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The problem is investigated to what extent a composite particle can be described by an inde-
pendent field. The field describing the composite particle is assumed to have a mass M
different from the mass M, of the composite particle. The theory is considered in the limit
M — M,. In the limit the Green’s function of the particle and the renormalization constants
become meaningless and the amplitudes on the mass shell go over into the amplitudes of the
composite particle theory (without an independent field).

1. INTRODUCTION

WTH the increase of the number of observed
particles, the question whether the particles are
elementary or not and whether this or that parti-
cle is similar to others or not becomes more and
more acute. In the present paper we investigate
the difference between an elementary and a non-
elementary particle in a Lagrangian theory. More
precisely, we shall inquire to what extent a man-
ifestly composite particle can be described by an
independent field. It is clear that we are speaking
only of particles whose spin allows for the con-
struction of a Lagrangian theory, so that, e.g., the
physical deuteron remains outside the discussion.

The answer to our problem is, strictly speak-
ing, negative: the composite particle can not be
described in a consistent fashion by an independ-
ent field, since there exist no Green’s function
and no renormalization constants for it. It is thus
impossible directly to introduce in the Lagrangian
a field for the composite particle, and we shall
have recourse to the following approach: We in-
troduce in the Lagrangian an independent field
with all its quantum numbers corresponding to
the composite particle but with a different mass.
Then all basic properties will be well-defined.
Then we let the mass of the independent field tend
to the mass of the composite particle and consider
the behavior of the Green’s function and the am-
plitude in this limit.

It is noteworthy that, in contrast to the behavior
of the Green’s functions, the amplitudes on the
mass shell remain finite in this limit and go over
into the amplitudes which describe the scattering
of particles in the original theory (without an
independent field for the composite particle). In

this narrow sense of the word the theory with an
independent field coincides with the theory with a
composite particle.

We note that the same problem has been con-
sidered by us on a nonrelativistic model.
Special problems related to the behavior of the
renormalization constants for composite particles
have been discussed earlier.?]

For simplicity we consider charged scalar
particles of two kinds (‘‘nucleons’’) forming a
single bound S state (‘‘deuteron’’).

2. GREEN’S FUNCTION IN THE PRESENCE OF
A COMPOSITE PARTICLE

Let us consider a system of nucleons interact-
ing with each other directly (we recall that we
regard them as scalar particles) or via some
other field. If the proton p and the neutron n
form a bound state (deuteron) with mass M, then
the four point Green’s function

G (2, x5, 7, 7))
= Z5' Zz 0| T (4, (z1) ¥, (z2) ¥} () V7, (23)}] 0D
will have a pole in momentum space:
G (g1 92 4,5 4;) = (20)%8* (01 + ¢2 — ¢, — ¢}) G (Q, ¢, ¢'),

n_ Flan e Fgy, a) | ~ ,
G(Q!QvQ)—~l'_Q?—:A4‘2)—+G(Q1qvq)y (1)

where Q=qqy+ q; = qq + qy; G has no poles in Q.
The function F(qy, q») = F(Q, q), where

q=(dqy — gy)/2, is the Fourier transform (with
respect to the variable q) of the function

F(Q,2)
= (2n)" V2002522 0| T {, (x12) b, (— 2/2)}| Yagd
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¥qq is the state describing the deuteron with
four-momentum Q, Q) =V Q*+ Mj. We introduce
further the function f(q;, q,) related to F(qy, q)
by F(qq, 92) = iAp(qy) An(qy) f(qy, qz), where

A, and A, are the renormalized Green’s func-
tions of the proton and the neutron. f(qy, q,)
satisfies the homogeneous Bethe-Salpeter integral
equation:

10+ ¢q1 (0, ¢.0) 8 (% 0+ ¢)
x An(+Q—¢)f(Q, ¢) =0. (2)

Here 1(Q, q, q’) is the relativistic interaction
defined by the operator equation G = G — G(IG.
All symbols denote integral operators in the four-
dimensional space of the relative momentum of
the neutron and the proton with the kernels

G(Q . 9'), (Q q,q") and Ap(%Q + q) Anx
(%Q - q)6*(q - q') (for Gy); Q is to be re-
garded as a parameter. 1(Q, q, q’) is given by
the set of Feynman graphs without external lines
and without intermediate states with only two
nucleons in the direction of the transition p + n
— p’+n’.

