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The Green’s function of an electron in a random potential obeying the normal-distribution law is cal-
culated. The form of the wave function suggested by Feynmanm is employed. It is possible to find the
Green’s function by taking into account a uniform electric field without assuming this field to be small.

WE calculate here the averaged Green’s function of
an electron moving in a random potential U(r), which is
assumed to have a normal distribution. Such a problem
was considered by Andreev'’, who also presented a
bibliography of this problem. In the present article we
obtain Andreev’s result by a different method, which
makes it also possible to obtain the next term of the
expansion in the exponential. In addition, it is possible
to find with the aid of the proposed method (in the same
approximation) the Green’s function in a random field
U(r) and in an alternating homogeneous electric field
without assuming the latter to be small. This problem
is important for calculations of the conductivity of a
disordered system (in particular, in strong fields).

The idea of the method consists in using the space-
time approach to quantum mechanics developed by
Feynman®’. The Green’s function (just like the wave
function) is written in the form of a continuous integral
over the virtual paths of a classical particle. It turns
out that at this stage it is easy to average the G-function
over the ensemble corresponding to the random field
U(r). The latter circumstance is, of course, the conse-
quence of the assumed Gaussian character of the dis-
tribution. It is then possible to calculate approximately
the continual integral and to obtain a closed expression
for the G-function. The suggestion that the Feynman
formulation of quantum mechanics be used belongs to
V. L. Pokrovskiy.

In a time-independent random field U(r), the Green’s
function depends on r, r’, and the time difference t — t’,
which we shall denote by t. We break up the interval

[0, t] into N elementary intervals of the duration € = t/N.

For G(r, r'; t) we can write (atomic units)

1 i 3
G(r,x’;t)=io(t) lim —S exp [LZ (rp —rp—q)?
es0 A 2£k=1
N-—>oo

N (1)
—ie ) U(rh)] dry...dryy.

We have chosen here a retarded Green’s function; o(t)
is the step function, equal to zero at t < 0 and to unity

att> 0; A= (217ie)3N/2; ro =r’, ry = r; the integration
is carried out only over the internal points ry, where
0< k<N.
The averaging of G(r, r’; t) reduces to determining
N
the mean value of exp I:—iekzl U(rkﬂ over the ensemble.

We choose the zero energy such that (U) = 0; the angle
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brackets denote averaging. By virtue of the normal dis-
tribution of the random function U(r), all the mean
values of the products are expressed in terms of the
binary correlation function W(r):

U(e) U(rz)) = W(r, —r). (2)

We then obtain for the sought mean value

<exp {— iské U(ry) ]> = exp [—-522:2:1 W (rp — rp) -‘ (3)

The correctness of (3) can be readily verified by ex-
panding the exponential in a series and averaging term
by term.

We introduce new variables xix = rk — rk-, and com-
plement (1) by integration with respect to ro, multiplying
the integrand by 6(ro— r’). The double sum in (3) can be
transformed by using the evenness of W(r) (see (2)):

N N
1y W (tp — ) = €29 W(rh—rk:)-l—?i—szNW(O). (4)
2 k, R’ k>R’
The second term in (4) vanishes in the limit as € — 0,
Ne — t. As a result we obtain

G(r, v; 1) =<(G(r—71'; 1)

. 9 ri ¥ N ,
= Io(t)&xgz—g exp Lfgk‘é xhz-——szz |44 (X!;+...+Xkl+1)]

h=>h"

N
Xé(r—-r’——z x;¢>dx1...dx,\v. (5)
R=1
It is convenient to go over to a Fourier representation
inr—r':
1 i <
(G (p.t)) = Go(p. t)lim;i— S exp{ 9—2 (xr — &p)?

&0 "ekzi

N
— e W (xn ...+ Xuess) ]d)q ..dxx, (6)
R>R'
where Go(p, t) is the Green’s function of the free parti-

cle: Go = io(t)exp(—ip®t/2). Finally, we reduce the quad-
ratic form in (6) to diagonal form by shifting the origin,
Xk = Zk + €p:

y = im— _ 2
(G (p,t)? = Go(p, t)lim " S exp[ 28&5 Z

d11 e dZN. (7)

—d

N
— e N W(ep(k—E)+zx+ ...+ 21
r>R’

So far we have made no approximations. We now ex-
pand W(ep(k— k') + zg + ... + 2k’ +1) in a Taylor series
about the point €p(k — k). To this end it is necessary in
each case that the sum zx + ... + 2K’ .1 be much smaller
than the correlation length L, that is, than the charac-
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teristic dimension of the function W(r). Inasmuch as
|z)] ~Ve€ in the important integration region, and the
number of terms in this sum is of the order of N, we
obtain the condition \/_ t <L (m order of magnitude

|Zk + oo + ZK o1 ~(Z) + oen + 2R 1) /2  /Ne). Thus,

W(ep(k— k) +zn+ ...+ znps) = W(ep(k — k"))
+ VW (ep(k — %)) (o + ... + zops) +... .«

