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We consider a system of two coupled parabolic terms which are arranged in a resonance position and
which interact with a medium; this is used as a model for a fluorescence center in a liquid or a crys-
tal. In the limit of weak friction we get a set of coupled kinetic equations which describes the electron-
vibrational relaxation inside the center in the quasi-classical region. The transition rate found differs

from the one evaluated by Landau and Zener.

WE have earlier!'? considered the problem of the re-
laxation in a system of two coupled parabolic terms
interacting with a medium. Such a model reflects most
of the important features of internally quenched radia-
tionless processes such as intercombination conversion
which occur in luminescence centers in crystals and
liquids. The results obtained referred to the case where
there was a sufficiently weak coupling between the terms
when in a well-known sense the interaction of the system
with the medium was stronger than the interaction of the
states of the system with one another. This made it pos-
sible to restrict ourselves to assuming that the vibra-
tional states of both states were in statistical equili-
brium. This approximation which is physically justified
in many cases (see, e.g.,”?) may turn out to be inappli-
cable to describe fast conversion processes observed in
activated laser crystals and in a number of organic
molecules in solutions (see®’). The best studied sys-
tems of this kind are ruby activated by chromium ions
(cr®) and N-heterocyclics in liquids. The characteristic
time for the intercombination conversion *T, — °E are
of the order of 107°—107*? sec (an upper estimate is
provided by the moment the R-lines occur after excita-
tion of the *T, state and a lower estimate by the width of
the phononless peak ‘A, — “T:). The transitions

Spa*x = Typ* and Sppx — Trpx occur in most N-hetero-

cyclics within about 10™°~107* sec. By virtue of multi-
plicity exclusion, the Landau-Zener parameter 6 is
usually estimated to be 107 for the processes consid-
ered, so that use of the simple Landau-Zener formula
yields the value 10~'—10°® sec. The more exact relation
for the transition probability found in*? may also turn
out to be inapplicable. (The widths of the vibrational
states of the system are 10*°—10** sec™* and are com-
parable with the splitting of the levels appertaining to
different states which are 10'°—10* sec™.) This means
at the same time that the interaction of the terms is no
longer sufficiently large and the problem is a non-
equilibrium one with respect to the vibrational sublevels
of the system.

We start the study of a model with weak interaction
between the system and the medium with the equation
for the complete density matrix in the interaction repre-
sentation

9o _ .
Y ifv(t),el (1)

Here (i =m =1)

V(t) p— eiHlVe—th1

(2)
H= H + AHo, + 2Boy; 17=ﬁ+w—212+115,
2 2 (3)

AH = Fz + AE, V= axq,

x and p are the coordinate and the momentum of the sys-
tem, Hg the Hamiltonian of the medium about which we
shall make some assumptions in the following, q the
coordinate of the medium, F, AE, 8, and o are constants
determining the mutual position and the coupling of the
terms with one another and the interaction of the system
with the medium.

It is natural to use the Hamiltonian (3) for sufficiently
small B; when the coupling of the states is strong one
should change in (3) to an adiabatic base!*]

H = H 4 AHo, + 2iBoy,, AH = [(Fz 4 AE)% 4 482]",
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In second-order perturbation theory in V we have
T+t L
pt+0—pw)=—§ a §arv), v, ol
t

t

(5)

Here and henceforth we assume that one of the following
inequalities is satisfied:

O)DT>1

(6)

(1/v is the correlation time in the medium, wpy the Debye
frequency) and this enables us to average the density
matrix and the operators acting on it separately over
the coordinate of the medium and finally it enables us

to assume in (5) that

Spp(t)exp(—H/kT)
Spexp(—H,/kT)

yr>1,

M)

p ()~

The advantages of the Hamiltonian (3), (4) now become
clear since the operator x is diagonal in the o-repre-
sentation and those terms in the equation which are con-
nected with transitions of the system from one state to
another can easily be split off. Writing

p=<‘01 912>, V=<Vi Viz \
P21 P2

V21 Vz ) ’
we get for p, the following equation:

®)

pu(t + 1) — p1(t) = Dpu(t) 4 To1(2) +Tpa(t) + Lipsz + Lpa.
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The first term on the right-hand side of (9) describes
transitions between the vibrational levels of state 1 and
has the form
T+t i
Dpy=— §av §ar i) Vit ou + o:Vi () Vi(t)
t t

— Vi) oaVi (") — Vi(t") s Va(V)]

(10)

Transitions between the states 1 and 2 are determined
by the terms
o +T 12
Tpo=— § at' § @/ [V )V (¢") ps 4 o1 Vie() Var(1)],  (11)
t t
t+T i

Too= § dt § " [Via(t) puVar (") + Vo (") paVau (1))
t t
The interference terms in Eq. (9) have a more complex
structure:
t+v 14

Low=— § ar § &’ [— Vi(t)paVu (") (12)
t t
— Vi(t") 02Var (¢') + pr2(Vau (¢7) Vi(¥') 4 Va(t”) Var (1))],
t+t 124
Lpn=— § ar § @’ [— V() puV1 (")

t t

— Vi (t")paaVi(t') + (Vi(t) Vi (") + Vi (2') Va (L") ) p2ul.

