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A method is proposed by which the scattering length and effective range of elastic scattering
of electrons by a neutral atom can be determined by isoelectronic extrapolation with respect
to the quantum defects of the electron in the ion fields. The model potential parameters em-
ployed for the extrapolation are chosen to correspond to quantum defects known from experi-
ments. The extrapolation is not performed with respect to Z but with respect to zero values
of the quantum defects. By way of example the method is used to determine the cross sections
for the elastic scattering of electrons by Ar and Ne atoms at energies up to 1 eV. The re-
sults obtained are in satisfactory agreement with available data.

PUBLISHED data on elastic scattering of slow
electrons by atoms are relatively scanty. Theo-
retical investigations, as a rule, are confined to
an examination of scattering by the hydrogen atom.
Calculations for more complicated atoms entail
great difficulties. Experiments were made for a
limited number of atoms, and as a rule the meas-
urements did not cover the very important region
of incident-electron energy, on the order of a frac-
tion of an electron volt. It is therefore of interest
to devise semi-empirical methods by which to cal-
culate the elastic scattering of slow electrons.

Theoretical estimates of the ionization poten-
tials of negative ions are made for the most part
by the method isoelectronic extrapolationti=41,
This method does not claim high accuracy, but is
relatively simple, permits analysis of the ions of
all elements, and, as shown by comparison with
the experimental data, gives sensible values for
the affinity energies.

A similar extrapolation procedure can be used
also to calculate the cross section for elastic scat-
tering of slow electrons by atoms. In fact, the
quantum defect method proposed by Seaton[%%] en-
ables us to find the phase shifts of elastic scatter-
ing of slow electrons by positive ions. Consequently,
we can, by calculating the elastic scattering of
electrons by the ions of the isoelectronic sequence,
attempt to extrapolate these data and thus deter-
mine the scattering by the atom. For example, we
can determine the scattering by the Ne atom from
the scattering by the ions Na*, Mg**, Al*** etc.

We must note immediately, however, that the
quantum defect method in the form proposed by

Seaton does not make it possible to choose directly
a quantity that can be extrapolated for our purposes.
It is meaningless to extrapolate the phase shift (or
the quantum defect), if for no other reason, because
of the elastic scattering of the electron by the atom
at zero energy is already known from general con-
siderations: it is equal to an integral multiple of 7.
At the same time, the parameters customarily used
in scattering theory, such as the scattering length
and the effective radius, are missing from Seaton’s
exposition of the quantum-defect method. It must
also be noted that there are some unjustified as-
sumptions in Seaton’s cumbersome arguments.
Therefore, the first step was to reconsider the
scattering of an electron in the ion field by apply-
ing the effective-radius theory 7] to the Coulomb
attraction field. The result was a rigorous justifi-
cation of the quantum-defect method and establish-
ment of its connection with the effective-radius
theory [811),

In the present paper we first apply effective-
radius theory to the extrapolation problem, and
then propose an extrapolation method. The results
obtained with its aid for Ar and Ne are compared
with the experimental data.

EFFECTIVE RADIUS THEORY FOR A COULOMB
ATTRACTION FIELD

The radial part u(r)/r of the wave function of
the electron in the ion field satisfies the equation
(we are considering only the s-wave)

DSimilar work was done a year later by Moiseiwitsch(®*].

1353



1354

[d®/dr® + B 4 2ZIr + 2V ()] u (r) = O, 1)

where Kk® is the energy of the electron, Z the ion
charge, and V(r) takes into account the difference
between the potential and Coulomb energies at
small r. The asymptotic form of U(r) for large
r is described by a function ¢ (r) which satisfies
the equation

(d/dr® - & + 2Z/r) ¢ (r) = 0. )

Using arguments similar to those used by Bethe
"] for a Coulomb repulsion field, we obtain, con-
fining ourselves as usual to two terms in the ex-
pansion in powers of the energy,

2 [ — ()] = — 5 gt
h (y™®) = Re ¥ (it) — In|7],

where 6(k?) is the phase shift of the electron wave
function, characterizing the difference between the
field and a Coulomb field, v = Z/k, ¥(x) is the
logarithmic derivative of the I'-function, a is the
scattering length (in atomic units), and r, is the
effective radius:

(3)*

o

ro =2 (03 — ud) dr

0

(4)

(¢o and u; are the solutions of (1) and (2) for k2
= 0). The function h(y™%) can be expressed, ac-
cording to Hartree and Johnston (103 in the form

h(v®) = ¥ (iv) + Qi)™ — In (i7) — in [exp (2ny) — 1174

Expression (3) is valid also for negative ener-
gies, provided we make the substitutions

iy —n', ctg d (&) — i.

