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The instabilities of a collision-dominated plasma that are the most difficult to stabilize by
the use of shear are investigated. The analysis is based on the equations of two-fluid hydro-
magnetics in which the ion motion in the direction of the magnetic field and temperature
perturbations are included. The instabilities of a collision-dominated plasma are classified.
Estimates are given of the shear required to stabilize the various instabilities,

1. INTRODUCTION

IN the present work, by ‘‘most dangerous’’ we
mean those plasma instabilities that are the most
difficult to stabilize by the use of shear in a mag-
netic field. The role of shear in the stabilization
of drift instabilities in a plasma was first studied
in{1=3) It was assumed in this work that collisions
between the plasma particles are not important
(collisionless-plasma approximation), Under
these conditions primary attention was focused on
the case in which the plasma density is inhomo-
geneous in space but the temperature is uniform.
Later authors, in particular Kadomtsev and
Pogutse, carried out a more complete analysis of
the stabilizing role of shear taking account of
temperature inhomogeneities and collisions.
However, Kadomtsev and Pogutse ) 4id not con-
sider certain kinds of plasma instabilities that
can be important when particle collisions are
frequent (collision-dominated plasma). Until re-
cently these instabilities have not been treated by
most authors because, as a rule, the conventional
system of hydromagnetic equations neglects the
ion motion along the magnetic field and also
neglects certain features of the temperature per-
turbations. This point has been made by
Moiseev.m

It is the purpose of the present work to obtain
a general pattern for the most dangerous instabili-

ties of a collision-dominated plasma. Primary
attention is given to the analysis of the shortwave
(along the field) plasma perturbations in the ap-
proximation in which the magnetic field is taken
to be uniform (no shear). The results of this
analysis are then used to obtain estimates of the
shear required to stabilize the plasma,

2. FORMULATION OF THE PROBLEM AND
INITIAL ASSUMPTIONS

As in most present-day work on the stability
of collision-dominated plasmas (cf. the survey
in [61) we assume that the plasma pressure p is
small compared with the pressure of the magnetic
field B%/8r. The plasma perturbations are de-
scribed in terms of a system of macroscopic
equations which have been obtained in (D 1t s
assumed that all the conditions listed in Secs. 1
and 2 of Part 2 of [/ are satisfied; in particular,
we assume that the magnetic field is straight and
uniform and that the perturbation electric field is
potential.

Using the conventional procedure for lineariz-
ing the equations (6] and writing all perturbations
in the form exp(—iwt + ikyy + ik,z) f(x) where x
is the direction of the plasma inhomogeneity, using
(3.22) of (] one obtains the following relation be-
tween the perturbation frequency w and the wave
vector k (dispersion equation):

®— 0, —1 —o,(1+5s) 0
— 2 (kv o+ il — (kv))? — (kv9)®
\ i . —0. (2.1)
— —2s o— (L +s)o, + il (1 42v) —ils
— o, — 2 —idy —wy (14 5) o 4+ ic1Ay 4 14,

DSome of the results seen in the present work can also be
obtained through the use of the equations given by Bragin-
skif. [°]

831



832 A.
Here
_ CTo dln no _ 4 5To
On = V'eB, o0z ' or = Y eB, oz’
. 2m (kv4)?

AL =14/3-0,96 (kv;)2 1, A=

mte’ T 207

3.9 1 T
= e s 0T, v2=—".
“=3008 T 3a1e S0 =

(2.2)

The zero subscript denotes unperturbed quantities.
The remaining notation is the same as in (.

In deriving (2.1) it is assumed that the electrons
and ions have the same temperature T, in the un-
perturbed state and that the velocity of each
plasma component along the magnetic field is
zero, Vyze = Vyzi = 0. In addition, we have
neglected the transverse thermal conductivity and
small deviations from plasma neutrality. It fol-
lows from (2.1) that a given wave vector k corre-
sponds to four oscillation branches which differ
from each other by the value of the frequency w.
These various oscillation branches are investi-
gated in Secs. 3—6.

If the solution of (2.1) is found and the functions

Re we = Re wu(k), Imoa=1ya=ya(k), ca=1,2,3,4

(2.3)

are known then, using the method developed

in [4’9’10], one can obtain approximate values for
the critical shear required for stabilization of the
instabilities. Let us recall some of the basic fea-
tures of the method.

