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The high-frequency conductivity of a metal in a quantized magnetic field is studied theor-
etically. It is shown that quantization of the electron states results in giant quantum oscilla-
tions of the dissipative part, due to Landau damping, of the conductivity tensor. The effect of
these oscillations on the spectrum, damping, and polarization of a helicoidal electromagnetic
wave in a metal with an arbitrary carrier dispersion law is considered. It is found that the
damping and polarization of the helicoidal wave undergoes strong quantum oscillations upon
variation of the magnetic field. The effect of electron scattering on the amplitude and wave-

form of the oscillations is investigated.

ELECTROMAGNETIC excitations of various types
can exist in metals in the presence of a strong
magnetic field. We have developed a theory for the
propagation of electromagnetic waves under con-
ditions of strong spatial dispersion, when the wave-
length is much smaller than the mean free path of
the conduction electronst 2],

In metals with unequal concentrations of the
electrons and ‘‘holes’’ (n; # ny), helicoidal elec-
tromagnetic fields exist with quadratic spectrum
and elliptical polarization. The frequency w of
these excitations does not exceed the cyclotron
frequency Q@ of the conduction electron, and their
wavelength is large compared with the dimensions
of the electron orbits in the magnetic field. At
sufficiently large carrier mean free path and not
too small frequencies w, the damping of the exci-
tation is due to the spatial dispersion (Landau
damping).

We have already considered(!:?) the classical
limit AQ « T (T—temperature in energy units).

In the present paper we investigate the quantum
case hQ > T. As is well known, the Landau damp-
ing is due to the electrons which move in phase
with the wave. The quantization of the electron
states causes such electrons to be located near

the Fermi surface only for definite values of the
magnetic field H. The Landau damping turns out
to be in this case a periodic function of H. When
ultrasound propagates through the metal, this leads
to giant oscillations of the absorption coefficient
as a function of the magnetic field (3,43, Oscilla-
tions of a similar type should be observed also in

the damping of the electromagnetic waves.

1. We consider a plane monochromatic elec-
tromagnetic wave with frequency w and wave vec-
tor k propagating in an infinite metal at an angle ¢
to the direction of the constant magnetic field H.
We choose a coordinate system such that the z axis
is directed along H and the x axis is transverse to
k and H.

The dispersion equation which determines the
spectrum and the damping of the electromagnetic
wave was obtained int1%] independently of the re-
lation between HQ and T. Therefore in the quan-
tum case hQ > T we can use the dispersion equa-
tion from[%2) in which, however, the expression for
the conductivity tensor oqg (k, w, H) must take
into account the quantization of the energy of the
electrons in the magnetic field. The kinetic equa-
tion can in general not be used to calculate the
tensor ogp in the limiting quantum case, and we
must use the quantum equation for the electron
density matrix. However, before we proceed to ob-
tain a quantum formula for oqpg. we note the follow-
ing. The spectrum of the electromagnetic wave is
determined by the antihermitian part of the conduc-
tivity tensor. In the limiting cases when kR « 1
(R—characteristic Larmor radius of the electrons)
all the electrons make the same contribution to this
part of the tensor, the magnitude of which is not
affected by the quantization. Therefore, if the
hermitian part of the conductivity tensor oglg is
small also in the quantum limit compared with the
antihermitian part oa?‘ , then the spectrum of the
electromagnetic excitations remains unchanged.
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On the other hand, the damping of the wave, which
as_before is determined by the hermitian part
Tap’ is essentially quantum.

™ %) we obtain a classical equation for the cur-
rent density j (k, w, H) in the case of a strong
magnetic field and a strong spatial dispersion:

R < |k 1, ' =v/(v — in),

where v—characteristic Fermi velocity and
v—frequency of collisions between the electrons
and the scatterers.

In the case of a closed Fermi surface, the
asymptotic expression for j is

ik, o, H) = 7% [KE] + sh (hE) + 31 Cw (W'E); (1.2)*

(1.1)

here E—electric field vector of the wave; N =n;4
— g, h = H/H-

The first term in (1.2) is the non-dissipative
current, analogous to the Hall current in the static
case. The quantity

=N v — o) | G

characterizes the conductivity which is longitudinal
relative to H; here ¢{—chemical potential, and the
symbol ¥ denotes summation of analogous expres-
sions for different groups of carriers.