The function f(Q, q) depends on two scalar
arguments, for which we may choose, e.g., q% and
q%. The equation for f can easily be rewritten in
terms of these variables. The integration over
qf and q% goes over the region (in the system
with Q = 0)

(¢2— g2 + M§>2Mj (g2 + ). (3)

The kernel of the new equation is the function
1(d}, a3, qf?, q?), which is an integral of
I(Q, q, Q") over the directions of the vector q’.

The integral equation only has a meaning when
the expression under the integral sign drops off
sufficiently rapidly in the region of high momenta.
If we assume that the functions Ap(q;) and
A, (gy) decrease no more rapidly than 1/q} and
l/qg, then to have a meaningful equation we must
require either that the kernel I( qf, qg, qﬁz, qéz)
decreases in the second pair of variables or that
the function f(q%, qg) decreases for | q% | = o
and | q} | — « in the region of integration. In the
first case we find, using the obvious symmetry
relation I(qf, 43, af’, a5®) = I(af%, a5, o}, @),
that I decreases also in the first pair of argu-
ments, which again implies that f(q?, qg) van-
ishes.

These, admittedly, not very rigorous consid-
erations lead us to believe that the Bethe-Salpeter
equation only has meaning if f(q}, qf) is a func-
tion which vanishes for large values of the argu-

ments in the region (3). In this case f can indeed
be found from the Bethe-Salpeter equation. If

f( q%, q%) does not vanish, it is evidently not pos-
sible to write down an integral equation for it. It
is then not clear how to obtain f and in which way
restrictions on the magnitude of the mass M, can
arise. This case is difficult to interpret as a
bound state.

We note that an analogous situation is also
encountered in ordinary quantum mechanics. The
requirement that f( q%, q%) vanish is completely
analogous to the condition that the wave function
in coordinate space, (r), be finite at r = 0.
This condition is superfluous as far as the normal-
izability and the physical meaning of the wave
function is concerned, but it is absolutely essen-
tial as a restriction on the admissible values of
the binding energy. The mathematical nature of
this condition shows up in going from the differ-
ential Schrédinger equation to the integral equa-
tion. The integral equation has only a meaning
for finite (0), in complete analogy to the rela-
tivistic case. The condition of the vanishing of
f(q?, q) or the finiteness of ¥ at the origin are
additional requirements which must be postulated
if we are dealing with composite particles. In
disregarding these requirements we lose the
discreteness of the spectrum.

The function f(q?, q}) must decrease only in
the region (3). This region includes, in particular,
infinite values of one variable while the other is
fixed. It therefore follows from our discussion
that the vanishing of the function f(q%, m?) (m is
the nucleon mass) for q} — «, as postulated in
a number of papers,m is an entirely well-founded
requirement.

3. INTRODUCTION OF AN INDEPENDENT
FIELD TO REPRESENT THE COMPOSITE
PARTICLE

We add to the Lagrangian of the system new
terms which could represent a deuteron interact-
ing with the nucleons according to the scheme
d — p + n. As mentioned in the Introduction, it is
incorrect to introduce directly a field with the
(physical) mass M,, since no Green’s function or
renormalization constants exist in this case. We
shall therefore assume initially that the newly
introduced field has a mass M different from
M, and then go to the limit M — M,. The particle
corresponding to the field with the mass M will
be called a quasi-deuteron or M particle. All
quantum numbers of the M particle besides the
mass are the same as for the deuteron. The in-
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teraction of the quasi-deuteron with the nucleons
is described by the Lagrangian density

Ly = g0 (Wit + 9b,b,),

where ¢ is the complex field of the quasi-deu-
terons and g, is the unrenormalized coupling
constant about which we make no assumptions
except that it be real.

