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It is shown that in the study of molecular scattering of light near points of second order phase transitions, 
in addition to the fluctuations of the characteristic parameter, it is also necessary to take into account 
certain other quantities, for example, the density of the material. The total and spectral intensities of 
the scattered light are calculated. In the formula for the total intensity, account of the fluctuations of 
quantities that are different from the characteristic parameter leads to a change in the constant coef
ficient, and this change is shown to be very important as a rule. The effect of the phase transition on 
the spectral composition of the light scattered by fluctuations of quantities which differ from the charac
teristic parameter is studied. The behavior of the Mandel 'shtam -Brillouin component is studied in great 
detail. It is shown under what conditions the position of the components can change significantly near the 
phase transition point. 

FLUCTUATIONS of the characteristic parameter of a 
second-order phase transition increase in the neighbor
hood of the transition point, as is well known. [ll This is 
made manifest, in particular, in the increase in the in
tensity of scattered lightY 31 In the theoretical consid
eration of this phenomenon, [2 • 4- 71 attention was paid 
only to fluctuations of the characteristic parameter. 
Together with this, in a number of cases, the fluctua
tions of the characteristic parameter and of other quan
tities cannot be regarded as independent. The present 
work consists essentially in the generalization of the 
results of researches[ 4 - 71 to include account of this 
circumstance. 

It will be shown below that near the phase transition 
point, fluctuations increase not only in the characteris
tic parameter, but also in certain quantities which dif
fer from it. Although the contribution of the fluctuations 
of quantities which differ from the characteristic pa
rameter can be as important or even more important 
than the contribution of the fluctuations of the charac
teristic parameter, in the final formula for the total in
tensity, this appears only in the more or less consid
erable renormalization of one of the coefficients. Accu
rate to the given renormalization, the conclusions ob
tained in [&J relative to the temperature evolution of the 
spectral composition of the light scattered by the fluc
tuations of the transition parameter remain in force. So 
far as the spectral composition of the light scattered by 
the fluctuations of the other quantities is concerned 
in other words, the spectral components which are not 
connected with the fluctuations of the characteristic pa
rameter, then it is seen that the presence of the phase 
transition has a significant effect on their location only 
when the frequencies corresponding to these components 
are sufficiently low. 

1. Let us consider the fluctuations, close to the tran
sition point, of quantities which differ from the charac
teristic parameter ( TJ). Let ~ be one of these quantities. 
We represent it in the form 

s = so(TJ) + s', (1) 

where ~a( 17) represents the "equilibrium" value of ~. 

corresponding to a given fixed value of TJ (see below, 
Eq. (4)). From (1) we have for ~ 

~s = ~so(TJ) + ~S' = (dS./ dTJh=•·~'ll + ~S'. (2) 

where Tfo is the value of TJ in the state of complete ther
modynamic equilibrium. 

Expanding the density of the thermodynamic potential 
<I>(P, T, ~. TJ) in a series about the point ~ = ~0 (TJ0), 
TJ = TJ0 , and substituting Eq. (2) in place of~~. we obtain 

M>=;_[(o"<D) (~TJJ"+2( O"<D_\1 ~TJ~li+(o"«ll) (~sl"] 2 OTJ 2 o o{; OTJ o o{;2 o 
= ~[a(~TJ) 2 + 2b ~TJ ~s + c(A~) 2] =~{[a+ 2b( as.) 

2 2 ~ -~ 

+c(~~Y.=J (~TJJ 2 +2[b+(-~~o ).=J~s'~TJ+c(~s')•} 
= f[a(~TJ)2 + 21i ~'ll ~s' + c(~s')•]. (3) 

The coefficient b in (3) is equal to zero, as can eas
ily be seen, and consequently, the quantities ( and TJ 
are statistically independent (<A r ~ TJ) = o, the symbol 
( ) denotes averaging). In fact, ~0 ( TJ) is determined from 
the equation 

(o<t> I osh=oo<•> = 0. (4) 

Differentiating both parts of (4) with respect to TJ and 
setting TJ = TJo in the result, we obtain 

( O"<D) + ( aZ«D) (~) = li = o (5) 
o{;aTJ o as• o aTJ ~=·· · 

For the fluctuation ~we now have 

( (~6)2> = (dSo/ dTJ) 2q=q,( (~TJ) 2) + < (~') 2>· (6) 