Retaining the first term in (8), we obtain Andreev’s re-
sult

(8)

N
(Gi(p,t)? = Go(p, )hm exp [—sz Z‘, W(ep(k—K')) ]

R>R’

t
= Go(p, t)exp [— 71 S W (pt’ — pt”)dt’ dt”] (9)
¢
To clarify the character of the corrections to formula
(9), we take into account the next term of the expansion
(8). We emphasize that this results in a correction in
the exponential.
The problem consists of calculating the coefficient
Ck preceding zy in the triple sum

N k-1 13
2 3 VW(ep(k—k)) 3 .
hR=1h'=1 i=R'+1
N
Representing this sum in the form 21 CkZk, We can

again shift along zx so as to make the quadratic form in
(7) canonical. After straightforward but cumbersome
manipulations, we get

k

N
N
= DVW(ep)+k X VW(ep), k<
=t j=h+1
N~k R
ev= X iVW(ep))+(N—k+1) D VW (epj)
i—i J=N_h1 (10)
N N
+h D VW(ep), k>

J=hH1
Going over from sums to integrals in accordance with
the rule € —*fdt, we obtain the following expression
for (Ga(p, t)):

(Ga(p, 1)) = (Gi(p,2))

t/2_ t' t

texp—{ § [ Tevmactv | vwae ] av
0 [

0

(11)
t t—1 ¢ t
+§ [ §ovWar @ —v) § vwae+v VWdr} ar },
/2 0 =t v
where VW = VYW(p7).
Thus, the average Green’s function is
(G(p, 1)) = Go(p,1) exp (/1 + 12+ ...), (12)

where I, and I, are given by formulas (9) and (11). At
large values of the time t > L/p, both terms in the ex-
ponent of (12) increase linearly in t, so that the Green’s
function decreases like (G(p, t)) ~ Go(p, t)exp(—t/T).

This region exists if the condition t > L/p is compatible
with the condition vt < L presented above, that is, we
must have pL >> 1. Whent < L/p we get

W(O)

+i —(VW(O))2t5+ } (13)

(G (p,t)? zGo(p,t)exp[ 540
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The second term in the exponential of (13) can be neglec-
ted only if W3(0)t> < L2 This limits the applicability of
formula (9) at small values of the time. For large val-
ues of t (t > L/p) the correction to (9) is given by the
factor exp[iy WA(0)L%p™*t], where y is of the order of
unity.

The calculation of the next terms of the expansion in
(12) is much more complicated and leads apparently to
even more cumbersome (and therefore useless) formu-
las than (11). We can, however, draw a general conclu-
sion from the foregoing calculations: whent is large
the law governing the decrease of G(p, t) is exponential,
and when t is small it is Gaussian. The last statement
is exact, since its validity follows from the exact
formula (7):

N 1
e ) W(at ...+ o)~ WO as t=Ne—0.
k>k'
This means that the farthest ‘‘tail’’ of the density of
states at negative energies is always described by the
Gaussian exponential exp[—E?/2W(0)]. The asymptotic
form of the density of states obtained in the paper of
Zittartz and Langer ©) has a different form and depends
on the dimensionality of space. However, the applicabil-
ity of their formula is limited by the condition |E| < L2,
whereas in this paper we assume in fact that L — 0 (the
correlator is equal to a 6 -function).

We shall now show how to take into account, within
the framework of the proposed method, a homogeneous
electric field F(t). We represent the Green’s function
G(r, r’; t, to), in a form similar to (1):

1
G= io(t——to)limf Sexp[ Z (tr — Th—1)
€0

N
— iz ) (U(ra)— F () 1) de...dm,b (14)

k=1 -
Here, as before, ro =r’, r = ry; tg = to + ke, t — to = Ne.
Introducing the variables xx = rx — rg-., we obtain an
expression for the G-function, where the exponential
under the integral sign will contain terms that are quad-
ratic and linear in Xy. The coefficients of the linear
terms depend on F(t). We then shift the origin of x| and
obtain, in an approximation corresponding to (9), the
Fourier component G with respect to the difference
r—r':

t
(G (p; r; t,t0) = io (1 — ty)exp {ir S F(t)dr

to

i t
- S[pTSr dt}dt}
to to
(15)
1 Cr i )
Xe.\p{ —-2—05 W[,,S ( p—|—tnS F(v)dv )dr] ar " §.
An investigation of (15) shows that the character of the
attenuation of the Green’s function with time, and conse-
quently also the mobility of the particle’, depends
strongly on the field. In the case of a constant field
there appears in the problem a new characteristic time
F= VL/F. It turns out that when |t — to| > tg the func-

DIf the G-function attenuates like exp (—t/r), in the p,t representa-

tion, then 7 is the relaxation time which determines the mobility of the
electron.



THE GREEN’S FUNCTION AND

tion G(p; r; t — to) attenuates not exponentially but in ac-
cordance with a power law.