The complete Lagrangian consists now, first,
of the previous terms describing the interacting
nucleons and, second, of the terms describing the
quasi-deuterons: a term referring to the free
quasi-deuterons and Lj. This system will be
called ‘‘new,’” whereas the ‘‘old’’ system is what
we were dealing with before the introduction of
the quasi-deuteron field.

In the two-nucleon sector the new system is
described by the two Green’s functions

Gy=Z3Z2<0| T {b, b, b5} | 0,

Pl nl

Zpy (Zypy) are the renormalization constants of
the wave functions of the proton (neutron) with
account of the interaction with the quasi-deuterons.

Let us consider the Feynman graphs for G;.
We single out the graphs which can not be separ-
ated into two parts joined by only one quasi-
deuteron line. The total contribution of all such
graphs will be denoted by G,. In the nonrelativ-
istic theory, G, was equal to the Green’s function
G of the theory without quasi-deuterons, which
simplified the discussion considerably.m In our
relativistic theory Gy # G on account of the con-
tribution from the graphs with antiparticles (e.g.,
formation of a quasi-deuteron and two antinu-
cleons). The pole term in G will also appear in
G, (at least for some g;), but the position of the
pole and the residue will be different. Instead of
(1) we therefore write

P

6 (Qu g, q) = — i M(q =
F, and M, are now functions of gy and M and go
over into F and M, for g, — 0. Let us define f,
by the formula Fi(qy, 9z) = iAps(qy) Ani(qy)
f1(qy, qz), where Ap(n)y is the renormalized
Green’s function of the proton (neutron) with ac-
count of the quasi-deuterons. For f; we can again
write down a Bethe-Salpeter equation, and it is
natural to assume that the properties of f; are
analogous to those of f.

The Green’s functions G; and Ay and the
Mpn vertex part are expressed in a simple way
through G,. We give the formulas for quantities
which are renormalized in the mass and in the

(4)

+ G,.

Ay =i<0|T {99*}|0>. p
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FIG. 1. Proper mass of the quasi-deuteron. Single lines
represent nucleons, double lines represent quasi-deuterons.

FIG. 2. Vertex part I'(Q,q); q = (q, — q,)/2.
FIG. 3. Green’s function G,. :@;
74
Pnc. 3

nucleon lines. The derivation of the formulas can
be understood from Figs. 1 to 3.

The square of the proper mass of the quasi-
deuteron (Fig. 1) is

M2 (Q) = \agarq’ (6, (0. ¢, 0)

g ozm fin1
(2m)8

- G2 (Qv q, q,)le__,Mx)'

(5)

Singling out the singularities of M?(Q) in @
and the mass of the quasi-deuteron M, we find

Q?)
M3

gOZpl m @3 (M2 —
2
— M%) (M?—

M?*(Q) =

a1 = o\ daF1 (0 ), (6)
where M? has no singularities in Q* and M.

The renormalized Green’s function App has
the form

M(Q) = —(0*— (7)
The renormalization constant Z for the quasi-
deuteron is
Z = — lim (Q* — M?) Ay (Q).

Q*>M?
The Mpn vertex part (Fig. 2) is

M? — M (Q)).

(8)

T (Qr9) = s \ & Ga (02 ¢, 0) 851 (a0) A3 (gD (9)

From this we have

T (Q,q) = “g;(o 9 4T, (10)
where T has no singularities of the pole type.
The renormalization constant of the Mpn
charge Z,; is given by
2 =T (@ D)oy, gz (11)

The Green’s function Gy (Flg. 3) is
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G, (0,9, 9)= G — 182 Zp Zny Bpy (1)

X Am (g2) T (Q, @) By (Q) T (Q, ¢') Apy (g;) Ana (),
(12)

where
Q=g+ @=q¢+9, =50 — @) ¢ =+ — q).

Along with the above-given quantities which
are not renormalized in the quasi-deuteron lines
and the charge, we may consider the completely
renormalized charge gp, the Green’s function
Appps and the vertex part I'p, which are defined
by

g =Z1ZpZhZ" gy, T, =ZT, Ay = Z Ay (13)

It is not difficult to rewrite (5) to (12) in terms
of the renormalized quantities. We shall not
write down the resulting formulas. For our pur-
poses it suffices to consider the unrenormalized
expressions.