We choose as the base for the transformations in
(10)—(12) the eigenvectors of the equations

Hy|n) = En|n), He|m) = Em|m), (13)

where
Hy' =0+, AH

and, depending on the magnitude of the coupling between
the terms, AH is determined by Egs. (3)—(4). Writing

01" = pp, szm nm — pmmn p—

= Pnm, = Pmn,
{m|Va|m'y = (m|V|m’),
(m|Va|n) ={(m|V|n)

L )
(n|Vi|n") =<n|V|r),
(n|Vip|m) = {n|V|m),

and considering the matrix element of the left-hand side
of (9), which is diagonal in n, we find the following ex-
pression for the ‘‘diffusion’” term of the equation:

i+t t’

i=1
Doy=— \av {a" S| v@) n+ 0 i vy (14)

t t i=—1
+ V() [n+ D G+ V) [2)(0n — pnti) -

It is exact for small 8 because of the linearity of V(x).
At large B, matrix elements such as (n|V|n+i) (i> 1),
which have not been taken into account, decrease rapidly
with i in the quasi-classical region'®, which is the
region considered in the following:

Em Em > .

We have dropped in Eq. (14) also terms containing ele-
ments of the density matrix of the system which are
off-diagonal in n; this is permissible when
ot>1.
When the terms are in a resonance position,
E,— Em = ko(JJ,

kh=AE/® (15)

(ko = integer) the expression describing transitions from
one state to another has the form

i+t t’
§ar § ar |V (@) |my Gm vy |0

t t

+ V(") [m) | V(1) [1)) (0n — pm)-

sz+fpz=—

(16)

We have dropped here matrix elements such as

(n|Vim +v) (v> 0) which, as will become clear from the
following, are small compared to the ones taken into
account, if

k/n,  k?/m<<1.

The resonance character of the level position (15),
which can be postulated for small B, is recovered also
for B/w > 1 in the quasi-classical region, and (16) is
therefore valid also in the region of non-adiabatic coup-
ling. The assumptions made are sufficient in order that
we obtain for the interference term in Eq. (9) the ex-
pression

1 t+t t’

Lpp + Loy = — — Sdt’ S dt" [n| V(&) [m) ({m |V (2") |m) (17)
! t
—Ln|V(E"ym) + |V (") |m) {m |V () |m)
- /\nI V(t,) in>)] (an - Pmn).

The mixing of the states |n) and |m) in the relations
obtained occurs when we take into account the adiabatic
B/w < 1 or non-adiabatic B/w > 1 coupling, but the
operator x does not couple them. To show this explicitly
we consider the S-matrix corresponding to non-adiabatic
transitions

et = ¢HlS(¢), Hy= H -+ AHo,.

The following formulae are then valid:

]V (1) Im)y = a(n]S(t) [n){n]zq(t) |n){n]S74(2) [m)
+ G| S(t)ymHm|zq(t) |mXm|S1(2) |m)).
(] V(1) |n) = a({n|S(t) [n) {nl g (2) [n)<n | S~ (2).[n)
+ (n]S(0) |mXm|zq(t) [m){m]S-4(2) [n)),
V() n£1) =
= Tl ((n|S(2) |n){n|xg(t) |n = 1){n &= 1]|S-1(L) [n £ 1) (18)
+ <l S(0) ImXm g () [ == D m 2= 1 S74(2) |n = 1)),

to obtain these we had to assume that the splitting of the
levels of the first and the second states due to the coup-
ling of the terms A, (see Fig. 1) satisfies the condi-

tions
A< ®, Appt>1, (19)

which allows us to disregard in (18) the off-diagonal
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elements of the S-matrix such as (n|Sn+v),
(n|Sim=v) (v> 0).