The first substitution follows from the fact that the
energy k? is replaced by the negative electron en-
ergy E in the bound state, expressed in terms of
the effective quantum number n*: E = — Z2/n*2,
The second substitution follows from the fact that
the scattering amplitude has poles at the points
corresponding to the bound states. We thus obtain

[1 — exp (— 2n7)]* ctg & (B%) 4- i [exp (2ny) — 1171
— icth (— inn®) = ctg np (E),
2Z [mctgmp (E) — b (n*2)] = — a™! + 0.5r,E,

h(n?) =% (n") + 27 — In n". G

We have introduced the quantum defect y = n—n*.
This quantity is calculated from the term energy,
which is known from the experimental data. We

*ctg = cot.
Tcth = coth.
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represent (5) directly in the form of the energy
dependence of the quantum defect:

(6)

- = _ S ay (Zr
H(E)—p'o_n’z ’ o= A (4:[

1
+ 13
We have used here the fact that h(n*"%) ~ —1/12n*?
[“’J, and also introduced p,, the quantum defect at
zero energy, which determines the scattering
length:

onZ ctg myu, a™. (7)

Thus, by calculating u(E) from the spectrum of
the energy levels of the atom, we can, as is usually
done in the quantum-defect method, determine the
elastic scattering of an electron by an ion. For ex-
ample, from the spectrum of Nal we can determine
the scattering by the ion Na*, from the spectrum
of MgII we can determine the scattering by Mg**,
from the spectrum of AlIIl we can determine the
scattering by Al***, etc. We note that it turns out
actually that 6(k?) = mu(k?), where u(k?) is the
quantum defect extrapolated to positive energies k2.

EXTRAPOLATION METHOD

Letting Z — 0 in (3), we obtain the known ex-
pression

kctgd (k%) = — a4 0.5 r k2. (8)

We can thus extrapolate the scattering length. How-
ever, the quantity a, defined by (7), has a highly ir-
regular behavior and does not lend itself to depend-
able extrapolation. We can attempt to do this ana-
Iytically, by regarding u, in (7) as a function of Z
and recognizing that u, tends to an integer as

Z — 0. We obtain

a=—1dp,(2)/dZ|,_, ©)

However, it must be taken into account here that
the transition to the limit from (3) to (8) is made
for k = 0, and the transition to the limit from (7)
to (9) is made already after we put k = 0 in (3)

[ and thus obtain (7)]. However, for a function of
type (3), the second limit, generally speaking, can
depend on the sequence with which the transitions
to the limit were made. Indeed, calculations by
means of (9) give patently incorrect results. In
particular, the scattering length for any sensible
approximation of the function py(Z) always turns
out to be positive. We therefore discard (9) as
erroneous.

We use for the extrapolation the quantity V(r),
which can be determined from model considera-
tions. Indeed, we know p, and o from experiment.
We can therefore specify a model potential which
depends on two parameters, and determine these
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Table I
Po (—a) x y qb
Na I 1.3480 [12] 0.0614 8.6993 4.5190 6.9071
Mg I1 1.0674 [13] 0.0986 8.7760 5.5006 5.8452
AlTII 0.8960 0.11 8.8052 6,0616 5.0986
Si IV 0.7746 [14] 0.1229 8.R412 6,4768 4.5272
PV 0.6856 0,125 8,8556 6.,7680 4.,0836
K1 2.1802 [12] 0,136 11,8986 5.1934 14,3257
Ca Il 1,8024 [15] 0.238 11:9794 6.4710 12,7040
Sc 111 1.560 0.336 12,0522 7.3055 11.4856
Ti IV 1.3826 0.448 12,1345 7.9449 10.5156
‘A% 1.238 0.50 12.1741 8.4261 9.6512

parameters for each ion from the condition that
the corresponding values of y; and a be equal
to the experimental values. It can be hoped that
the parameters obtained in this manner vary
smoothly along the isoelectronic sequence and
that we can obtain by extrapolation the effective
model potential for scattering by a neutral atom.
We can then calculate the scattering length and
effective radius of interest to us.

We have chosen V(r) in the form

q/r, r<b
Vm:{ 0 r>b,
where q and b are unknown parameters. Solving
now Eq. (1) with k* = 0 and with a potential (10),
we obtain from the boundary condition an expres-
sion for pu,:

(10)

xJo (x) J1(y) — yJo () J1 (x)
xJo () Y1(y) —yYo (v) J1 (x) °

tg mpy = (11)*
where Jyp and Yy are Bessel functions of the first
and second kind, y2 = 8Zb, and x% = 8(Z +q)b. Ex-
pression (11), together with the condition that p,
be a continuous function of x and y and that
Ho(x=y) = 0, determines p, uniquely.

