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It is shown that envelope shock waves. assuming the form of sharp transitions (jumps) between vari­
ous values of the modulated wave amplitude and frequency, can exist in a nonlinear dispersive medium 
with a relaxing nonlinearity. Boundary conditions relating these quantities are found. The structure of 
the stationary shock wave, which may be either aperiodic or oscillatory, is determined. Its stability is 
investigated. The similarity and differences between the processes considered and shock waves of the 
ordinary type are discussed. 

1. INTRODUCTION 

A shock wave is a nonlinear process characteristic of 
weakly dispersed media, and admits of a strong distor­
tion of the profile of the wave, up to formation of dis­
continuities. Such a situation is customary for motions 
of the continuous media considered in gasdynamics and 
magnetohydrodynamics: it is well known that electro­
magnetic shock waves are also possible. In media with 
strong dispersion, such as those studied in nonlinear 
optics and in many divisions of plasma dynamics, the 
nonlinearity is manifest principally in the space-time 
variations of slowly varying quantities- envelopes of the 
amplitude, of the frequency, etc .. whereas the local 
structure of the wave (which is quasiharmonic in the 
case of small nonlinearity) remains unchanged. 

The theory of such processes [1-aJ leads to the con­
clusion that "envelope waves" experience cumulative 
distortions, which in many cases are analogous to the 
distortion of the instantaneous profile of the wave in a 
weakly-dispersive medium. In particular, simple 
(Riemann) envelope waves are possible [1 ' 2 ' 5 J under cer­
tain conditions. It is natural to assume further that the 
propagation of such waves leads to the establishment of 
a sharp transition region (compared with the initial 
scale of the variation of the envelopes, but containing in 
general many periods of the field)- an envelope shock­
and to generalize the methods of the theory of shock 
waves to strongly-dispersive media. Such a proposition 
was discussed earlier for quasiharmonic electromag­
netic waves [1,7l and certain wave processes in continu­
ous media [ 2 J; boundary conditions for the corresponding 
discontinuities were written out. 

However, the real existence of a stationary region of 
the shock type calls for the presence of definite dissipa­
tive mechanisms, otherwise the narrow field drop oc­
curring in the simple wave will again broaden without 
limit as a result of dispersion, generating periodic 
modulation [sJ. Therefore an informal theory of envelope 
shock waves, like that of ordinary shock waves, should 
take into account the effects of •·viscous'' type, which 
are not considered in the cited investigations, and in 
particular, compare the role of these effects and of dis­
persion spreading. 

It should be noted that the suitable dissipative proc­
ess should be quite distinct. A direct allowance for the 
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linear viscosity, sufficient for the description of ordin­
ary shock waves, does not lead to establishment of 
envelope shock waves and leads only to a general damp­
ing of the wave. A necessary condition is the presence 
of an inertial nonlinearity, which relaxes upon variation 
of the average intensity (or possibly frequency) of the 
wave, but has little influence in the absence of modula­
tion. Allowance for such processes leads to an increase 
in the order of the average equations for the envelopes, 
necessary to obtain the sought transition region between 
two equilibrium states corresponding to unmodulated 
waves. 

2. FUNDAMENTAL EQUATIONS 

In the simplest cases (physical examples are con­
sidered below) the nonlinear relaxation is described by 
an equation of the type 

-r;CJx I at + x = Bm, (1) 

where m = A2 is the intensity of the wave (A is its am­
plitude), x is the nonlinear part of the polarizability of 
the medium, and T and f3 are constants. In ordinary 
media T > 0 and f3 > 0, but other possibilities will be 
noted below. 