All the following results use in an essential way the
detailed form of the S-matrix which as we have shown
in'® can be found in the region above the intersection
point

2
En, Bn> S0 o
after N periods as
S s, (20)
where
[ e B4 (1 —e W)t —2edY] — e ging
5= ) )

\ . Y . .
© —2ie %Y1 — e PsinT, e® 4 (1 — W) -2ir, /

= 718°/FV(wn’) is the Landau-Zener parameter, n’ = n
— noy, 7 is the difference in phase of the waves corre-
sponding to the states 1 and 2 between the point of inter-
section of the terms and the turning points. When (19)
and (20) are satisfied we can also introduce a continuous
time putting

N = ot/ 2x.
Then
( LsinCpmt + cos Cnmt, K sin Cpml
Suw(y={ "% : o ) (22)
\ A sin {pmt,  — Lsin Lumt 4 cos Cnmt /
Here
gnm = - 90,
2z (23)
cos = e+ (1 — e ) cos 21,
I—i (1— ei‘EG)Sin 2t i K= —29 iviviiislni .
sin @ s @
Then
StS=1 (DetS=1),

which reflects the condition of conservation of current.
Using the equation found in'®? for the eigenvalues of the
problem with coupled parabolic terms

(24)

where y; and y. are the actions in the states 1 and 2,
one can show that under the resonance conditions (15)

7% cos y1 cos y2 + (1 — e=2) cos (y1 4 T) cos (y2— 1) = O,

Cam = 1/Z’Anm,

20 —
ﬁVZG |sint|, o0<€1

Apm =
20 o jsinel, o1 (25)
If we now assume that the spectral density of the
correlation function of the medium
R(0)=§ e Sp.(q(0)q (1)) de (26)
changes little near w, and using the relation
(see, e.g.,!™)
R(—0) = 0R(0) (0 = ewhT), (27)
we find
Dp, = ‘[[_ (H/-n, 'n+19 + Wn, 'n—i) On + (I/Vn, 'n+lepn+i + Wfl, Y'«*lp"—i)]'
(28)

Here

OSHEROV

W, nat = Y202R (0) 071 [ (va%)2M 12 + vnFum=M 1 Mo K2
+ (8*) 2 M2k ]
vet = (nlzln£ 1), un*= (m|z|m 1),
M2 = (Lt —12+2), My?=73/;, MuMsx= —(1—3L?).

(29)
(30)

It is clear that the diffusion along the vibrational levels
of the first term is appreciably altered due to such
processes which lead to transitions to a second state
with a subsequent change in the energy of the system
due to the interaction with the medium. One can assign
diagrams to Eq. (29) (Fig. 2) which are convenient to
use for an analysis of more complicated cases.

If R(a) changes little also for small values of its
argument, it follows from (16) that

Toi+ Tps = —1WumK2(0n — pm), (31)

where

Wom = —1/402R (0) znm2M 1 Mos, (32)

to which the diagrams of Fig. 3 correspond, the second
of which is repeated twice.

There remains only for us to estimate the interfer-
ence term (17). To do this it is sufficient merely to
calculate the elements of the S-matrix which are off-
diagonal in n and m assuming that S, = Sppy; = 1. When
(19) is valid,

Znm = {(n]z[n) —(m|z|m),

sin Apmt
" (prm == pmn),

Lpgp + Lpy =7
I ~ @zam2R (0) K (1 + 12K2).
Assuming that

7 / Anm< an,K?’lf, Wn, n+1T, (33)
we get finally, when
WomK2t, W, nar<< 1 (34)

the following set of kinetic equations for the populations
which are already written in differential form
(Wnm = WnmK?:
dpn _ _ —
“(%‘ = — (Wn,nHe + Wn,n—l)Pn + (Wn,n+lepn+i
4+ Wan—19n-1) = Wam(pn — pm),
0pm
Tot
-+ (W7n,m+i‘epm+i + Wm,m—( pm-—l) - Wmn (pm - pn) .

= — (Wnm10 + Wnm—1)pom
(35)

In (35) Wm,m:x is obtained by replacing n by m in (29)
and Wy, = Wy Moreover, in (35) we have averaged
over the large phase difference 7:

W= —é—g‘ W (7)dr.