Close to the phase transition point, as follows from 
{3) and (5), 

((~TJ)•) = _,_,B_T ~ ~ -;---1~:-
V ii IT-81 (7) 

where e is the transition temperature. Therefore, if 
the value of (d ~0 /dTJ)TJ = TJo falls off close to the phase 
transition point more slowly than~ IT- 61, the fluctu
ations of ~ increase as T - e. On the other hand, 
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((i1S')•) = kBT~, 
v c 

and the coefficient c does not depend in any material 
way on the temperature (in the framework of the Landau 
theory/8 J which we shall use everywhere below, we can 
set c(T) = c(e)). 

Thus, in the calculation of the intensity of the anoma
lous scattering near the phase transition point, it suf
fices to take into account only the first term in (2). 

The problem of the character of the change of the 
fluctuations of any particular quantity near the transi
tion point reduces, as we shall see, to the clarification 
of the temperature dependence of (d~0 /d1J) 17 = 1Jo. For 

example, if we are interested in the fluctuations of the 
material density p, then we have from p0 ( 1J) = p0 (0) 

2 
+ X 17 , 

( dp) { 0 for T > 8 (symmetric phase) 
drJ

0 •o~no = 2xrJo for T < e (nonsymmetric phase) 

Hence for T > 6, the nearness of the transition point 
does not manifest itself in the value of the density flue
tuations. So far as the case T < e is concerned, for a 
phase transition which coincides with the so-called 
critical point of second order phase transitions (CP), 
1J0 ~(e-T)114• Therefore, ((6.p) 2)~(e-T) 11 2• Atthe 
same time, for phase transitions which are far from 
the CP, 170 ~ (6- T)112 , whence it follows that ((6.p) 2 ) 

does not increase as T- 6. 
2. The scattering of light which is accompanied by a 

small change in frequency,can be described as the re
sult of spatially inhomogeneous fluctuations of the di
electric tensor of the medium £ik• The fluctuations of 
£ik are produced here by fluctuations of quantities 
which characterize the position of the atomic nuclei of 
the system. We have 

where 
Bn = (ih/ilrJh;~o,G(noJ,n~n,, 
e; = (ile/ilsi);;~<"<no). n~n,, 

(8) 

In the calculation of the intensity of anomalous scat
tering, one can set 

Ll£; ~ Ll\;;o(rJ) = (d\;iO/ drJh~~,Ll11. (9) 

as was pointed out above. Substituting (9) in (8), we get 

[ ..... ( d£i0) J -Lle = En+ L.J e; - Ll'f] == enl1rJ. 
i dTj n~no 

(10) 

In [2 , 4 - 7 J, the terms under the summation sign in Eq. 
Eq. (10) were discarded in the calculation of ((6.£)2 ), as 
a result of which the coefficient £TJ app~ars in the final 
formula for the total intensity, and not £17" The error 
which arises in the use of the coefficient £17 in place of 
£17 can be very substantial. In the case of the a = {3 
transition in quartz (see, for example, [9 J ), the ratio 
£ 11 !£17 .S 0.2, which upon conversion to intensity, means 
that of the total scattered light, only ~ 4% is scattered 
directly by fluctuations of the characteristic parameter; 
the remaining part is scattered by fluctuations of other 
quantities, principally by fluctuations of the density. 
The renormalized coefficient £17 is easily connected 

with experimentally observed quantities. For this, we 
note that for T < E>, in the state of complete equilib
rium, 1 > 

Similarly 

( il2<Deq \ =/il2<D' -(il2<Dj (illlo)2 ==(q2(D) _ 11 (il11o·)2 

oT2 / p \ aT• ) P," all• /ip, n~n.~ aT p aT• P, •• aT I p 

or 

where 6-Cp is the difference in the heat capacity at 
constant pressure below and above the transition point. 
Now, using (7) and (10), we can easily obtain the result 

kBT2 ( ae eq ) 2 / ((Lle) 2)= -- --- LlCp. v aT p 
(11) 

We turn our attention to the fact that, inasmuch as 
6. Cp is either a constant or (in the case of transitions 
close to the CP) increases as (6- T)-112 ; the anomaly 
in the light scattering is connected exclusively with the 
increase of the quantity ( il£eq/il T)p close to the tran
sition point, while two cases can be distinguished, de
pending on the character of the symmetry of the mate
rial and the transformation properties of the character
istic parameter: 

1) e eq (P, T) - e eq (P, T > 8) ~ 'lo2 (P, T) 
2) e eq (P, T) - e eq (P, T > 8) ~ 'lo(P, T) 

for r < 8; 
for T < 8. 

