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Plasma fluctuations are analyzed with account taken of binary particle collisions. The binary
collisions are described within the framework of the kinetic equation through the use of a
model collision integral which satisfies conservation of particles, momentum and energy (the
Bhatnagar-Gross-Krook integral). A single component non-isothermal plasma is investigated.
The fluctuation-dissipation theorem is used to find a general expression for the correlation
function for the random forces. Taking account of binary collisions between particles results
in an additional correlation of the random forces in velocity space. General expressions are
obtained for the spectral distribution of the particle density fluctuations and the temperature
fluctuations. The dependence of the fluctuation spectrum on particle density, temperature,
and binary collision frequency is investigated. The relation between fluctuations in a colli-
sionless plasma and fluctuations in hydrodynamics is also studied, as is the scattering of
electromagnetic waves by fluctuations of density and temperature. It is shown that tempera-

ture fluctuations have an important effect on long wavelength scattering characterized by

small frequency changes.

THE electrodynamic properties of plasma have
been studied in detail in the limiting cases repre-
sented by low or high values of the binary collision
frequency. In the first case the plasma is usually
described by means of a kinetic equation in which
the binary collision integral is neglected. In the
second case the properties of the plasma are de-
scribed by the hydrodynamic equations.

It is of considerable interest to study the elec-
trodynamic properties of a plasma in the inter-
mediate case represented by arbitrary values of
the binary collision frequency and to establish the
relation between the two limiting cases indicated
above. A basic difficulty in taking account of the
effect of binary collisions on the electrodynamic
properties of a plasma lies in the complexity of
the solution of the kinetic equation when the cor-
rect collision integral is used. The problem can
be simplified considerably if a model collision
integral is used in the kinetic equation. A model
collision integral of this kind, which satisfies
conservation of particles, momentum and energy,
was proposed by Bhatnagar, Gross, and Krook,
who investigated the effect of binary collisions on
the dispersion of longitudinal oscillations in a
plasma.[!

In the present paper, using the kinetic equation
with a model collision integral we study the effect
of binary collisions on plasma fluctuations.

Plasma fluctuations have been considered earlier
for the collisionless case,m and in the hydrody-
namic case, in which the collision frequency is
very large.[31 The introduction of a model colli-
sion integral makes it possible to study plasma
fluctuations for arbitrary values of the effective
binary collision frequency.

The plasma motion will be described by the
kinetic equation for the electron distribution
function f(v, r, t):
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in which the collision integral is written in the
form proposed by Bhatnagar, Gross and Krook

[F]=v2 w0 —p,
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where n(r, t), u(r,t) and T(r, t) are the
density, macroscopic velocity, and temperature
of the plasma electrons, which are given respec-
tively by

1

u=~Svfdv, Tzﬁg (v—u)2fdv, (3)

= Sfdv, n 3n

ny, and T, are the equilibrium values of the elec-
tron density and temperature, v is the effective
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frequency of binary collisions, which will be as-
sumed to be independent of the relative velocities
of the colliding particles.

In the Bhatnagar-Gross-Krook model it is as-
sumed that particles emanating from a given point
r at time t have a Maxwellian velocity distribu-
tion centered about the macroscopic velocity u
and temperature T. The loss of particles at a
given point in phase space as a consequence of
binary collisions is treated in (2) in the same way
as in the usual Boltzmann integral. It is easy to
verify that the collision integral in (2) conserves
particles, energy and momentum and that it also
satisfies an H theorem.

The kinetic equation (1) is supplemented by the
equation for the self-consistent field E:

div E = 4ne(n — no). 4)

The ion motion in the plasma is neglected since
the ions appear only as a means of balancing the
equilibrium electric charge. The plasma motion
is described completely by the system of equa-
tions (1) and (4).