Further, calculating (4) and using (6), we get

_ ysin?mpe
19272 (x)

—J3 (%) [J2 (y)ctg g — Y2 ()12}

Equations (11) and (12) enable us to determine
x and y for each member of the isoelectronic se-
quence from the known values of p; and «, and
determine by the same token the model-potential
parameters that can be extrapolated.

By way of an example we have attempted to ob-
tain the cross sections for the scattering of slow
electrons by Ne and Ar atoms. The experimental
data on these cross sections are available, so that
such a calculation can be regarded as a check on
the proposed method. It is important that the en-

{(J3 (x) [11 () ctg 7y — Y1 (9)]1®

12)

- ¥tg = tan.

ergy dependence of the cross sections for the scat-
tering by these atoms differs greatly.

The isoelectronic sequences for the scattering
by Ne and Ar are all the ions containing 11 and 19
electrons, respectively. The results of a graphical
solution of the system (11) and (12) for these iso-
electronic sequences are listed in Table I. The
quantities py and o were chosen from the data
given in (1] or were taken from the original
papers.

The extrapolation was carried out not with re-
spect to Z but with respect to p;. This yielded
smoother relations. The sought values of the pa-
rameters were obtained for p; = 2 for Ne and for
to = 3 for Ar[1€],

We have attempted to achieve linear extrapola-
tion. Such extrapolation could be carried out for
the quantities g (Fig. 1) and In (gb/y,) (Fig. 2).

In choosing the latter quantity we took account of
the fact that qb = 0 for p, = 0, since this point
corresponds to Z = . The straight line was
drawn through five points by least squares.

The extrapolated values of q and b determine
the scattering length and the effective radius for
the scattering of an electron by a neutral atom.

a J2 (V 8gb) ro 2 (2__%5_%)

T——_JO(V:WT), b3 (13)

DISCUSSION OF RESULTS

The results obtained for Ar and Ne are shown
in Table II. The scattering length was found to be
negative for argon and positive for neon. This cor-
responds precisely to the fact that the Ramsauer
effect is observed for argon but not for neon.

We note that (13) are quite sensitive to small
changes in gb. Nonetheless, we were able to use
the same extrapolation methods for two atoms,
argon and neon, which have greatly differing scat-
tering cross sections. This is evidence in favor of
the chosen extrapolation method.

In constructing the elastic scattering cross sec-
tion, we used an expression derived by O’Malley,
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FIG. 1. Extrapolation of the quantity q: 1 — for the Nal
isoelectronic sequence, 2 — for KI sequence.
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FIG. 2. Extrapolation of In(gb/p,): 1 — for the Nal
isoelectronic sequence 2 — for the KI sequence.

Table II
l ab q a Y
Ne 8.846 | 1,86 0.10| —140
Ar 16,994 | 3,26 |—1.6 18
|

Rosenberg, and Spruch[”’m, which takes account
of the polarization potential g%/r:

Klg 8 (k) = —a — L a2k — L op%2In 1, 238k

—a?(Lry + 2 n3— np?/3a%) k2.

(14)

With respect to polarization, it must be stated
that in the present investigation it is taken into ac-
count only ‘‘effectively’’: the calculation is based
on the experimental values of u, and «; the quan-
tity u, is used to perform the extrapolation itself;
formula (14) is used to calculate the cross sections
of interest to us. However, in the derivation of (6)

and in selecting the model potential (10), no account

was taken of the polarization. A correct account of

the polarization should make the extrapolation more

dependable

DIt must be noted that even the very formulation of the
problem of allowing for polarization is not clear in all respects.
The polarization appears in two ways: first, a long-range
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The scattering length and the polarizability co-
efficient are sufficient to determine the phase shifts
by means of formula (14) only at energies up to
several hundredths of an electron volt. At higher
energies it is necessary to know also the effective
radius. The simultaneous determination of both a
and r; is therefore an advantage of the proposed
extrapolation method.