It is characteristic that in the theory with a
quasi-deuteron field there is no bound state with
mass M,;, which might be expected from the
form of G, formula (4). The Green’s functions
Ap and Gy have no poles for Q= M% The pole
in G, is completely compensated by the pole in
the second term of (12). Actually the situation is
such that G, contains only that part of the inter-
action between the nucleons and the quasi-deu-
terons which gives rise to the shift of the mass of
the bound state of the nucleons from M, to M;.
With full account of the interaction with the quasi-
deuterons the mass of the bound state is shifted
again and is no longer equal to Mj.

We emphasize that the vertex part I" has a
pole at Q* = M%. However, this pole does not show
up in any observable quantities. This circum-
stance is of interest in connection with the proof
of the finiteness of the renormalized charge in the
paper of Geshkenbein and Ieffe.®) There the ab-
sence of a pole in T played a very essential role.
These authors assumed that the poles of I are
observable and discarded them from physical
considerations. Here we have the situation that
there is a pole in IT', which, however, has no ef-
fect on the physical quantities. This casts some
doubt on the possibility of extending the results
of W to systems containing bound states.

We must now go to the limit M — M,. This
will be done in the next section.

4. THE LIMIT M — M,

The new system is characterized by the two
newly introduced parameters g, and M. The
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limit M — M, can be taken in different ways, for
example, by fixing g, or by fixing gy. As will
become clear below, the case of physical interest
is the limit for fixed g;, on which we shall there-
fore focus our attention. One might have some
doubts whether this procedure is correct, since
g, is a quantity which is not directly observable
and, possibly, does not exist in a relativistic
theory. However, even if g, does not exist, this
is no obstacle to our considerations. On one hand,
we can always perform a regularization, so that
g, becomes finite, and lift it again in the limit
M — M,. The results will be the same as if we
regarded g, as finite from the beginning. On the
other hand, we shall obtain below the condition
(16), which defines the limiting transition in terms
of g, for fixed g,. This frees us completely
from the problem of whether g, exists or not.

The limit M — M, for fixed g, will be taken
in the following manner. First we see what hap-
pens when M goes to one of the roots of the
equation M? — M? (M) = 0 (we recall that M} is
the point where G, has a pole; M; depends on g,
and M). Then we convince ourselves that M, is
a root of this equation, and have thus found our
limit.

So let M? — M?(M) = 6 — 0. Turning to
formulas (5) to (13), we find that the proper mass
of the quasi-deuteron increases linearly:

g2Z 7 a2 (M2 — Q%)
2 __8fmPm% -1 (14)
M2 (Q) ey
The constants Z and Z; go to zero:
Z ~ 8%g2Zp Zma2, Zy ~ d/ayf, (m?, m?). (15)
The renormalized charge goes to the finite
value
g, — fr (m?, m?). (16)

The unrenormalized Green’s function Ap; goes
to zero linearly, and the unrenormalized vertex
part I' remains finite in all points except on the
mass shell for the quasi-deuteron (Q°= M?),
where it increases linearly. The renormalized
function Appy increases linearly and the renor-
malized vertex part I'y goes to zero linearly,
except on the mass shell of the quasi-deuteron,
where it is finite:

I‘I‘ (07 Q)

Let us now consider the more complicated ex-
pressions. We divide the Feynman graphs without
external quasi-deuteron lines into two groups.
One includes the graphs without internal quasi-
deuteron lines. These do not depend on M at all

(17)

Q=M f1 (Qf,qg)/ﬁ (m?, m?).
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and correspond to the old theory (without quasi-
deuterons). The second group of graphs contains
internal quasi-deuteron lines. Each internal
quasi-deuteron line together with the attached
vertices corresponds to the product
85Zp1ZniT(Q, @) AM(Q)T(Q, q'), integrated
over momenta. As we saw, Ay — 0 for 6 — 0,
and I' remains finite (except in the single point
Q? = M?, which plays no role in the integration).
Therefore, the contribution of all graphs with at
least one internal quasi-deuteron line will go to
zero at least linearly with 6.