Let us consider a plane traveling electromagnetic 
wave with slowly-varying amplitude and phase of the 
field 

E = A(z, 1) ('X]J {i[wt- kz + q:(z, t)]} + K. c., (2) 

where w and k are constants connected with the disper­
sion equation of the linear medium: ck = wv E(w). The 
change occurring in A and (/) in the case of small non­
linearity is described by a system of averaged equa­
tions [sJ, which can be written in the form 11 : 

rJA CJ,1 xA ob 
i!t+v(i+xo) C!z --ia_t_=O, (3) 

Db iJb ox X a I 1 rPA 
- -t-c(1+xo)---l--,-=---1 - (4) 

di i!z ' Jt 2w2 dt 11 dt' 

Here 6 = (w- 1o(/)/ot) « 1 is the variable part of the fre-

IJ In (2) and (3) we discard the nonlinear terms of second order of 
smallness, which are responsible for certain specific effects [ 1• 5 ], but 
which are of no importance for what follows; when T = 0, the remaining 
system is equivalent to a one-dimensional parabolic equation for a com­
plex field amplitude [8 ]. 
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quency, v(w) = (dk/dwf1 is the group velocity, and 
K = (w/v)dv/dw is the dispersion parameter. When x is 
suitably defined (for a monochromatic wave we have 
x = vk' /w, where k' (w, A) is the nonlinear increment to 
the wave number), these equations are valid for a wave 
of any nature. 

In the system (1), (3), and (4) we can separate two 
independent time scales 2>: T and Tg 
= w-1(2Akaxi/3/K lf112 , where A max is the maximum 
value of the amplitude. The course of the wave process 
depends on the relations between the characteristic 
duration To of the initial perturbation and the indicated 
parameters 3 >. 

Let us assume first that To>> T, T g• and then the 
terms with higher derivatives in (1) and (4) can be dis­
carded. Then Eqs. (3) and (4) constitute a second-order 
quasilinear system, the properties of which depend 
significantly on the sign of the product K/3rsl. When 
K/3 < 0, the system is hyperbolic and has two families of 
real characteristics, and when K/3 > 0 it is elliptic. We 
consider here essentially the case K /3 < 0, which admits 
of shock waves 4>. In this case equations (3) and (4) have 
two families of characteristics (dz/dt) = u.t, along which 
small disturbances o' and m' of the constant values o 
and m propagate. The corresponding quantities are given 
by the relations 

"±=v(1+xo±ipm\ x6'=±Yplmm', (5a) 

where p = -K/3 > 0. These two families correspond to 
two types of simple waves in the form rsJ 

x/\ = xbo ± 21pm; m = F±lt- zlll±(m)j; 

(5b) 

Here Oo is a constant and F± are arbitrary functions. 
The quantities I± = o 'f 2,!piil, which are conserved in 
simple waves, are Riemann invariants for the given 
problem. The wave F+ (fast) or F- (slow) is deformed in 
such a way, that the sections with am/at > 0 cancel out 
for F. and the sections with am/at< 0 for F-. We note 
that the function no' together with the group velocity 
Vgr(O) at the instantaneOUS frequency w(1 + 0), Which is 
equal to v(1 + KO ), always increases in the cancelling 
sections of both waves, in analogy with the density or 
pressure of a simple compression wave in gasdynamics. 

3. BOUNDARY CONDITIONS ON THE DISCONTINUITY 

The solutions (5) are no longer valid after the wave 
deformation leads to non-unique values of m and o. If 
we disregard further the discarded terms in the initial 
equations, then we must admit the appearance of discon­
tinuous solutions-shock waves. Integrating Eqs. (3) and 
(4) with respect to z in the narrow region containing the 
discontinuity at the given instant of time, we obtain the 
boundary conditions relating the values of m and o on 

2lrg-1 = ilm is the characteristic frequency at which equilibrium is 
attained between nonlinear distortion and dispersion spreading['). 

3l The influence of the parameters rg and r is similar to the influence 
of dispersion and viscosity in the equations for the instantaneous values 
of the field 

4> When K(3 > 0, the most characteristic effect is self-modulation 
(temporal self-focusing) [5 ]. 

both sides of the discontinuity: 

b(mz- m1) - x(mz/\2- m,/\t) = 0, (6) 

b(tb -1\1) - 1/,x(1\z2 - 1it2) + ~(m,- m1) = 0. (7) 

The indices 1 and 2 pertain here to the quantities in be­
fore and behind the jump, respectively, b = (vy/v) - 1 
« 1, where Vy is the velocity of the jump. We note that 
without loss of generality we can put o 1 = 0, inasmuch 
as the choice of w in (2) is arbitrary. We then get from 
(6) and (7) 

b2 = 2pmz2 I (m, + mz), (8) 

x/\2 = b(1- mt I m,) = ±f2p(m,- m,) IYm1 + m2. (9) 