The electromagnetic fluctuations in the plasma
with collisions taken into account are investigated
by means of the fluctuation-dissipation theorem;[‘ﬂ
on the right side of the kinetic equation we intro-
duce a random force y(v, r, t):

of of e  Of r0f
GtV b Ba =g T (5)

Having taken as the generalized thermodynamic
velocity x the function

. of ]

T = [% +y
we find the corresponding generalized thermody-
namic force X from the relation
as
—6—:{:'
where S is the time derivative of the entropy of
the system

§——§ {[_Z;]er}lnfdvdr. (6)

We limit ourselves to fluctuations close to
thermodynamic equilibrium and assume that the
deviations of quantities from their equilibrium
values are small. In this case the thermodynamic
velocity x is a linear function of the thermody-
namic force X:

&= —VX +y,

Introducing the kinetic coefficient ¥ in this rela-
tion directly determines the correlation function
for the random forces

X = [y(v, V)X (V') dv'.

A. G. SITENKO and A. A. GURIN

y(v, r, )y (v, v/, ') > =2y(v, V)6 (x — ') 8 (t —¢'). (7)

Assuming that the fluctuation deviation 6f from
the equilibrium value of a distribution function f
is small and using (6) and (2) we find

y(v,v)= v{fo(v)é(v — V')

—ltr s (=i
x (1= 522 e ®)

The spectral distribution of the correlation func~
tion for the random forces is then given by the
expression

Sy y (V') dro = 2y (v, V). 9)

Using the kinetic equation (5) and the equation
for the self-consistent field (4) the fluctuation
deviation of the distribution function and the con-
sequent fluctuations in density and temperature in
the plasma can be expressed in terms of the ran-
dom forces; we can then carry out an averaging
over the random forces by means of (9). Thus,
from (4) and (5) the space-time component of the
Fourier fluctuations in the density 6n and tem-
perature 8T are found from

01107200 [ 10 + 28T ko / To = Yo, (10)
02180k [ o + 02087 1o [ To = Y20,

where the right sides of the relations are deter-
mined by the random forces

i Yro(V)dv im ¢ VYpo(v)dv
Viot = — ( _Hre)EV_ oy b o ()
k nogw—kv+iv ho n,OTOSm-kv—}—iv’
(11)

while the coefficients «jj are given by
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The function J (z) which appears in (12) is given sion equation for longitudinal oscillations in the
by plasma:
too
L W Y Y .
](Z)—Vﬁg’oz_t dt. (13) (3——21;])/[1—z—z—J—(p+2lxy)(J—1)J
iy

We now solve the system in (10) for én and +§ ‘2‘(1 +p—22%)222(J —1)— ]| =0,
6T, making use of (11) and (9); in this way we ob-
tain the following general formulas for the spec- p = Q¥/ kv
tral distributions of the fluctuations in density and The relation in (14) allows us to investigate the
temperature -in a plasma with binary collisions effect of particle collisions on the nature of the
between particles taken into account: plasma fluctuations over the whole range of values

of effective collision frequencies starting from
, the collisionless case and going up to the hydro-
| a2 | Y1 Ydho — 2 Re a12022" KVt Yodno + | a2 | Yo" YVodpa dynamic limit.!’ Neglecting collisions the spec-

| a11022 — G001 |2 tral distributions for the fluctuations in density
and temperature in a plasma are given by
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The correlation functions (Yj *Y; Ykw appear-
ing in (14), like the coefficients @jj, are ex-
pressed in terms of the function J (z):

7 Al

* = — 12 .
Y'Yy [| zl +217—1] 7 \s

+- L e2—ni—22p ]}

6|z|2 a5
Yy Yadpo = Vz—{ Re—[ 24 1) —
4 ! 4 z
- y[ |z|2 I l(#4+-1)]—7] FIG. 1. Spectral distributions of the correlations of
density and temperature in a collisionless plasma for
+2(J—1)"[2(22 4+ 1)] — 222 — 3] + —— [ (222 — 1)] P =0.2 (p = 1/2%", S(x) = <On’>kx x (205)"