It follows from this that M: — M? for 6 — 0,
since the shift of the pole in the transition from
G to Gy is due precisely to the graphs with in-
ternal quasi-deuteron lines. In exactly the same
way we have Zpy — Zp, Zny — Zp, 31— a, Fy
— F, f;— 1.

Let us write M% = M + b6, where b is finite
for M? = M%. Then M? — M} = (M? - M2)/(1 +Db),
and it is clear that M, is the root of the equation
M2 -M}=0 [(1+b)'=1- dM3/dM?] and does
not become infinite if dM%/dM? is finite. There-
fore the limit for 6 — 0 is the same as for
M — M,.

It now becomes evident that for M — M, all
scattering amplitudes of the new theory which do
not contain quasi-deuterons in the initial or final
states, go over into the corresponding amplitudes
of the old theory. The Feynman graphs distinguish-
ing the new theory from the old one and describ-
ing the creation of quasi-deuterons in the inter-
mediate states do not make a contribution in the
limit.

The amplitudes describing processes in which
quasi-deuterons are present in the initial or final
state go over, in the limit M — M,, into the
corresponding amplitudes of the old theory, with
genuine deuterons in the place of the quasi-deu-
terons. This can be verified by comparing the
Feynman graphs for these amplitudes. Since it is
not necessary to include the internal quasi-deu-
teron lines in the limit M — M,, these graphs
can differ only in the external lines correspond-
ing to quasi-deuterons in the new theory and to
deuterons in the old one. For M — M, the ex-
ternal quasi-deuteron line and the vertex attached
to it (Fig. 4) give the factor

1 1
VT—Q—oorrr(Qiq) é—ﬁ‘é—':—f(oiq)’

Q=m
which is integrated over the momenta together

with the remainder of the graph. It is easy to see
that exactly the same expression for the external
part of the graph would have been obtained in the
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old theory in calculating the scattering of deuter-
ons. To this end one may use the technique of
handling composite particles proposed by Zimmer-
mann. [

All that has been said up to now refers to the
case where M — M, for fixed g,. However, one
can also proceed without knowledge of the bare
charge, by taking account of (16). The limit
M — M, for fixed g, is exactly equivalent to the
limit M — M, for fixed g, equal to f(m? m?).

One can also consider other forms of the limit
M — M,. They differ from the foregoing cases in
that g, changes together with M [so that g
=go(M)]. If for M — M, the charge g, increases
or decreases more slowly than 6, formulas (14)
to (17) and all conclusions remain unaltered. If
go decreases faster than 6, then Z — 1, Ay
goes over into the free Green’s function, Z2; — 0,
and g, — 0. The behavior of the amplitudes in
the transition to the limit is trivial and corre-
sponds completely to the vanishing of the interac-
tion with the quasi-deuterons. The amplitudes
containing only nucleons in the initial and final
states go over into the amplitudes of the old
theory, and the amplitudes for processes with
participation of quasi-deuterons go to zero.

The case where the charge g, decreases like
6 for M — M, corresponds to the case where g,
is fixed, but at a value less than, not equal to,
f(m?, m?). gr can not be chosen larger than
f(m?, m?), since the Hamiltonian would then be-
come non-Hermitian (g < 0). This type of
limit leads to results which are similar to those
in the case of fixed gy, with a single exception:
the amplitudes containing quasi-deuterons go over,
in the limit, into the amplitudes of the old theory
containing deuterons multiplied by a factor which
arises from the replacement of f(m?, m?) by the
fixed value of g,. In the limit, the amplitudes
cease to be unitary (they differ from manifestly
unitary amplitudes by a constant factor). There-
fore this limit is of no interest from a physical
point of view.

5. CONCLUSION

From the foregoing comparison of the ¢‘old”’
theory with deuterons and the ‘‘new’’ theory with
quasi-deuterons we arrive at the following con-
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clusions concerning the understanding of the
composite particle and its properties.