It is obvious that the two different states 1 and 2, which 
are connected by conditions (8) and (9), exist only when 
p > 0. Specification of the states (m11 w1 = w) on one 
side of the jump and of its velocity (b) determines com­
pletely the state (m2, w2 = w + wo 2) on the other side, and 
for an arbitrary velocity, (9) gives the relation between 
62 and m2. According to (9), two branches of 62(m2) 
curves emerge from the given point (m1, o 1 = 0) on the 
(m, o) plane (Fig. 1). Each of them can be regarded as 
the analog of the Hugoniot adiabat in gasdynamics, and 
the o (m) dependence from (5b) can be set in correspon­
dence with the Poisson adiabat. Comparing (5b) and (9), 
we can show that these curves have at a specified com­
mon point a tangency of second order, i.e., at a given 
variation of one of the quantities (say m), the others 
change in identical fashion accurate to quantities of or­
der (m:a- m1) 2 inclusive. In particular, the Riemann 
invariants I±= KO ± 2( v'pm - v'pml) in a weak shock wave 
are small quantities of the order (m 2 - m 1) 3 • All this 
corresponds to the well known properties of ordinary 
shock waves. 

4. STRUCTURE OF ENVELOPE SHOCK WAVES 

The next step is to forego the discontinuity idealiza­
tion and to analyze Eqs. (1), (3), and (4) in their com­
plete form. We seek a solution in the form of a station­
ary wave that depends on one variable ~ = t- z/v , 
vy = const; this makes it possible to go over to oldinary 

differential equations. With this, Eqs. (3) and (4) have 
first integrals in the form 

b(m- m1) -x6m = 0, 

6 (b _ x6) _ _ _x_ d2A 
, 2 + X XI - 2w2A d[;2 

(10) 

(11) 

(here, as before, o 1 = 0). Equations (10) and (11) to­
gether with (1) form a third-order system. Even a 
qualitative investigation of this system is difficult, and 
we shall therefore consider the case T g << T. Then the 

FIG. 1. Shock adiabat relating the 
change in the intensity and frequency of 
the envelope discontinuity. Curve I cor-
responds to a slow wave (b < 0) and fJ 1---~~----

curve 2 to a fast wave (b > 0). In stable 
discontinuities K0 2 > 0. 

" - WTJ' 
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term in the right side of (11) can be described, as be­
fore, and after certain transformations we arrive at a 
first-order equation 

Here m 1,2 , as above, are the values of m before and 
behind the shock front (as ~ - 'f""). Equations (12) can 
be integrated, but the corresponding analytic expression 
is rather cumbersome. It is obvious that the amplitude 
changes monotonically in the interval between the 
equilibrium points m1 and m2, and the sign of the deriva­
tive dm/d~ in this interval depends only on the sign of 
T. If T > 0, then only a shock drop with a decreasing 
amplitude is possible, i.e., with m2 < m1 (Fig. 2). The 
characteristic duration of the shock front T is of the 
order of r/(1- m2/m1), i.e., T;::: T. 

Let us note the singularity arising when m2 - 0 (we 
have in mind the case T > 0). It is easy to see that when 
m2 << m 1, the field decreases rapidly over an integral 
on the order of r(m2/m1)2, to a value comparable with 
m2, after which it approaches m2 asymptotically during 
a time on the order of T. With this, b- 0, and 15 chan­
ges from zero to 152 = 1/wrg. In the limit, when m2 = 0, 
the shock front degenerates in accordance with (12) into 
a jump; if, however, r(m2/m1)2 becomes of the order 
of T g' then Eq. (12) is no longer valid. 