The value of s, is determined by the contrlbu-
tion of all the electrons on the Fermi surface.
Therefore in the quasi classical approximation

T < e <t (1.4)
the quantization of the electron states leads only to
the appearance in the collision frequency v of
small terms which oscillate with variation of the
magnetic field (the Shubnikov-deHaas effect). In
the present paper we are not interested in this ef-
fect.

The situation is different with the last term in
(1.2), the magnitude of which is due to the electrons
moving in phase with the wave (the Landau damp-
ing). The complex vector w characterizing the
average velocity of these electrons can be repre-

sented in the forrn[ﬂ

.ok . . ck [0)

Wy = LoF [ Wy = — 17 v Uz = E

dn a .3)

(1.5)

where fx and {y are quantities of the order of the
Fermi energy ¢, which depend on the form of the
Fermi surface and on the orientation of the vectors
k and H relative to the crystal axes. In the par-
ticular case when the vector H is parallel to a
symmetry axis of high order, or when the spectrum
of the carriers is isotropic, we have

e=t , Gy =0;

Pz=Pz

Lo =sing (S/2nm) (1.6)

*kE] = k x E, (hE) =

V. G. SKOBOV and E. A. KANER

here S (e, pg) —area of the intersection between the
surface €(p) = € and the plane pz = const; p—
quasi-momentum; m = (2m)~! 8S/9e —electron
effective mass; pyz is a solution of the equation

(& p,) = (1.7)

— @ Bl 0
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where v = 8¢/9p—electron velocity, and the bar
denotes averaging over the positions of the elec-
tron on the orbit with specified values of € and pg-.
In the case of a convex singly-connected Fermi
surface, Eq. (1.7) has only one solution.

In accord with the previously obtained data
C is given by

Cot = g \de 5L\ dp, Im [ 8 (@ — k.o

[2],

(1.8)

Quantization causes the electrons with Vz = wy to
be on the Fermi surface only for different values
of the magnetic field. For other values of H, such
electrons are far from the Fermi surface. Conse-
quently the quantity C, together with the Landau
damping, decreases abruptly.

We note that in the calculation of the Landau
damping in the classical limit iQ « T we can
neglect the collisions between the electrons and the
scatterers (v — 0). In the quantum case (1.4) the
scattering of the electrons leads to the smearing
and smoothing of the quantum oscillations, and its
role is appreciable (5]

2. We now proceed to calculate the conductivity
tensor when conditions (1.1) and (1.4) are satisfied.
According to [6], in the absence of electron scatter-
ing ogp takes the form
2 fa._

o

Gap (k, 0, H) = for \ &®r exp (— ikr)
aa’ aa’ *

a |y (x)|a’><a’ |75 (0) | a>
A i (04, — 0)

(2.1)

Here (a |jo (r)|a’) is the matrix element of the
operator of the a-component of the current den-
sity; a—complete set of quantum numbers charac-
terizing the state of the electron in the magnetic
field (magnetic quantum number n, quasi-momen-
tum projection p; and spin projection sy on the
direction of the magnetic field, and the coordinate
X of the center of rotation); hwyry = €y
energy difference; fg—Fermi function of argument
(e4 — £)/T; the adiabatic parameter A — 0.

The energy eigenvalues €, depend on the quan-
tum numbers n, pz, and sz, and are degenerate in
X:

- €9—

*‘E:rzjozs2 = anpz + Szl»LHr (2°2)

where s, = = 1; p = ei/2myc—Bohr magneton;
my—mass of free electron; €pp, is determined in
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the quasi classical approximation by the equation[ﬂ

S (e, p,) = 2nehHc n (2.3)

It is easy to show that the expression in the
numerator of (2.1) is hermitian. Therefore the
hermitian part of the conductivity tensor, which is
of interest to us, can be represented in the form
o®= 3 [f (ea) — f (e + 70)] (h0) ™ 78 (00 — 0)

aa’ (2 4)