3l IZ T(x) =n,<8T*>kx/2T 2, % = w/\/Zkvp).
— 227 [(22* 4 22+ 1) T — 224 — 227 ]}
In the shortwave case (p = (ak)‘2 «< 1, a is the
Debye radius) these distributions are character-
ized by wide maxima at zero frequency. In Fig. 1
we show the spectral distribution of the fluctua-

| (24 1)] — 22|24 |2(22+ 1)7 —222—3|%  tions in a collisionless plasma for the case

p = 0.2. In the longwave region (p > 1) the

Y'Y ro = V?—%{Re %[2(24 + 222 4 2)J — 42* — 527
T

_2y[

1

3[z[* ——————
. . *Density fluctuations in a fluid have been studied in [5] on
The requirement that the expression in the de- the basis of a kinetic equation with a model collision integral.

nominator of (14) vanish represents the disper- Hydrodynamic fluctuations have also been studied in[®].

z|?
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spectral distributions (16) are characterized by
delta function peaks at the frequency correspond-
ing to the longitudinal plasma oscillations wp
=(Q%+ 3k2v?r)1/2; the spectral distribution of the
temperature fluctuations has the same sharp peak
at zero frequency, which is related to the entropy
waves in the plasma.

Assuming that the frequency of binary colli-
sions is small and expanding (14) in powers of v
we can find the correction to the distribution (16)
due to binary collisions. The expressions for the
spectral distributions (14) are also simplified
considerably in the hydrodynamic limit (large
values of the effective collision frequency). Ex-
panding (14) in inverse power of v we find

(Sn2pe = M0
v
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30 (02—Q2—5/5k?vr?) +iv1 (92— 5Q2—5k2v12) kv 2| 2"
) ( )

(17)

The relation in (17) can also be obtained di-
rectly from the hydrodynamic system of equations
for the fluctuations given by Landau and Lifshitz.[
We note that the hydrodynamic system of equa-
tions ¥ can itself be obtained from a kinetic
equation (5) by the moment method if the hydrody-
namic random forces are defined by the relations

$ij = —’:’1 S vivjydv, gi= %S vy dv, (18)
According to (3J the correlation function for the
hydrodynamic random forces is expressed in terms
of the coefficients of viscosity and thermal con-
ductivity. Finding the correlation functions for
Sij and gij by means of (9) and (8) and making a
comparison with the hydrodynamic formulas it is
easy to determine the coefficients of viscosity and
thermal conductivity for the Bhatnagar-Gross-
Krook model:

n=nTo/v, t=0, %= 5n,T0o/2mv. (19)

Now, in (17) we allow the effective collision
frequency to approach infinity (v — %), obtaining
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the formula for the spectral distributions for the
ideal hydrodynamic case:

k2v,? kv Cp
Oone = 20 g {92 T ko2 <c_v B 1) o(e)
1
+ —5[6(6) — 0)s)+ 6(0) + (.l)s)]},
Ty k22 Q2 + k2yg?
2y, e
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1 Cy
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+8(0+ 01},

cp = 5/2m,

{—8(0)+ 3 1(0— o,

¢y =3/2m, v = vrlcp/c,. (20)

According to (20) the spectral distributions for
the fluctuations are characterized by peaks at
frequencies corresponding to acoustic oscillations
wg = (Q% + kivE )2 and at zero frequency, corre-
sponding to entropy waves in the plasma.

It is interesting to note that the spectral dis-
tributions of simultaneous fluctuations of density
and temperature in the plasma are the same for
the case of high collision frequencies and for the
collisionless case;

k2vp? T¢?
on2d, = 2y,
On®p = o kv 4+ Q2 BT mngcy
<6T6n>k = O. (21)

It follows from the last relation in (21) that the
fluctuations in density and temperature are
statistically independent, in accordance with
well-known results.[?

In Fig. 4 we show the spectral distributions for
the fluctuations in density and temperature for
intermediate values of the effective collision fre-
quency for various values of the parameter
p=0; 1; 4; 10. According to these curves, taking
account of collisions in the shortwave region
leads to the appearance of the acoustic maximum
in the spectrum of density fluctuations; the mag-
nitude of this peak increases with increasing
collision frequency. The width of the peak is de-
termined by the viscosity and thermal conductiv-
ity of the plasma. In the long-wave case, taking
account of collisions leads to a displacement of
the Langmuir peak in the density fluctuation
spectrum in the direction of low frequencies.
This shift is due to the change in the nature of
the dispersion of the high-frequency waves in the
plasma caused by particle collisions.