Let us consider now the case r« Tg· In this case 
we can assume that (1) contains a small parameter T in 
the derivative, and we can break up the process into a 
fast part, occurring within the time on the order of T, 

and one that is slow compared with T. As is clear from 
(1), when T > 0, the trajectories of the fast motions in 
phase space (x, A, dA/d~) of the initial system lead 
within a time on the order of T to a cylindrical surface 
x = {3A 2, in the vicinity of which occur all the slow mo­
tions. For the latter, rdx/d~ «{3m~ x, and putting 
dx/d~ = {3m/d~ (it is impossible to discard the deriva-· 
tive of x completely, for then the system becomes con-· 
servative and has no solutions corresponding to a shock 
wave), we arrive at the equation 

2m, d2A + dm . m (m1 + m2) + m 1m2 
"tg -- "t--t- (m1 -m)(m-m2) =0, 

A d~2 d1; m2 (m1 + m2 ) 

(13) 

where, as usual, m = A 2, and in T g we put Ainax = IDt. 
It is easy to investigate the solutions of (13) on the 

phase plane (corresponding to the indicated surface 
X = {3A 2). As above, the sign of the resultant change of 
the field depends only on the sign of r; if T > 0, then 
m2 < m1. However, the change of m now contains os­
cillations. Indeed, as follows from (13), one equilibrium 
point is a saddle point, and the other is a focus, with the 
value of m in the first of them always larger than that :ln 
the second. Therefore when T > 0, the approach to m 2 

is accompanied by damped oscillations of the intensity 
(Figs. 3 and 4). 

The duration of the aperiodic section T1 is of the 
order rgfvl1- mdm1; the period of oscillations T~ is of 

FIG. 3. Form of the phase plane of Eq. 
(13) (at T ~ Tg); the picture is symmetrical 
with respect to the axis A = 0. The shock 
wave corresponds to the separatrix joining 
the points I and 2. 

FIG. 4. Structure of shock waves 
corresponding to Fig. 3. 

the same order. The attenuation time of the latter, T2, 
is of the order of (rg/r)(m1/m2), and the total duration 
of the shock front T is close to T2 (Eq. (13) is valid for 
T2 ))> T~, when the process is essentially oscillatory). 
If m2 - 0, then T - oo is a result of the oscillating sec­
tion (there iLS no influence of the nonlinear relaxation 
when m- 0); to be sure, this entire section lies in the 
region of vanishingly small m, and only the initial 
aperiodic drop from IDt to m - m2 with duration T g can 
be regarded as the shock wave. We note that the straight 
line A = 0 on the phase plane (Fig. 3) is singular. This 
singularity is retained also when T = 0, when the shock 
waves are impossible, for all stationary solutions with 
15 .,_ const 5 >. 

Mention must be made of the case K{3 > 0, in which, 
as already :lndicated, there exist no two simultaneous 
different nonzero equilibrium positions, and when T ""' 0 
there exist no bounded stationary solutions with b""' 0. 
However, when b = 0 and 15 = 0 there is possible here 
one singular type of stationary wave with m1""' 0 and 
m 2 = 0 (when 1 > 0). The structure of such a wave con­
tains growing oscillations ahead of the front. 

Let us dwell briefly on the question of energy dissi­
pation on the shock front. As is well known, dissipation 
(growth of the entropy) is inevitable in an ordinary shock 
wave. This holds true also for envelope shock waves, 
inasmuch as the relaxation process is irreversible. 
However, it is difficult to write out the corresponding 
expression for the power P dissipated on the front in 
our case, first because it is necessary to know for this 
purpose the expressions for b and 15 2 with greater ac­
curacy than in (8) and (9), and second because no correct 
phenomenological expression for the average energy 
density in a nonlinear dispersive medium is known at 
all. However, the order of magnitude of P can be esti­
mated by considering the change of the energy in a 
modulated wave, with allowance for (1). As a result we 
find that the power loss density is of the order of 
(r/{.l)(&x/&t)2; taking into account also the estimates of 
the duration of the shock front in the cases (12) and (13), 
we get P ~ vf3m1(mt- m2). 6 > 

5>A similar singularity when A-> 0 should be possessed also by two­
dimensional stationary structures considered in the analysis of self­
focusing [9 ), if the phase is not constant in the transverse direction. 