The obtained cross sections are shown in Figs.
3 and 4. We see that they are in satisfactory
agreement with the experimental data.
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FIG. 3. Cross section for the elastic scattering of elec-
trons by the argon atom. Experimental data: curve 1 —
from(?1], 2 — from[%2), 3 — from[**); (] — point obtained by
measuring the shift of the higher levels of the alkali metals
in inert gases[‘°]. We note with respect to this that it is in-
dicated in[#], with reference to a private communication by
Baranger, that the reduction of these measurements should
be made more precise. The cross section obtained must be
referred apparently not to zero energy, but to an energy on
the order of several hundredths of an electron volt, i.e., the
point on the plot should be shifted somewhat to the right;
O — point obtained in[*] by extrapolating the data from[*]
with the aid of formula (14); curve 4 — present work;

A — point obtained by Moiseiwitsch[zs'“]; ¥V — experimental
point[”] with which Moiseiwitsch compared his results;

5 — curve plotted from the scattering length calculated by
Moiseiwitsch.

potential B%/r* appears; second, the short-range potential
also becomes deformed. In recent investigations by Veklenko,
Novobrantsev, and Starostin of the scattering of slow elec-
trons by the hydrogen atom[**:%°], only the second factor was
taken into account, and good results were obtained nonethe-
less. The deformation of the short-range potential can, gen-
erally speaking, depend on the electron energy. This in turn
produces in the expansion (14) additional terms that depend
on the derivatives of the potential with respect to the energy.
The foregoing ideas are due to Starostin.
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FIG. 4. Cross section for the elastic scattering of elec-
trons by the neon atom. Experimental data: curve 1 — from(?!],
2 — froml®], 3 — from[®*); [T, O, A, V, curve 5 — the same
as in Fig. 3; 4 — present work.

Let us make a few remarks with respect to two
communications by Moiseiwitsch [25’26], with which
we became acquainted as the present work was
being completed. Moiseiwitsch also called atten-
tion to the fact that the extrapolation procedure
can be applied to the calculation of elastic scatter-
ing. However, he carried out the extrapolation in
accordance with formula (9), and obtained for ar-
gon and neon scattering lengths of 0.62 and 0.73
respectively (in accordance with the foregoing,
both values are positive). These numbers do not
agree with the experimental data. The discrepancy
becomes even sharper if these values of the scat-
tering lengths and the first two terms of expansion
(14) are used to plot the cross sections in the re-
gion of several hundredths of an electron volt (to
plot the cross sections at higher energies it is
necessary to know the parameter r;, which
Moiseiwitsch did not calculate). The curves ob-
tained are also shown in Figs. 3 and 4. An utter
disagreement with experiment can be noted. It
must be emphasized in particular that Moiseiwitsch
did not note the specific nature of the atoms,
namely that the cross sections of argon and neon
turned out to be almost the same, and no Ramsauer
effect was obtained for argon. All this confirms
that formula (9) is erroneous. The method used
by Moiseiwitsch for comparison with experiment
is surprising. His figures, which correspond to
zero energy, were compared by him with the cross
section measured for argon at 1.6 eV and for neon
at 0.4 eV. In view of the fact that the cross sec-
tion is strongly dependent on the energy in this
range, such a comparison is utterly meaningless.

The extrapolation method proposed in the pres-
ent paper can be employed, if suitable spectro-

scopic data are available, for atoms of any ele-
ment. Obviously, we can determine separately
here the scattering for states with different mul-
tiplicities (in general with different values of the
momentum ).

It should be noted that in addition to direct iso-
electronic extrapolation, we can use, as for nega-
tive ions (3], “‘horizontal”’ extrapolation based on
comparison of atoms which are in the same row
of the periodic table. In this connection, we make
several general remarks, analogous to those we
made earlier 3% for a different problem. The
quantum defects increase gradually with increas-
ing atomic number. The difference between the
quantum defects of neighboring elements is deter-
mined by the difference in the structure of the re-
sidual ions. Therefore an atom of an inert gas and
the atom of the alkali metal which follows it will
have nearly equal quantum defects. To the con-
trary, the alkaline-earth atom alongside will have
a noticeably different quantum defect. Conse-
quently, using isoelectronic extrapolation, we can
assume that nearly equal scattering cross sections
should be obtained, for example, for the atoms Ne
and F, Ar and Cl, etc. The corresponding cross
sections of the elements of the sixth column of the
periodic table will likewise not differ by much.
Indeed, the measured cross section for O [31:32]
was found to resemble the cross section for Ne.

The proposed extrapolation can also be used,
generally speaking, to determine the phase shifts
of p- or d-scattering, etc. The calculation of the
higher phases makes it possible to extend the re-
gion for which the cross sections can be deter-
mined at least to several electron volts. The pro-
posed extrapolation method can apparently be used
also to determine the energy of the affinity of the
electron to the atom.

In conclusion we express our gratitude to A. Kh.
Mnatsakanyan and A. N. Starostin for many inter-
esting discussions.
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