In contrast with the isothermal case, which is
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usually treated, it is found that temperature fluc-
tuations in a plasma are very important, espec-
ially in the low-frequency region. It follows from
(20) that when y > 1 the ratio of T(w =0) to
S(w=0)1is (1 +p)?% in the longwave region

(p > 1) this ratio is considerably greater than
unity. The effect of the relative depression of the
level of low-frequency density fluctuations is due
to the compensation of charge fluctuations at fre-
quencies far from the plasma frequency. The
width of the peak in the low-frequency fluctuations
is determined by the coefficient of thermal con-
ductivity of the plasma.

The existence of fluctuations in density and
temperature implies the possibility of scattering
of electro-magnetic waves propagating in the
plasma. If we assume that the frequency of the
incident wave w; is much greater than the colli-
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sion frequency v and take account of the explicit
dependence of the transverse dielectric constant
of the plasma on density and temperature, it is

an easy matter to derive the following expression
for the current which induces the scattered radia-
tion:

1622 [( 1 + koZUTZ ) Gnqu+ koZUTz (3Tqu)
4315(1)0 0.)02 Ro 0)02 To

Jk’m’ =

] Eho(ﬂo-

(22)

Here, Ekow 0 is the amplitude of the incident wave,
Aw and q are the change in frequency and wave
vector due to scattering. Using (22) we can ex-
press the coefficient for scattering of electromag-
netic waves in the plasma directly in terms of the
spectral distributions of the fluctuations in density
and temperature:
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FIG. 2. Spectral distributions S(x, y) and T(x, y) as a function of collision frequency. The parameter y = V/\/éva assumes
the following values 0; 0.5; 1; 2; 5 for the cases a)p=0; b) p=1; c)p =4; d) p = 10.
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where ¢ is the scattering angle.

In order to investigate the effect of temperature
fluctuations on scattering of waves in a plasma we
consider shortwave (p < 1) and long-wave fluc-
tuations separately. If p < 1 the scattering occurs
the same way as in a neutral gas 1) and we can as-
sume Aw < wg. In this case (23) and (21) can be
used to determine the scattering cross-section
integrated over frequency:

dE__ no( e?
do 2

__)2(1_}_00520) [<1 n kov,? )z 1 .

1+p

mc? wo?

s
o 3 ( (.\)02
QZ
P= e (24)

The second term in (24) is due to the temperature
fluctuations, whose contribution is small because
k(z,vgr/w% <« 1 in the incident wave. However, in
the short-wave region the fluctuations in density
and temperature are of the same order, as follows
from Fig. 1, and the weak dependence of the dis-
persion of the electromagnetic waves on tempera-
ture is due to the insignificant effect of tempera-
ture on scattering.

When p > 1 it is found that the plasma effects
are important for scattering. If the plasma is cold
and dense the fluctuations can be hydrodynamic in
nature. In the limit of ideal hydrodynamics, on
the basis of (23) and (20) we obtain the following
expression for the scattering of electromagnetic
waves on isobaric fluctuations of the entropy:
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(1 — pko?vz?/ ®¢?)2

ﬁ:no( ¢ )2(1+cosz1‘)) 8(” — o)
dodey ma (1+p) (3+5p) i

(25)

In the longwave case (q*vi, kivd « Q%) the ex-
pression pk(z,v?r/wg, which corresponds to the con-
tribution of the temperature in the cross-section,
reaches values of the order of unity. Thus, when

p > 1 the relative rise in the level of low-fre-
quency temperature fluctuations can have an im-
portant effect on the scattering of transverse
waves characterized by small frequency changes.
In particular, it follows from (25) that the angular
distribution of the scattered radiation is changed:
dz ~ (14 cos?®) (1 + e(wo) — 2 cos B)2.  (26)

do [AXETON

The results given in (24)—(26) are independent
of the collision model. At finite collision frequen-
cies the scattering cross-section for an arbitrary
change of frequency will be described by (23),
with the spectral distributions of the fluctuations
given by the curves in Fig. 2.
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