X <a|Jq () |a’y<a |, (0)] ap,

where

CalJa®]ay =\&rcalj, ()|adede (2.5
To account for the scattering of the electrons in
the relaxation time approximation, the 6-function
‘with the energy conservation law in (2.4) should
be ‘‘smeared out’’ by replacing the adiabatic
parameter A with the collision frequency v. Then
hy_ S Ea) — (&g + Fi) v )
Cap ﬁZa' ko V2 + (0 — @g)?
X <a|Ja (k) ]2’ <’ |j; (0)] @
In the case of isotropic electron scattering, and
when conditions (1.1) and (1.4) are satisfied,
formula (2.6) can be proved rigorously with the aid
of a method developed previously[‘r’]

Let us investigate formula (2.6). The different
terms in the sums over n and n’ have different
orders of magntiude. In the terms with n’ # n the
energy difference wgg’ is much larger than in the
diagonal terms with n’ =n. In fact, the matrix ele-
ment (a |J (k)] a’) contains a factor Op,pz +Hiky?
which expresses the conservation of the
z-component of the momentum when the electron
absorbs a quantum hw of the electromagnetic
field. Therefore

1)

(2.6)

g =€ —8 ~n —n)kQ, n'==n
aa "'.P';'SZ N, Py, Sy ( ) ’ # ’ (2.7)

Tl‘ma'a = &p, Dythiliy, s, En, Dy Sz = 7u‘:zvzm n’ =n;
Vzn (P,) = Onp,s,/0D,. (2.8)

It follows hence that the terms with n # n’ for
different n and n’ are quantities of the same order
of magnitude. In other words, the sum of the terms
with n # n’ is due to the contribution of all the
electrons on the Fermi surface, and the corres-
ponding part og}g does not contain any quantum
effects (if we disregard the Shubnikov-deHaas

oscillations). This part of crogg is small compared
with the Landau damping and does not interest us
here.

On the other hand, the magnitude of the sum of

DWe note that (2.6) differs from the formula for the high
frequency conductivity of the metal in a quantizing magnetic
field, obtained by Azbel’l*] with the aid of the quantum kinetic
equation.
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the terms with n’ = n is determined by those elec-
trons for which v, ® w, <« v (in particular, this
can be only one term with a minimum value
| vyn — Wy |). This is the part of o op Which yields
the Landau damping in the quantum case.

It is possible to show with the aid of rather
laborious transformations that

aa(npz,np)—2<anlJ (k) n'p, X"
><<nPX'|JB(0)Insz>——Z<np X |J. (k) |n'p,X"

x<n'p X' | Jg(— k) |np, XD, (2.9)

where V—volume of the crystal (we did not write
out the spin quantum number sy, since the opera-
tor j is diagonal in the electron spin).

In the quasi-classical case (1.4) the quantities
Mqg (2.9) are smooth functions of n and pz. On
the other hand, the difference in the Fermi func-
tions in (2.6) differs from zero only when
|eq — t| « hQ. The function w2+ (w - wa'a)z]'i,
however, has a sharp maximum at vyn & wWgy.
Therefore in the case (1.4) the quantities Mgyg in
formula (2.6) can be replaced by their limiting
classical values™®, i.e.,

, 1 .
M.z (np,, np)) — A wawﬁﬁplz’ pht, (2.10)
Thus, the conductivity current density j (k, w, H)
can in this case be represented in the form (1.2),

where
2 1 H
2—;;33— th Sdp [/ (enp,s,) — F (Bup, s, + )]

1 v )
ko V24 [0 — kv, (p,)]* 7

(2.11)

X

In the case when FQ « T, the summation over
n can be replaced by integration, and (2.11) coin-
cides with its classical limit (1.8).

3. Let us consider first the idealized case of
absolute zero temperature and no electron scatter-
ing (v — 0). Integration with respect to p, in (2.11)
using the 6-function yields

_ -1
~ Q €2 Z, 0liln_$ (0(; — Snp”sz)
nsz

m
k..’,

T 20 2aRb Op,,

—0 (C —fio — 8"p2()3z)]’

where 6 (x) = 0 for
x < 0.

Formula (3.1) shows that the function C (k, w, H)
differs from zero if the magnetic field is such that
for one of the n’s the following inequalities are

satisfied:

=1 for x > 0 and 6 (x)

L — ho < upyy s, < Lo (3.2)
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The conditions (3.2) signify that in the interval

[ — hw, &] there are near the Fermi surface
electrons that move in phase with the wave. If one
of the inequalities of (3.2) is not satisfied, then
there are no electrons with vy, = wy in this inter-
val, and C vanishes.

