maintained for all these 
changes, and that the best agreement with experi­
ment obtains at Vs = 35 MeV, Vt = 15 MeV, and 
C = 1000 to 2000 MeV, i.e., the same parameters 
which have earlier [2- 5] been found to be optimal. 
From the same figure we see that the Vs-inter­
action does not change significantly the position 
and the character of the levels. 

The probabilities of y transitions between the 
different states of Rn218 were also computed. 
Here only the most important components of the 
wave functions were used. Therefore the accuracy 

FIG. 5. Position of the first 
levels with I = 0 and I = 2 as a 
function of the single particle 

energy of the state i11 ; 2 • 

-!5 

-to 
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Vs=t8 vs=l5 vs=t¥ vs=t5 

v1=¥2 li =J5 vt =J2,7 v1=J5 
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FIG. 6. Positions of the first states with I = 0 and I = 2 for 
several values of the parameters v8 , Vt and C. The energies 
are given to the left (all values in MeV). 

of these computations is relatively small. How­
ever, the obtained results indicate that the proba­
bilities of the E2 transitions 21 - 01 and 02 - 2 1 

are roughly the same. The transition 22 - 21 is 
an E2 + M1 mixture where the E2 contribution 
is smaller than in the transitions 21 - 01 and 
02 - 21• Furthermore, the level 22 must have a 
strong transition to the ground state 01• All these 
results must be experimentally checked. 

In conclusion I consider it my pleasant duty to 
thank L. A. Sliv and Yu. I. Kharitonov for useful 
discussions and N. B. Brovitsyn and G. V. 
Podga1 skaya for help in checking the computations. 
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