First, the relations in (2.3) must be written in
terms of a plasma in a magnetic field with shear.
In this case the quantities ky and k; are re-
placed by kp and k|, where ky is the projection
of the wave vector along the binormal to the line
of force while k; = (k-B) B is given by

ky = ky0zo/a. (2.4)

Here, 6 is the change in direction of the line of
force in a distance of the order of the dimensions
of the plasma inhomogeneity a;, while x; is a
length of the order of the region of localization of
the perturbation in the direction of the plasma in-
homogeneity (that is to say, the distance along x
over which f(x) is nonvanishing).

The procedure for determining x, is the follow-

ing.[4%19 If y 2 Re w we can
zo = 1/ks. (2.5)

When y < Re w, the quantity x; is taken to be the
smaller of the quantities

1 aRem}

Zo ~ mi - (2.6)
0 mm{a_,_,Y oF.
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(kx is the wave vector in the direction of the in-
homogeneity).

Knowing the functions in (2.3) we can use (2.5)
and (2.6) to determine x3. On the other hand,
substituting in (2.4) the wave number k| = Kk eff
corresponding to these values of the frequency and
growth rate we can find the value of the parameter
60 at which an instability is just possible (critical
0):
kege ay

0~ 0y~

o 2 (2.7)

It follows from (2.5)—(2.7) that for the largest-
scale perturbations, kpa; =~ 1, the larger the
value of kjeff the larger the critical value of 6,

00 & kjetr/ay. (2.8)

Hence, when kpa| = 1 the most dangerous insta-
bilities are those with the minimum wavelength
along the field (largest k). It is also clear that
when kp, v and Re w remain constant, the most
dangerous instabilities are those for which k| is
largest. For these reasons these kinds of insta-
bilities will receive primary attention.

3. HYDRODYNAMIC DRIFT-TEMPERATURE
INSTABILITY

In the present section we assume as a rough
approximation that

o ~ k,v; ~ or

(3.1)

and that each of the quantities in (3.1) is large
compared with A,. Furthermore, we neglect
terms like wTj. [ The assumption that these terms
are small is the basis of the derivation of (2.1)].
It then follows that

_ 9laT,

= dlnny

(3.2)

1. Plasma Instability with 7 > 1; Growth Rate
and Stability Limits

Baikov ') has shown that among the solutions
of (3.2) there are solutions for which Im w > 0.
These solutions correspond to unstable perturba-
tions, We now find the maximum growth rate and
the stability limits for this instability. Since the
existence of a density gradient plays a stabilizing
role (this has been shown in (1] and is also shown
in a later part of the present work), it is sufficient
to consider the case wp =0 in finding the maxi-
mum growth rate. Starting from (3.2) we find that
an instability arises if
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szi < kzgvz‘ = (3.3)

—|or|~ 0.6 or.

The growth rate y as a function of k, reaches a
maximum value given by

Ymax = 0.2101 (3.4)
at a value k; =kj opt given by the relation
k. opt Vi & 037|(1)T| (3.5)

The real part of w is very small for ky = kqpt
and Re w < v, so that the instability is almost
‘‘aperiodic.’’

2. Instability Limits for Arbitrary n
It follows from (3.2) that the instability condi-
tion for arbitrary n is given by
172 2 \2]2 1
— = o
4[27“"‘ (9+"/ (27)?
a = (kwi/or)2

Since a is a positive quantity by definition, the
condition in (3.6) can only be satisfied if

o5 (8an2+1)2=0, (3.6)

=%, or n<<—2 (3.7

This means that the instability is possible only
in a plasma in which the temperature gradient is
nonzero and not too small. [Only the first in-
equality in (3.7) was obtained by Baikov. (11l Ac-
cording to a private communication from V. D.
Shafranov, the instability criterion 7 >2/3 has also
been given in [12] byt the details are not known to
the present author.]

If the condition in (3.7) is satisfied the depend-
ence of the limiting value ag = ozg(n) is given by

1 183 9% (4 )
ag_zmz{ 5+ (50

<[22 () -a (s3]

(3.8)

This functional dependence is shown in the figure
(the cross hatched regions correspond to instabil-

ity).