Thus, in the case in question C, viewed as a
functionof H, is an aggregate of narrow and high
rectangular maxima, which are periodic in the
reciprocal of the magnetic field. The distance be-
tween maxima AH ~ HhQ/Z, and their width is
6H ~ Hhw/¢. These quantum oscillations of the
hermitian part of the high-frequency conductivity
are analogous to the giant oscillations for the ab-
sorption of ultrasound by metals in the magnetic
field (31,

Outside the maxima, there is no Landau damping
in this case (C = 0). In a metal with N # 0 there
can propagate in this case an undamped helicoidal
wave. Its spectrum and polarization remain the
same as in the classical limit iQ « T[1:

o (k) = ck | kH |/4n | Ne|, (3.3)

E, = iE, sec ¢, E, =0.

(3.4)
The electric field vector E in the helicoidal wave
is elliptically polarized in the plane perpendicular
to the constant magnetic field. The field component
transverse to k revolves in a circle.

Comparison of (3.1) and (1.8) shows that the
value of C at the maxima is Q/2w > 1 times larger
than the limiting classical value C¢]. Therefore, if
conditions (3.2) are satisfied, the hermitian part of
the conductivity tensor becomes larger than the
antihermitian part: | oglg | > | U((la)|- Maxwell’s
equations for the spectrum, damping, and polariza-
tion of the wave take the form

E —n(mE)— 4io

k2c2
Nec
X{ nH

[nE] + soh (hE) & Cw (w*E)}; n=-—. (3.5

In the right half of (3.5) we have left out the
summation sign in the last term, since in the gen-
eral case the positions of the maxima do not coin-
cide for different groups of carriers (and for
different p, .

To obtain the dispersion equation it is conven-
ient to eliminate first the longitudinal component of
the electric field Eyn=E — E| from the system
(3.5). Taking the scalar product of (3.5) and n, we
get

C (nw) (W'E | ) + 5o (nh) (hE )

(3.6)
C |nw |* 4 5o (nh)®

Ey=—
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After eliminating E| , the equation for E] assumes
the form

. 4noNe . bnos,
B — iy B = i

u = [n [wh]].

Cu(wE)) [C |[nw [+ sn2] ™
(3.7)

Equating to zero the determinant of the system
(3.7) we get the dispersion equation

. ( kckH )2{ . 4TiwSg % (ng‘wx!2+lwy ‘2)} . (3_8)

~ \4nNe k2 C|nw |° + son?
It is easy to see that
|5/ Cuwl| ~kR <.

Therefore the relative damping of the wave is
small. Neglecting somé in the denominator of the
second term in (3.8), we get

(3.9)

ot — | ck'kH )2{ _<umD,>2 |wy *n2 + | w,, |2}.

— \4nNe kck, | nw |* ’

%% = 4ne?2 | dn [dE | (3.10)
which is the reciprocal of the square of the Debye-
Hiickel screening radius.

Let us investigate the influence of quantization
on the propagation of the helicoidal wave in the
general case of an anisotropic Fermi surface and
arbitrary direction of the magnetic field, when
| wy | ~ Iwyl ~ kRv.

In the region of not too strong magnetic fields,
satisfying the condition

H? <<€ 4ang, H < 108 Qe, (3.11)

w% < [wy | 2, and the spectrum of the wave is of

the form
¢k |KH | 2 s
m_é—nimi{i_BnNQSinZ(p<1Tg>Z

Thus, in spite of the large value of the Landau
damping at the maxima of the giant oscillations of
conductivity, there exists in the metal a weakly
damped helicoidal electromagnetic wave. This
wave can propagate because the dissipative current
Cw (w - E) connected with the Landau damping is
missing if the vector of the electric field of the
wave E is orthogonal to w. Therefore in the case
(3.11) the helicoidal wave is elliptically polarized
in the plane perpendicular to the vector with com-
ponents (wx, Wy, 0). The transverse part of E|
again revolves in a circle. Consequently, giant
quantum oscillations of the hermitian part of the
conductivity lead to sharp periodic changes in the
longitudinal component of the field E; (i.e., polar-
ization of the wave), and also to relatively small

dn
dg

}- (3.12)
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changes in the spectrum [second term in the right
half of (3.12)].