1. If the transition A — B+ C is possible
virtually, the smallness of the mass difference
(mp + mg) — mp does not, by itself, imply at
all that the particle A is nonelementary. The
mass of the quasi-deuteron M can be arbitrarily
close to 2m, but if M = M,, the quasi-deuteron
is an elementary particle from any point of view.
It follows from this, in particular, that the ano-
malous thresholds which occur for small mass
differences (mp + mc) — mp have nothing to do
with the elementarity or nonelementarity of the
particle and are purely kinematic effects. A
characteristic mark of a composite particle is
the vanishing of the ‘‘vertex”’ f(q%, qg) for large
values of the arguments satisfying (3). The
assumption of this vanishing is apparently equiv-
alent to the assumption that the particle is non-
elementary.

2. For a bound state there do not exist off the
mass shell such structures of formal scattering
theory as the Green’s function and the vertex
part. Nor do Feynman graphs with intermediate
composite particles have a meaning: they all
vanish when M — M. In this sense a Lagrangian
formalism which treats the composite particle
like an elementary particle is meaningless.

3. The scattering amplitudes containing com-
posite particles (on the mass shell) are obtained
from the corresponding amplitudes in which the
composite particles with mass M, are replaced
by elementary particles with mass M by going to
the limit M — M, with g, fixed according to (16).
This justifies to some extent the use of Feynman
graphs with intermediate composite particles in
investigating the singularities of the amplitudes.®

4. Finally, a remark on the possibility of
distinguishing experimentally a composite parti-
cle from an elementary one. In principle, there
is no problem here, for if the mass of the ob-
served particle is equal to the mass of the theo-
retically calculated bound state, M,, the particle
is clearly composite. But practically we can not
calculate M, and even the experimental mass M
is measured with some error. The question is
whether there are any qualitative features in the
behavior of the composite particles which dis-
tinguish them from the elementary ones. It fol-
lows from the discussion of the system of nucleons
and quasi-deuterons that there are no such fea-
tures at finite energies: if M — M,, all ampli-
tudes go over continuously into the amplitudes of
the old theory with composite particles. A quali-
tative difference may be observable, in principle,
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in the scattering of nucleons at very high ener-
gies. Let us look at this from the point of view of
the Regge philosophy. Then one may think that the
scattering amplitude corresponding to G( Gy)
contains a Regge pole a(Q®)[a,(Q?)] in the
complex angular momentum plane, where « ( M%)
=0 az(M%) = 0] in accordance with (1) and (4)
(cf. the papers of Regge and Gribov [ ).

One may further assume that, in analogy to
quantum mechanics, a(0) < o (M3) and there-
fore a(0) < 0. Then the backward scattering
amplitude for N + N — N + N will decrease like
t®(® for ultrahigh energies (vt — ) in the old
theory (in which a composite particle is included).
Introducing the quasi-deuterons, we add to the am-
plitude G, a second term [see (12)] which depends
only on Q? and represents a pure S wave in the
channel N+ N — N+ N. For large t this term is
constant, so that the backward scattering amplitude
for N+ N — N + N will not vanish at ultrahigh en-
ergies in the theory with quasi-deuterons. This is
an experimentally observable effect distinguishing
elementary and composite particles. It must be
kept in mind, however, that the nonvanishing terms
are of the order of the difference M?> — M3, so
that the difference between composite and ele-
mentary particles appears in the asymptotic ampli-
tuce at energies vVt which satisfy the condition
(t/m2)¢®/(M? - M3) « 1/m?. If M is close to
M,, the distinction can be made only at very high
energies. At moderate energies the backward
scattering amplitude for N+ N — N + N will
decrease, i.e., the particle will in this case be-
have like an ‘‘almost composite’’ one.

All these considerations show that there is no
sharp boundary between elementary and com-
posite particles. If M — M,, one goes over con-
tinuously into the other. The experimental data
can give an indication on whether a particle is
approximately composite only with a certain given
error.
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