4. DISSIPATIVE DRIFT-TEMPERATURE
INSTABILITY

Let us now assume that the condition in (3.3) is
not satisfied. There will be no instability for the

ag(n)

036
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large values of k, considered in the preceding
section, However, it still does not follow that the
plasma is stable against these perturbations, be-
cause we have neglected dissipative effects (vis-
cosity etc.) in the dispersion relation (3.2); as a
result, the analysis given above is not complete.
Taking account of these effects can mean that the
perturbation frequency will exhibit a small posi-
tive imaginary part when k, > kzg. Let us con-
sider the situation in which this occurs.

We assume that the original assumptions in
Sec. 3 still hold. However, in addition to the
principal terms in the dispersion relation (2.1) we
now include small corrections. As a result we
find

iAy iAs

D= Do+—; 1+—az—0 (4.1)
where
Do=a[x2(x—ﬁ) a(zx—l-i—g—zn—)],
a1=a[(c1—|—1) ( )x—.‘Zcia]
azza[:c(x—%)—Za]
——ch{.z3—x2(1—|—s+%\)—‘°/3ax
+20(1—2/30) },
z=o/or, o= (kvi/or)2 (4.2)

Let us now consider the following limiting
cases.

1. Viscosity Instability

We assume that Ay > A,. This means that the
most important dissipative effects are the longi-
tudinal viscosity and the longitudinal thermal
conductivity. The condition A; > A, can be
written in the following more transparent form:

1 "
ki >— (me ) . (4.3
Ti m;

Neglecting terms containing A, in (4.1), we
find from the resulting equation that if (3.3) is not
satisfied the perturbations are still unstable (dis-
sipative instability). The limits for this instability
are given by

22(x — 1/n)

= T 4.4
T+ 1—2/3n (4.4)
where
_c1+1 1 3
- 61+4 \’r] E) (4.5)

Substituting the numerical value of c; from (2.2),
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we have as an approximation
_z (1 _ 4

64 92/
The maximum value of ag is reached when [n|
— o, This value of Qg corresponds toa limiting
value of kzg given by

o (4.6)

k.qv; = 3Y3|or|/8 =~ 0.64|0r]. 4.7

The growth rate and frequency of this perturba-
tion are of order (numerical coefficients are
omitted)

y ~ ti07?, Reow ~ or. (4.8)

Comparing (4.7) and (3.3) we conclude that allow-
ance for the longitudinal ion viscosity and the
longitudinal ion thermal conductivity expands the
instability region. However, if the inequality in
(3.7) holds, the numerical value of this expansion
is small. Hence, in practice, the resulting sta-
bility limit in a plasma with n > 2/3 and n < -2
remains essentially unchanged and is given by the
relations of Sec. 3. As far as the case —2 <17

< 2/3 is concerned, however, here the most
dangerous instability is the dissipative instability
treated in the present section.

The viscosity instability cannot be treated with
the equations derived by Braginskii (8] pecause
these equations, as noted in,m contain ‘‘super-
fluous terms’’ in the viscosity tensor which cancel
the second-order terms that are neglected in (8l
In particular, these equations could lead to the
erroneous conclusion that there is a viscosity in-
stability in a plasma in which the temperature is
spatially uniform,

2. Heat-exchange Instability

In the present case we assume that the domi-
nant effects are heat exchange between the ions
and the electrons and perturbations of the elec-
tron temperature due to the fact that the thermal
conductivity is not high enough. In accordance
with (4.1), the initial dispersion equation for A,
> A is

Dy + iAzay = 0. (4.9)

It is easy to show that all perturbation de-
scribed by (4.9) are characterized by Im w = 0 if
VT, =0 and Vny # 0. (This statement can be
proved simply by assuming that it does not hold:
let us assume that the instability occurs and write
the equation for the stability limits. It will then be
evident that this equation cannot be satisfied under
any conditions.)