In the first case, the derivative ( il£eq/ilT)p in
creases as T - e only for transitions close to the CP, 
in which connection the anomaly in the light scattering 
is observed only for such transitions (the temperature 
dependence of 1Jo is treated at the end of the previous 
section). 

In the second case, ( il£eq/ilT)p increases for transi
tions both close to and far away from the CP. Further
more, in this case, in contrast with the previous one, 
the scattering anomaly also takes place in the symmet
ric phase (see [4l). 

3. Let us consider the question of the spectral com
position of the scattered light. Changes in the spectral 
picture of the scattered light near the phase transition 
point are obviously connected with the change in the 
time characteristic of the fluctuations of the various 
quantities. The evolution of the spectrum of fluctuations 
of the characteristic parameter of the transition was 
considered in [SJ without account of the coupling of 1J 
with other quantities. It was shown in this case that, 
because of the fact that the system loses rigidity at the 

1lThe better agreement with experiment, [ 3 ] obtained in [5 ] in 
the estimate of the total intensity of scattered light near the Cl'.: {3 
transition point in quartz, is explained by the fact that in the estimate 
the quantity (aeeg/aT)p/(aTJ0 /aT)p is used as the coefficient eTl in the 
formula for the total intensity. This quantity represents none other 
than the coefficient €Tl whose value for quartz exceeds the value of the 
coefficient eT) by order of magnitude. 
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phase transition point relative to changes in T/, the flue
tuations of T/, even if they are far from the transition 
point and have an oscillatory character, are strongly 
retarded near the transition point, so that, beginning 
with some temperature (generally speaking, not very 
close to e), the oscillations give way to a relaxation, 
while the relaxation time increases as IT- el-1 as 
T- e. Thus the fluctuations near the transition point 
are fundamentally very slow fluctuations. Correspond
ingly, in the spectrum of the light scattered by the fluc
tuations of T/, there is an unshifted component near the 
transition point whose width decreases as T -e. 

Proceeding to the study of the fluctuations of quanti
ties other than the characteristic parameter, we divide 
the quantities whose fluctuations are connected with the 
fluctuations of TJ into two groups. To the first group, 
we assign those quantities ~ which cannot be linearly 
connected with TJ; that is, those quantities (for example, 
the density), for which only a quadratic connection is 
possible: ~ ~ TJ2• In the second group, we place those 
quantities which are linearly related to 'r/· 

We begin with the quantities of the first group. The 
thermodynamic potential has the following form in this 
case: 

The coefficient b = 2dTJ0 , which is equal to zero for 
T >e, corresponds to the potential in the form (12) in 
Eq. (3). Thus, the fluctuations of ~ and T/ are inde
pendent for T > e. 

For T < e, the fluctuations of ~. as is seen from 
Eqs. (2)-(5), can be split into two parts: the fluctua
tions of r about the state of partial equilibrium, corre
sponding to a given instantaneous value of T/, and the 
fluctuations ~0 ( TJ), for which ~ changes along with 'r/• 
Since T/ changes very slowly in the vicinity of the tran
sition point, the fluctuations of ~~ in this case proceed 
at almost constant 'r/, and the presence of the phase 
transition has little effect on them. Account of the same 
slow fluctuations ~0 (TJ), which take place in synchro
nism with the fluctuations of T/, leads only to a renor
malization of the coefficient of proportionality between 
~£ and ~TJ. just as in the calculation of the total scat
tering intensity. Thus, if the fluctuations of ~ bear an 
oscillatory character, and are accompanied by a change 
in £ik• then a combination line is observed in the spec
trum of scattered light near the transition point. The 
frequency of this line is determined at T = e by the 
value of c in Eq. (3), which has the meaning of an elas
tic modulus, corresponding to a change in ~ at con
stant 'r/· 