6l Actually X has also a small imaginary component [ 10], which is 
not taken into account in (I) and which leads, generally speaking, to 
a comparable dissipation. This dissipation, however, occurs also beyond 
the limits of the shock front and is not a characteristic of the process 
under consideration. 
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5. STABILITY 

The real existence of shock waves close to stationary 
ones is possible only if the latter are stable. Let us 
consider first the usual approximation, when the shock 
wave is regarded as a jump, and let us investigate its 
stability with respect to perturbations with To ~ T, T g· 
Such perturbations propagate over characteristics cor­
responding to (5a). The well known prescription for 
separating stable discontinuities cul consists of requir­
ing that the number of independent quantities describing 
the perturbations (including the perturbation of the 
velocity of the jump) be equal to the number of the boun­
dary conditions relating these quantities (in our case 
these conditions are obtained from (6) and (7)). It is 
easy to see that in order to satisfy this requirement the 
perturbation of the stable jump should generate only one 
wave traveling away from it, which in turn is possible 
if one of the following relations is satisfied between the 
velocity of the jump vy and the velocities of the pertur­
bations u± on both sides of the jump 

(u±)., (u-}2 < Vy < (u+)2; (14a) 
(lL) 1 < vy < (u+)., (u±)2, (14b) 

where the subscripts 1 and 2 distinguish, as before, be­
tween the quantities in the front of the jump and behind 
it. Using the corresponding expressions ((5a) for u± and 
(8) and (9) for vy), we find that condition (14a) is satis­
fied when 

m2 > m, b > 0, xlh > 0, (15a) 

and (14b) is satisfied 

m2 < m~, b < 0, xll2 > 0. (15b) 

Consequently, only fast jumps with increasing intensity 
and slow ones with decreasing intensity are stable; for 
either of them, the instantaneous group velocity 
v r = v(1 + Kli) increases. As expected, each of the 
c~ses (15a) or (15b) corresponds to one of the simple 
waves (5b), the evolution of which leads to the given type 
of jump 7>; however, as follows from the preceding sec­
tion, actually only the jump (15b) is possible when T > 0 
and the jump (15a) when T < 0. 

As is well known, in the analysis of the stability of a 
shock wave it is necessary to take into account the fact 
that even a monochromatic wave is unstable in a relax­
ing nonlinear medium (state of equilibrium at the be­
ginning or the end of the shock front). Indeed, lineariz­
ing the initial expressions (1), (3), and (4) in full form 
relative to the constant values A and li, and seeking 
perturbations proportional to exp i(Ot- Kz), we obtain a> 

(16b) 

where f = pm + (K/2w)20 2(1 + 0 2 T2), and the root is taken 
algebraically. As already indicated, shock waves corre­
spond to the case p > 0. According to (16b), even a shock 
wave which is stable in the sense of (15) cannot exist 
for an infinitely long time, since oscillations destroying 
the stationary structure are excited near its front when 
T "' 0. One can speak, however, of a real existence of a 
quasi stationary shock front if vK~ax T « 1, where T is 
the front duration, and K~ax is the maximum increment 
of the instability. The existence of a maximum of (16b) 
when p > 0 was investigated separately for two cases. 

A. If T « Tg, then 

( 't )'/, 11 fpml ( T )'/• 
Qt ~ - , vKmax =·-,>- _- , 

Tg ~T 'tg 

where n 1 is the value of n at which K" = K~ax· If 
(T/Tg) 116 - 1, i.e., (T/Tg) :::; 105-106, then VK~axT 

(17a) 

~ v'pm~(1- m2/m1); this expression is always small, 
except in the case of very weak drops, when (1- m2/m1) 
:S v'pm1. In all other cases the instability described by 
formula (16b) is practically insignificant for shock 
waves. 

B. If T << Tg, then 

1 
Q.:::::-, .. (17b) 

(This result is approximately valid up to T- Tg.) With 
this, vK"T :S (K/8wT) « 1, i.e., the instability is insig­
nificant relative to the scale of the shock-wave front in 
this case, too. 

We note that in both cases the quantity 1/01 is 
smaller than or of the order of the minimum scale of 
variation of the quantities in the stationary front (T if 
T ~ Tg and Tg if T << Tg), therefore the "quasistation­
ary" analysis, when the increment is obtained from (16b) 
at constant m, is justified also for the entire shock 
transition. 