Let us now consider the other limiting case
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vT, = 0 and Vny = 0. As follows from (4.2) and
(4.9) the stability limit for vng = 0 is given by the
relations

23 —38/3052 —ag= 0,
1 10
ag(xz——2ag)—c2x[x3—xz (1 —{-—s—}—q)——g—agx

+2ag(1—2—ﬁ] —o. (4.10)
3n/

Since the factor c, is numerically small (c,

~ 0.16), as an approximation we can take this
quantity equal to zero. Physically this means that
the basic dissipative effect is heat exchange and
not the effect of the finite electron thermal con-
ductivity. As a result we get from (4.10)

0g = %/s, (4.11)

and the value of « g corresponding to this value of
kyo is
- kot = —=| 0| ~ 1] or]

gV — —|© ~ 11l .

gv 2_'/2 T T (4.12)

A comparison of (4.12) with (3.3) and (4.7)

shows that heat exchange between the ions and
electrons in a plasma with |n| > 1 can expand
the instability region to a somewhat greater de-
gree than the ion viscosity. The limiting value of
k, for the heat-exchange instability exceeds the
value of kzg for the hydrodynamic instability by
approximately a factor of 2. The growth rate
associated with the heat-exchange instability is
still rather small so that

vy~ A, Reo~ or. (4.13)

An analysis of intermediate values of 1, the
details of which are not given here, shows that the
heat-exchange dissipative instability occurs when

nM>2/3 and n<<O. (4.14)

3. Instability due to Finite Electron Thermal
Conductivity

It follows from (4.9) that the growth rate for
the instability considered in Sec. 2 increases as
k, is reduced. Under these conditions, however,
the relative roles of heat exchange and the finite
electron thermal conductivity become different
than they are when k,v; = w*. If we assume
w = w*, then heat exchange can be neglected in
(4.9) if (kyvi/w*)? is smaller than the numerical
value of the small parameter c,. Omitting terms
containing the heat exchange in (4.9) and writing
w = w¥, we obtain an equation that has already
been obtained by Galeev, Oraevskii, and Sagdeev“?’]
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i(kzvi)z
CzAz
(4.15)

i(kzvi)z] B

hs =0.

02— o [mn—}—(i + sYor —

n

It follows from (4.15) that an instability arises if

n<<o. (4.16)

The growth rate reaches a maximum of order

(4.17)

Ymax ™~ | WrWn | e

where

ki ~ 0" (A2 0")2, o' = max(or, 0n). (4.18)

5. UNSTABLE PERTURBATIONS WITH w = A,

In Secs. 3 and 4 we have assumed that heat ex-
change between the ions and electrons is small
but that the electron thermal conductivity is high.
In terms of the notation being used here this cor-
responds to the approximation (cf. beginning of
Sec. 3):

min {0, k,v;,0*} > As, (5.1)

In some sense the ratio w*/A, characterizes the
degree to which the plasma is collision-dominated.
We will call the plasma weakly collision~-domi-
nated or highly collision-dominated depending on
whether this ratio is large or small. From this
point of view the criterion in (5.1) means that in
Secs. 3 and 4 we have been considering instabili-
ties of a weakly collision-dominated plasma, but
only those for which w > A,. Thus, in order to
obtain the complete behavior picture that follows
from the dispersion equation (2.1) we must also
consider the following limiting cases: perturba-
tions of a weakly-collision dominated plasma with
w S A, and perturbations of a highly collision-
dominated plasma.

1. Weakly Collision Dominated Plasma

The inequalities w & Ay and w* > A, imply
that w < w*. In (2.1) we now omit terms of order
w/w* and terms containing A; (the fact that the
latter is small will be shown later); in this way
we obtain the following cubic equation for the per-
turbation frequency w = 2iI' Ag:

LT+ 1) (T4 v)+ 2veas(m —2/3) (T + 1 —v/2)=0,(5.2)
where
V= (kzl)i)Z/ZCzAzz.

Using the fact that the parameter 2cy,s = 0.22 is
small, we can solve this equation in terms of T,
Assuming that v is of order unity we have
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I'i=—1, Ti=—v, Ti=2cs(®s—mn){1—v/2).

(5.3)

The first two roots correspond to damped pertur-
bations characterized by Re w = 0, while the
third corresponds to a growing perturbation when

(*/s—n) (1 —v/2)>0. (5.4)

and a damped perturbation in all other cases. It
follows from (5.4) that when n > 2/3 the perturba-
tion is unstable so long as ky is not too small

kv; > b4com./myr,. (5.5)

This is, in fact, the lower limit for the drift-
temperature instabilities considered in Secs. 3
and 4.