Let us assume that the correlation function is iso-
tropic, that is, it depends only on the modulus |r — r’|
= p. We determine the antiderivative of W(p) in accord-
ance with the formula

]
= { W) do
[}
We then obtain from (15) for t — to > tp (see the Appen-
dix)

Ve — V(2t|p + Ft|) dt)
|p+ Fi|

(G(p;r;t — 1)) = Goe\p( §
0
p+F(t—t)+ [p+F (t—t)]
pn+p
where n is a unit vector along the field and Go is the
Green’s function in the field without account of relaxa-
tion.
Besides the already mentioned inequalities tg
& [t — tol < L2, the applicability of formula (16) calls
for satisfaction of one more condition. Namely, the
values of the momentum p should lie outside the region
in which [t — tollp + F(t — to)| < L (the dimension of the
region is of the order Ap ~ L/(t — to)). In particular, it
is sufficient to have p S Ftp = VFL, since tp < (t — to).
As F — 0 there follows from (16) an exponential
attenuation law

G ~ Goexp (—Vwt /[ p).

The next term of the expansion in powers of F in the ex-
ponential is Vo Ft?p-n/2p*[p + p-n]. If this correction

is not small compared with unity at characteristic values
t —to ~p/Vw, then the mobility of the particle depends
on the field (nonlinear regime). From this we determine
the limit of the region of strong fields, namely F 2 V,

~ W(0)L. In the limit of strong nonlinearity, F>> V.,
the Green’s function is proportional to

F(t—t) 1

ex ——ln
o ;

and practically does not decrease in absolute value up a
time on the order of t — to ~ (p/F) exp (F/V,). This cir-
cumstance denotes apparently that the relaxation time
of the particle decreases exponentially with increasing
field.

Let us consider now a periodic field that is turned on
adiabatically at t — —, that is,

F(¢) = Fee't coswt, y— +0.

—o we get from (15)
t—to

(G(p;T;t)) = Goexp{—% S W[p(
0

Putting to —
i — t”)

— -(;I;(cos wt’ — cos wt”) —‘ dtr’ dt”}. an
Confining ourselves to the case of a high frequency field
Fo < Lw?, neglecting the last two terms in the argument
of W in (17), and then estimating the correction to the
exponential necessitated by these terms, we obtain the
condition for the applicability of such an approximation,
FoW(0)L/w?p? < 1. If this inequality is satisfied, then,
as seen from (17), the damped factor of the Green’s
function has the same form as in the absence of a field:
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ekp[ (t_pto)SW dz}

Consequently, the relaxation time of a particle with mo-
mentum p is

T= p[os W(:.)dz}_‘ ~ WZ)T

In conclusion we note that within the framework of
the proposed method it would be easy to take into account
also a homogeneous magnetic field with arbitrary time
dependence. Indeed, the vector potential of such a field
is linear in r. This allows us to perform the same
manipulations that led to formula (15).

APPENDIX

We shall obtain here the asymptotic form of the
Green’s function at large time (t — to > ty) in a strong
constant electric field. The problem consists of calcu-
lating the double integral contained in (15):

t

— 2i tuS W{
L =t (

§ W[p(t'—t”)—}——;AF(l’z—t”z)]dt’dt”.

0

P — )+ FI(# — )= ("t yava”

A.1)

The correlation function W(r) will be assumed to de-
pend only on the modulus of the argument. We replace
the variables in (A.1) in accordance with the formulas
t'—t” =xand t’ +t” = 2y (the Jacobian of the trans-
formation is equal to unity). The integration in the
(x, y) plane is within a rhombus with sides satisfying
the equations y £ x/2 = 0 and y + x/2 =t — to. We first
integrate with respect to x = t' — t”, and the fact that W
is even allows us to confine ourselves only to that half
of the rhombus in which x > 0:

h(t—ta) 2 2At—to—y)

SV(IP+FyI$)dx+S dy S W(|p+ Fy|z)dz
[1]

ot —to) 0
(A.2)
VI2(t—to—y) |p+ Fy|]
|p+ Fy|

t—to

1

Y t—to

dy+ |

1o(t—to)

S“’ v 211]p—|—Fy|)

[p+Fy|

We transform (A.2), replacing the variable in the last
integral t—to—y = z:
t—to
dy
d |4 —_
v+ V() OS Ip+Fy|

V() dz.

Myl +Fy)—
p |p+Fy|
Y(t—to)

+

V()

V(2z|p+F(t —to) — Fz|)— (A.3)

o |p + F (¢ — to) — Fz|

The first integral in (A.3) converges when t — to — 0,
and it can be extended to infinity. The last term tends

to zero, since the numerator of the integrand is bounded,
and the denominator is not smaller than [ F(t — to)/2 — p]
— 0

Finally, the second integral in (A.3) is equal to

t—to t—~ty

dy i,

V) | = V) e 2m Py
__ V(=) 1n] pn+ F(t—t)+ [p+F(t—1)] |
~F pn—+p |

From this we get the asymptotic formula (16) for the
Green’s function in the case of a constant field.
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