As one moves away from the transition point, the re
laxation time of the characteristic parameter 

will decrease; sufficiently far from the transition point, 
it can be seen to be less than the period of oscillation 
of ~· Then the frequency of the fluctuations of ~ will be 
determined not by the quantity c, but by Cst = c- b2/a, 
which has the meaning of a "static" elastic modulus, 
which takes into account the change in ~ for change in 
T/· Consequently, for T < e, the location of sufficiently 

low -frequency lines can depend significantly on the 
temperature. The most low-lying combination lines are, 
as is well known, the Mandel'shtam-Brillouin (MB) 
components. The indicated temperature dependence for 
them has been observed experimentally in triglycin sul
fate. [loJ 

However, it can be shown that even far away from 
the transition point, the relaxation time of the charac
teristic parameter is greater than the period of the hy
personic oscillations corresponding to the MB compo
nents. In this case, the presence of a phase transition 
has no effect on the temperature dependence of the posi
tion of these components and the higher-lying combina
tion lines. 

We go on to the consideration of fluctuations of quan
tities of the second group, i.e., those which in the sym
metric phase possess a linear coupling between ~ and 
T/· The thermodynamic potential in this case has the 
form 

We shall consider the transition for zero force con
nected with ~. Here, as it is not difficult to establish, 
the temperature of the phase transition is determined 
not from the condition ~ = 0, as was the case when the 
transition took place at a = 0, but from the condition of 
vanishing of the determinant ac - b2, which consists of 
the second derivatives entering into (3). These deriva
tives are expressed in terms of the expansion coeffi
cients in the following form: 

a = { 41'}o20'fi2- 2ay + dJ/x), 
2a, 

b= d, c= X· 

For T = e, consequently, the quantities ( a2 <I> /aTJ2)F 
- 2 ( ~ = a = a - d /x F ~ is the force conjugate to 0 and 

( a2 <I> ;a ~ 2 )F = x - d2/a (F T/ is the force conjugate to TJ) 

vanish; the 4uantity ( a2 <I> ;a TJ 2 ) E. remains finite at the 
transition point. Inasmuch as the relaxation time of the 
characteriStiC parameter T ~ ( a2 <;[>/a TJ 2 ) -l, then for 
T- e, T-the relaxation time ofT/ for F~ =D-in
creases without bound, the relaxation time of T/ for 
fixed ~ (in what follows, this is denoted simply by T) 
remains finite at the transition point. 

In studying the fluctuations of L it is generally nec
essary to compare the period of the fluctuations with 
the two relaxation times. It is obvious that if this pe
riod is shown to be much less than T everywhere in 
space (and thereby greater than 7), then, just as was 
done above, the fluctuations of ~ can be divided into 
slow (~0) and fast (~'), and the presence of a phase 
transition has no effect on the fast fluctuations, which 
take place at constant 'r/· We shall consider, by means 
of a specific example, what possibilities exist in the 
case of quantities the frequency of whose fluctuations 
is comparatively small. 

We shall investigate the low-frequency portion of the 
spectrum of light scattered in a uniaxial ferroelectric, 
which lacks a center of inversion in the para phase 
(Rochelle salt, KDP). Near the transition point, the 
slowest fluctuations for such a material will be the 
fluctuations of the vector of spontaneous polarization P 
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and the components of the elastic deformation tensor 
uik· We choose the direction of spontaneous polariza
tion along the z axis. In considering the fluctuations of 
P, we can assume that Px = Py = 0. This is an e:xcellent 
approximation, inasmuch as, for T close to e, f:zz 
» f:xx, f:yy· Among the quantities Uik for the materials 
considerea, only the deformation uxy changes the value 
of Pz; therefore, it suffices to cons1der only its fluctu
ations. The thermodynamic potential as a function of 
Pz and uxy has the form 

~ P • + y P 6 + dP + fL 2 E,P, (14) «ll=«llo+aP,2 +2 z 6 z zUxy TUxy --2 -. 

Here /.l is the shear modulus, d the piezoelectric mod
ulus, and Ez the electric field produced by the inhomo
geneously polarized crystal. [llJ For waves propagating 
perpendicular to the z axis (in what follows, we shall 
consider only such waves), the electric field can be as
sumed to be zero. 