We note that if the positions of the maxima of
the giant oscillations o for different groups of
carriers coincide, then the energy dissipation of
the helicoidal wave

JE =DIC| wE|

vanishes only when Ex = Ey = 0, and consequently
there is no weakly damped helicoidal wave.
In the region of strong magnetic fields
H? > 4ang,

H > 10° Oe, (3.13)

the quantity |w§, | can be neglected compared with

2
w, and

@? :<’gn_‘;v‘:/2{1_%(g§+gg)2]%{}. (3.14)

In this case the electric field E is polarized in the
same way as outside the maxima of the function C
(3.4).

Let us discuss also the special case when
nywy = 0. This can occur if the spectrum of the
electrons is isotropic or if the vector H is direc-
ted along a symmetry axis of order higher than
2(wy = 0), and also for k IIH (ny = 0). The spec-
trum of the electromagnetic wave is determined in
this case by formula (3.14), independently of the
value of the second term in (3.14). An undamped
helicoidal wave exists in this case in the region of
strong fields (3.13). In the region of weaker fields
(3.11) this wave should have at the maxima of C an
imaginary wave vector and will attenuate within a
wavelength. The quantum effect consists in the
latter case in the vanishing of the undamped wave
(3.3) at the maxima of giant oscillations of the con-
ductivity.

We note that if both vectors k and H are paral-
lel to a high-order symmetry axis, then ¢x = §y =0
and there is no Landau damping.

4. We consider further the case of finite tem-
peratures T and assume that

o << T <<HQ. (4.1)

Then
f lea) — 1 (o + Ti0) = 0 3f (20 — 7)/ 0L,

and for v — 0 formula (2.11) leads to the following
expression for C:
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et heH o g C—Ennpzosz ) . (4.2)*
C = 5 287 TR, B ( 2T :

Sz

Here
l“l‘(;l = lavlnu (pzo) /apzo [’

np—magnetic quantum number n for which
|¢ — €npysz| is minimal.

Using (1.11) for C¢], we can readily represent
(4.2) in the form

8nnpmsz — }

. rQ _
C=Cc1M, M =?p‘20h2{ 2T (4.3)
Sz
When H varies, the argument of the hyperbolic
cosine in (4.3) | ¢ — enopZOSZI/ZT oscillates from
zero to a value iQ2/4T. In this case the hermitian
part of the conductivity tensor

s®= 2\ Cwawy,

experiences giant quantum oscillations, which are
fully analogous to the oscillations of ultrasound ab-
sorption[3 .

If the conductivity Cwawfgk connected with the
Landau damping is the largest at the maxima of the
giant oscillations, then the qualitative character of
the results of the preceding section remains the
same. We shall stop to discuss the case when this
quantum part of the conductivity is much smaller
than the classical part and can exert an influence
only on the damping and polarization of a wave

whose spectrum is determined by (3.3).
In the case of relatively strong magnetic fields,

satisfying the condition

e
3 (S ke i <1,

the quantity |s,| is large compared with the term
2C |n - w|%, which can be neglected in (3.8). The
damping of the helicoidal wave w” obtained directly
from (3.8) is of the form
, x
S = W - (4 82) M (H) ~ 2 kRM (H),

(O]

(4.4)

(4.5)

and the polarization of the electric field E coin-
cides with (3.4). Consequently, in the case of (4.4)
the quantization of the electrons does not influence
the spectrum or the polarization of the wave, and
its damping. is experienced by the quantum oscilla-
tions described by the function M (H) (4.3).

We note that in the special cases when m,w
=0 (the vector H is directed along a high-order
symmetry axis or along the vector k), there is no
need to satisfy the condition (4.4) in order for
formula (4.5) to be valid.

*ch = cosh.
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In the case when

2(’0/’:

2
e’;fﬂ) [eol” | M S,

(4.6)

which is the inverse of (4.4), it is necessary to
neglect in Maxwell’s equations (3.5) the term with
S¢» and to sum in the last term the analogous ex-
pressions for the different groups of carriers. The
spectrum of the helicoidal wave does not change in
this case, and the damping is determined by the
formula

©” k

Y S e em — (R M) (S e}
4.7)

The expression (4.7) differs from (4.5) in that a
second term appears in the right side. This differ-
ence is quite important. Analysis shows that the
relative damping of the wave is always of the order
of kRMyip: i-€., the relative amplitude of the
damping oscillations is of the order of unity, where-
as the quantity M(H) itself experiences giant os-
cillations. Here

hQ
jl/Imin ~ 5 €XP (

hQ
2T ) '