It also follows from (5.4) that an instability is
possible when 7 < 2/3 if the inverse condition to
(5.5) is satisfied:

b0y << heome/ M. (5.6)

This is a new kind of plasma instability, the pos-
sibility of which was pointed out recently by
Moiseev.[s] It follows from (5.3) that for unstable
perturbations
2 (k)2
0228, (= )[1—
) S hesh

] , BReo<<y. (5.7)

We now wish to consider the change in the
solution of (5.2) when the parameter v is reduced
(i.e., reduction of k;). In this case (5.2) has one
large root, I = —1, and two small roots which
satisfy the approximate equation

2
I'2+VP+2628<§—7]) —0. (5.8)
It then follows that when v << 8cys (%5 — 1)
w? = —4/3(1 —3/m) s (kv;)2% (5.9)

This result was obtained by Moiseev 051 for n=20
and by Baikov for n = 0.1t From the analysis
given above it follows that the growth rates found
in these two papers through the use of (5.9) do not
represent the maximum growth rate; the latter is
actually determined by the approximate relation
(5.7).

2. Highly Collision Dominated Plasma,
o= Az /(A)n > 1.

In (2.1) we now take ¢ > 1 and omit terms of
order 1/c¢, thereby obtaining a cubic equation for
= UJ/(J) n:

20— 21+ (1 + 5)] — sz + 25 (n —2s) =0,

g == (kzvi/ﬁ)n) 2, (5.10)
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ke, Y Conditions for onset of instability Type of instability Folll"sn:éas
1 =k, max = Ymax a) %ty =W, N >2%, n<<—2 Drift-temperature (hydro- (3.3)—(3.7)
dynamic)
{ b) 0*1; S, —0.6 <<% Strong thermal (5.11) — (5.14)
a) o*ty > P, — 2 < —Ys Viscosity (4.6) — (4.8)
11 =k, o < Yo b) >0y >u, —2< <0 Heat exchange (4.12) — (4.14)
2! o) @*t; <€ R, N>2%s, n<—9.6 Dissipative instability of (5.17) —(5.19)
strong collision domi-
nated plasma
[11 <k o = Vmax o*t; >p, <0 Thermal-conductivity (4.15) — (4.18)
1v <k, pox < Tax o*t; >p, 0Kn<<¥s Strong thermal instability (5.6), (5.7)
A% KLy max = T max Arbitrary 7 and w*7; Drift-dissipative (6.3), (6,4)

The solution of this equation for ¢ < 1 and
1n = 0 has been obtained by Moiseev (5] and by
Baikov 1) for £ <1 and n = 0. These authors
have shown that there are unstable perturbations
for which a necessary condition is H!)

1 2
<n<j3- (5.11)

We now consider the most dangerous perturba-
tions corresponding to £ ~ 1, limiting ourselves
to 1 = 0. It follows from (5.10) that when 1 =0
the instability limit is given by the relation £g
=1.6 or, in more explicit form,

kv = 1.3| 04 ], (5.12)

where the instability corresponds to k; < kzg.
The maximum growth rate is reached for

Kz opt Ui 2 045 | @z |, (5.13)

where
V3
v (ks opt) = —2-0.27mn, Re o (k; opt) = — 0.250,. (5.14)
Let us now consider the stability of a highly
collision-dominated plasma in the case in which
(5.11) is not satisfied. Under these conditions we
must retain terms of order 1/¢ in the dispersion
equation which have omitted in (5.10) (cf. Sec. 4).
Then (5.10) is replaced by
z8 — 241 + (14 s)n] — stz + 2&s(n — 2/s)
4 i (2co0) 1 (a2 —x — 2E) = 0.
Using (5.15) we find that the limit for the dissipa-
tive instability is given by the relation

(5.15)

§§g2+ag[2(§—n)n—§s(s+i>]

—|—s(s+1)n(n—£>=0. (5.16)

3

It follows, in particular, that when | n| > 1 the
plasma is unstable if

ko L kygvi = 3/ 4| o7 .