We proceed to the writing of the equations of motion. 
In materials about which we have been speaking, the ap
pearance of Pz is associated with a certain ordering 
process (evidently of a relaxational character). It is 
natural therefore to assume that the term in the equa
tion of motion for Pz with the second time derivative 
can be omitted. We have simply 

(15) 

where y is some constant which can be considered to 
be independent of the temperature in the vicinity of the 
transition point. We have the standard equation of mo
tion for uxy 2 > 

(16) 

From (15) and (16) it is easy to obtain expressions for 

< JP,(ro, k) J2 ), (P,"(ro, k)uxy(ro, k)), < luxy(ro, k) J2), 

by carrying out calculations in the usual manner. [BJ 

Here Pz( w, k) and uxy ( w, k) are the space-time Fou
rier components of the functions Pz(r, t) and uxy(r, t). 
Knowing these quantities and the character of the de
pendence of the tensor f:ik on Pz and uxy we obtain a 
formula for the spectral intensity of the light I( w) scat
tered at a given angle. 

In the case of KDP and Rochelle salt, only a single 
component of the tensor f:ik, namely f:xy, depends on 
uxy and Pz, and the dependence of f:xy on uxy is much 
more important than on Pz (we recall that the intensity 
of the MB components exceeds the intensity of the other 
combination components by a factor 102). Keeping this 
in view, we set 

(17) 

Correspondingly, we have for I( w) 

kaT !L" 
/(ro = Q- !.'2o) ~ ~Juxy(ro,k) J•) = nroV (J.t' _ f)<02/k2) 2 + 11, 2 (18) 

where l.l' and /.l" are the real and imaginary parts of 
the complex shear modulus 

2)In Eq. (16), the term containing friction is omitted. Account of 
it has only a slight effect on the results. 

'!i(ro) = fL-d"l (a-iroy), (19) 

and the value of k is given by the angle of the light 
scattering and is equal to the difference of the wave 
vectors of the scattered and incident light. According 
to (18), the location of the secondary maxima of I( w) 
(corresponding to the MB components) is determined by 
the relation 

where we have introduced the notation 

roo== YP I 11k2, z = a(T) I roov, Zo = z(6). 

Analysis of Eq. (20) leads to the following results: 
1. Far from the transition point, the maximum of 

I( w) for w = 0, which corresponds to the unshifted com
ponent D0 , is lacking. It appears for the temperature 
T u defined from the relation 

z(T,) = 1l2(zo + 'lz.Z + 2). 

2. If z0 > 3/2/2, then the appearance of the central 
maximum is accompanied by the disappearance of the 
secondary maxima. Thus the MB components forT-e 
approach one another and at a temperature T 1 merge 
into the unshifted line. 

3. If (2 -..f3) 112 < z0 < 3/2/2, then the central maxi
mum appears before the MB components are merged. 
The temperature T 2 of merging of the MB components 
is determined by the condition of the vanishing of the 
root of the expression in (20). 

4. If z0 < (2 - ..f3)11 2 , then the MB components are 
present even for T =e. Their location can be deter
mined by setting z = z 0 in (20). For % < z0 < (2- -13)112, 
the distance between the MB components decreases as 
we approach the transition point, becoming minimal for 
T = e. For z0 = % , the MB components come together 
only up to T3* e, after which the distance between the 
MB components begins to increase for further approach 
of T to e. 

The shifts of the MB components, which are not ac
companied by their merging in the vicinity of the tran
sition point, take place in crystals of Rochelle salt. 
Here[3 ' 121 a(e) ~ 1.6 x 10-2 , y ~ 10-11 - 10-10 sec-\ the 
sound velocity far from the transition point co = wo /k 
~ 2.5 x 105 em/sec, while k is about 105 em - 1 for irra
diation of the crystal by visible light. Then for the 
quantity z 0 = a(e) /yw, we obtain the numerical value 
~ 10-1 - 10-2 , corresponding to the case z0 < 1/2. 

For KDP crystals, T - 1 (e) > 1010, [ 121 so that the case 
z 0 > 3/2-13 is clearly realizable, i.e., the MB compo
nents merge into the unshifted Rayleigh line for T -e. 

We emphasize that in any comparison of the results 
obtained above with experiment, one must not forget 
their approximate character. The presence of finite 
friction in the acoustic branch, as well as the account 
in Eq. (17) of the team proportional to the fluctuations 
of Px, can bring some change into the picture of the 
distribution of scattered light over the frequencies. 

The authors are very grateful to V. L. Ginzburg for 
valuable discussion connected with the present re
search. 
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