— 57 (4.8)

This decrease in the amplitude of the quantum
oscillations w” compared with (4.5) is due to the
fact that in the maxima of the giant oscillations the
main terms of (4.7), which contain Mp,44, cancel
out. It must be emphasized that in these cases,
when nywy = 0, the damping of the wave w” is de-
termined by formula (4.5) independently of the re-
lation between |s,| and C|n - w|?. Therefore the
anisotropy of the Fermi surface exerts an essen-
tial influence on the maximum value of the damping
and the amplitude of its oscillations.

The transverse part of the field E| +is circularly
polarized, while the longitudinal component Ej is
determined from the condition of the orthogonality
of E to the dissipative Landau current

>\C (Ew) (w*n) = 0. (4.9)

The quantity E| experiences giant oscillations.

Thus, in the case of (4.6), the quantization of
the electrons leads to an appreciable change not
only in the damping but also in the polarization of
the helicoidal wave.

5. Let us investigate the influence of scattering
of electrons on the quantum oscillations of the
helicoidal wave in the case (4.1). In the limit when
vV «< w <« |kgv|, the main contribution to the
Landau damping is made by electrons with
Pz ® pzo- Therefore in formula (2.11) the energy
€np, and the velocity vy (pz) can be expanded in
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powers of p; — pz, and only the linear terms of
the expansion retained. As a result we can repre-
sent the expression for C in the form

C=Cuq QM (n, s); (5.1)
ns,
e a
xr — x
M s) =g | TFme®[Am )~ 2], (5.2)
—oo
. 2Tk?
A(n, s;) = (§ — eupys,) /2T, a= ooV
(P, — Pzo) | B, |
:—f——v:’o——— . (5.3)
We consider first the term with n = ng, for

which |A| is minimal. When H varies, the quan-
tity A (ngsz) oscillates within the limits from
-hQ/4T to hQ/4T. If the amplitude of the os-
cillations A is much larger than 1/a, then

M (n), sz) experiences giant oscillations. The
maximum of M(ng, sy) is reached when A = 0. In
the case when a > 1

Mo = B Q/8T. (5.4)

The minimum value of the function M (ng, sz) is
realized when |A| = Amax = hQ/4T:

]lf[min ~hQ / 4JTTCZA,2nax = ZWVHO/nﬁ ng. (5‘5)
If the condition
A ~ K| 1| BQ/ T 1 (5.6)

is satisfied, it is sufficient to retain in the sum of
(5.1) only the one term with n = ny, and C oscil-
lates together with M (n,, sz).

At low frequencies (w « v) we can set pg
equal to zero; the expansion of €pp, contains then
only the even powers of py and the expression for
M (n, sz) differs from (5.2) in the fact that in the
argument of the hyperbolic cosine x/a must be
replaced by (x/b)?, where b? = 4T k;/uov2 . It can
be shown that the inequality (5.6) leads to giant os-
cillations of the quantity C in this case, too.

Using the spectrum of the helicoidal wave (3.3)
and expressing k in terms of w and H, we can
represent the condition (5.6) and the inequality
kR « 1 in the form

ho/me*v > 1+ v/, o << Qc/voy?, (5.7
where w, = (477Ne2/m)1/2 coincides in order of
magnitude with the plasma frequency of the metal.
The inequalities (5.7) together with i@ > T
determine the region of applicability of the obtainéd
results. We note that for pure metals the first of
the inequalities (5.7) is well satisfied when
w > 0.01 v.
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In the case of low frequencies, when the condi-
tion (5.6) is replaced by its inverse, many n’s are
significant in the sum of (5.1). Simple calculations
using the Poisson summation formula and the sad-
dle point method lead to a result analogous to that
obtained previously 5]

c—c {1 2|kz|(@'/z§/43 seS
= Ca {1+ —3 po) q:|1—V§_cos(-eﬁ—[{_.

_—

(5.8)

2n2sT _q [2n2sT
As: (—ﬁQ—)Sh 1( 70 ).
In this case the relative amplitude of the quantum
oscillations of the damping of the helicoidal wave
is of the order of (wy/v) (hw/me)V/? « 1.
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