We npte that for ordinary shock waves it is possible 
to make rather general statements concerning a one-to­
one correspondence between the stable jumps in the 
"discontinuity" approximation and the stationary solu­
tions with dissipation taken into account c14l. These 
statements are connected, however, with the require­
ment that the field be stable away from the jump, and 
are not suitable in our case. Thus, although according 
to (15) there are two possible types of stable signals, 
the stationary solutions of (12) and (13) correspond, for 
a given sign of T, to only one of these type. 

(16a) 6. NONLINEAR RELAXATION MECHANISMS 

Consequently, real n correspond to complex K = K' 
+ iK", and, as can be obtained from (16a), the imaginary 
part of K satisfies the relation 

7) The conclusion that the frequency increases on an evolution jump[ 2] 

is in general incorrect. 
8) Formulas of the type ( 16a) were investigated earlier in the cases 

r-+ 0 (s,sl and rg-+ 0 ( 12•13], including also for non-plane (quasiplane) 
perturbations. 

Mechanisms of this type are being intensely investi­
gated at the present time in connection with problems 
of nonlinear optics. An example of an inertial nonlinear­
ity described by expressions (1) is the relaxation of the 
Kerr effect in liquids. Typical values for this case are 
T - 10-11 sec and f3 - 10-11 cgs esu (T > 0, f3 > 0). 
Recognizing that in the wavelength region 0.5-1 iJ. (the 
range of emission of high-power solid-state lasers) we 
have K- -10-1-10-2 c15 l, we can state, first, that enve­
lope shock waves are possible (K{3 < 0) and, second, that 
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the intensity of the field at which T RO Tg does not exceed 
104 W/cm2. Inasmuch as the intensity of laser pulses 
used in nonlinear optics is much higher (106-107 W/cm:! 
and higher), we have for them T )l> Tg, and the limit to 
which the duration of a certain section of the wave can 
decrease, which is equal to the duration of the stationary 
shock wave, is of the order of T 9>. As to the distance 
necessary for the "toppling" of the simple wave and the 
occurrence of a shock wave (z RO vT0/2v'Kj3m, where To 
is the initial duration of the pu~se and m is its maximum 
intensity), in the case of a self-focusing filament 
(j3m ;::: 0.1), zp amounts to several centimeters at 
To~ 10-10 sec. Consequently, the formation of shock 
discontinuities is possible in focused ultrashort pulses 
(although an appreciable broadening of the spectrum of 
the focusing pulse due to the nonlinear deformations oc-· 
curs also at much larger durations l15 ' 16 l). 

A unique influence can be exerted by nonlinear proc­
esses connected with spatial dispersion. These are 
striction effects, for which the changes of the polariza­
bility are described by the equation of the sound waves; 
the latter does not coincide with (1), but for the station­
ary plane waves it leads to the form (1). With this, the 
signs of the parameters T and j3 coincide with the sign 
of the difference vic - vy, where vac is the speed of 
sound, and T and j3 are usually negative for an electro­
magnetic wave 10>; physically this is connected with the 
singularities of the excitation of sound by a source 
moving with supersonic velocity. For this case, we ob­
tain from the foregoing analysis formally a shock tran­
sition with m2 > m1, but the question of its stability 
calls for a special investigation. Similar mechanisms 
can play a noticeable role, as is well known, both in 
nonlinear optics and in the propagation of electromag­
netic waves in a plasma. 

9> An important exception is the case m2 --> 0 discussed above, when 
it is possible to separate on the front a local drop with duration of the 
order of Tg. 

10>For non-one-dimensional waves, but those not modulated in time, 
the striction leads to a positive nonlinear polarizability (/3 > 0) [ 12]. In 
the general case, the sign ofT or i3 depends on the relation between the 
transverse and longitudinal gradients of the field. 

Envelope shock waves can apparently be realized in 
the radio band by using ferrites or semiconductor 
diodes; the difficulties arising in this case are of the 
same order as in the observation of effects of self­
modulation of a wave in systems with Kj3 > Or17 J. 
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