When g/n2 << 1 the real and imaginary parts of
the frequency are given by

T 3 (k,vi)z
145’

The maximum growth rate for the dissipative
instability obtains when £/1% ~ 1 and is of the
following order:

(5.17)

Reo = —19/; (5.18)

(5.19)

Ymax =~ (DT2/A2~

6. GENERAL BEHAVIOR OF THE MOST
DANGEROUS INSTABILITIES IN A COLLISION-
DOMINATED PLASMA

1. It follows from the analysis given above that,
in particular, an inhomogeneous collision-domi-
nated plasma located in a uniform magnetic field
can be subject to time-growing perturbations only
if those perturbations satisfy the approximate
relation

kv <ot (6.1)

It is interesting to note that this same criterion
holds for a collisionless plasma, as indicated
in [14] 2

2. The present analysis allows us to answer
the question of whether there exist in a collision-
dominated plasma unstable perturbations with the
largest possible ky; such that

2)The criterion in (6.1) has been given earlier by Kadom-
tsev and Pogutse [*] as an upper estimate for drift instabili-
ties for both collision-dominated and collisionless plasmas;
however, no proof of this relation is given in [*]
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N
Kz max Vi & @

(6.2)

The notion of k; nax as given by (6.2) has been
introduced by Kadomtsev and Pogutse.[“ However
the question has, up to the present time, been only
examined for the case of a collisionless plasma
(unstable perturbations characterized by k,

~ ky max in such a plasma correspond to the
drift-temperature instability considered by Ruda-
kov and Sagdeev) Rt

It follows from the present analysis that in a
weakly collision-dominated plasma w* > A, the
approximate relation in (6.2) holds for instabilities
considered in Secs. 3 and 4 and for certain of the
instabilities considered in Sec. 5 for a highly
collision dominated plasma.

3. The largest possible ky is not achieved for
arbitrary values of 7 and w*/A,. Not all pertur-
bations characterized by ky; ~ ky max correspond
to the largest growth rate ymax ~ w*. All the
instabilities considered above can be classified in
accordance with the scheme in items I-IV of the
table [in the table u = (me/m~)1/2].

4. The relation in (3.22) of ") does not take
account of the transverse inertia or the transverse
viscosity of the ions [8], both of which are im-
portant for perturbations characterized by very
small values of k,. When these effects are taken
into account, the dispersion equation for small
values of k, assumes the form (6,16
i (kovi)? ) 2i

—[(l)n

w2+m<mn—|—(oT+ 2 A,

Az(kip:)?

(6.3)

+ —l—s)mﬂ( ZZDV: >2 =0

Perturbations described by these equations are
unstable for arbitrary values of n and w*/Az.
These perturbations are characterized by the
following values of growth rate and longitudinal
wave number:

(6.4)

1
pi/ /2
Y =~ Reo = Ymazx, k, = kzmax;i‘/ > .

\ (D*

SRR

The results of this section are entered in item V
of the table.

7. ESTIMATES OF REQUIRED SHEAR

The effect of shear on plasma stability becomes
manifest at values

i A 2
929,,}2-“ ~ _ﬂ(i) .
aj; \ Op;

(7.1)

At this level perturbations given in V of the table
characterized by kpa] ~ 1 and y = ypax are
stabilized. The next in ascending value of 6 (for

a weakly collision dominated plasma pjvi/aj
> Ag) is given by

orv o L (ﬁe >"Z_Pz

7.2
S m; a; ( )

where S = p;l /a?L and I = vj7; is the particle
mean free path.?

Perturbations of type IV are stabilized when
9 2 01V, For somewhat larger values of ¢ the
effect of shear is manifest on stabilities of type
111

e o
o i(ﬁ‘f> Oi (7.3)

S'h m; aJ_'

Perturbations of type I and II are stabilized at
still higher values of 6
er>—/07{lin =~ ‘erIr{in ~ "p—i
ay
We may assume here that at least those perturba-
tions characterized by kpa = 1 are stable.

Using the results of the preceding sections we
can obtain estimates of 6 for perturbations char-
acterized by kpa > 1. In general, stabilization of
these perturbations requires larger values of 6
than does the case of kpa ~ 1, In particular, the
criterion for stabilization of perturbations of type
Ifor kpa > 1 is of the form

(7.4)

0= k) Omin ~ kopi. (7.5)

It should be remembered that the estimates
obtained this way do not go beyond the range of
applicability of (2.1) so long as (when a] <)

0<ay/l. (7.6)

When 6 2 a|/l investigation of instabilities in the
plasma is to be carried out by means of other
starting equations (this point is discussed in
greater detail by Kadomtsev and Pogutse [4]).

The author is indebted to S. S, Moiseev and
O. P. Pogutse for discussion of the results ob-
tained in the present work.
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