0

It is clear from (23) that

(36)

7 ¥ ; K k]

FIG. 2.
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L— {0 81,
i, 0>1
K= —¢ EKi=1/(1+e)e (37)

and K and K°, which are needed only for estimates, are
given by:
0<€1

o>1" (38)

1 S

A= { 8¢9, K= {Ce—ﬁ,
These equations, and also the inequalities (6), (19), (33),
and (34), enable us to write down the final criteria for
the applicability of the basic set (35) in the quasi-classi-
cal region:

Wn, nly Wm, mty an< 0)]/3: 'V(Q)D)y

nm

Wam <oys, b6<t, (39)
Wn,n:ti
m,m=+i
®© e=s
Wam << e y(o0p); I’Vn, nt, Wm, met <K O 3 v(op),
Wam Wonm: < 0= o> 1. (40)

m'mzt

1t is clear that the equations found here which corre-
spond to a different character of the transition compared
with the one found by Landau and Zener, are inapplicable
for very small and very large 0, i.e., in the regions
where the multiplicity of the passage is unimportant and
where one can use the results of!*1. Of course, (35) can
likewise not be used in the region close to the maximum
of the probability near the point of intersection of the
terms (see in this connection®?).

The set of coupled equations (35) splits up at high
temperatures (kT > kow) and for a symmetric position
of the terms (ko = 0). In those cases it is convenient to
introduce the quantities

Zn=0n+0m An=pn—pm
Then
0%, — i — .
5= (Wa, 0410 + Wa, n1)Zn + (W, 24102041 + Wa, n—1Zn-1),
A, — —
'E? = (“/n, n+10 + Wn, n—i) An + (Wn, w10 Anty (41)
+ Wn, n—lA'n—i) - 2W7nnAn;
here
Unt = Unm®,  Znn = 2{n|z|n) (k= 0).

The first of Egs. (41) has for small values of 8 which
are the ones most often encountered experimentally a
well-known solution in the form of Gottlieb polynom-
ials!® which makes it possible to study the second equa-
tion by the method of degenerate perturbations.™*? How-
ever, the situation studied is by virtue of the first of
Egs. (37) essentially different from!*! because we must
include perturbations of sufficiently high rank. If the
rank of the perturbation An (the number of levels which
basically take part in the transition from one state to
another) is not too large

(An)2 [ ny<< 1

(no is the lowest of the levels important for the transi-
tion) the smallest of the roots of the characteristic sys-
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tem corresponding to (41) has the form
_ Won (1 — e*Anm/hT,) e—n/hT,
14+ An(1 —0~) Won/Way, ntt
Since (39) does not impose a limit on the ratio
Wnn/Wn,n+ 1 the process can proceed with an apprecia-
ble breakdown of equilibrium in the region which is im-
portant for the transition and its speed can exceed the
speed of predissociation evaluated by means of the usual
Landau-Zener formula: Ao ~ wd. In particular, for the
combination w ~ 10" sec™, 6 ~107°, W, ~ 10 sec™*
mentioned at the beginning of this paper inequalities (39)
are satisfied and the multiplying factor in front of the
exponential in (42) turns out to be of the order of
10" sec ' under equilibrium conditions.
The transition rate is obtained as estimated earlier
by the simple Landau-Zener formula also in the range
of parameters

ho (42)

08 << Won< o,
0/ < Win<<o,

6K,
o>1.

This was already discussed in!*'!. When w ~ 10" sec™’,
6 ~107°, Wy, ~ 10" sec™ the first of these inequalities
are satisfied and the transition takes place after a time
107° sec.

In conclusion we note that the method given here to
derive kinetic equations for electron-vibrational relaxa-
tion processes can be generalized to include in the dis-
cussion a non-resonance position of terms, a level
splitting which is large compared with w, and tunneling
effects. The latter requires, however, knowledge of the
S-matrix in the region below the quasi-intersection
point.

IN. N. Korst and V. I. Osherov, Zh. Eksp. Teor. Fiz.

51, 825 (1966) [Sov. Phys.-JETP 24, 550 (1967)].

’R. E. Kellogg and R. P. Schwenker, J. Chem. Phys.
41, 2860 (1964).

®S. J. Ladner and C. A. Moore, Phys. Rev. 160, 307
(1967); S. K. Lower and M. A. El-Sayed, Chem. Rev.
66, 199 (1966).

‘E. C. G. Stueckelberg, Helv. Phys. Acta 5, 369
(1932).

®L. D. Landau and E. M. Lifshitz, Kvantovaya Mek-
hanika (Quantum Mechanics), Fizmatgiz, 1963 [English
translation published by Pergamon Press].

V. I. Osherov, Chem. Phys. Letters 1, 539 (1968).

"P. Martin and J. Schwinger, Phys. Rev. 115, 1342
(1959).

8V. 1. Bykhovskii, E. E. Nikitin, and M. Ya. Ovchinni-
kova, Zh. Eksp. Teor. Fiz. 47, 750 (1964) [Sov. Phys.-
JETP 20, 500 (1965)].

°E. Montroll and K. Shuler, J. Chem. Phys. 26, 454
(1957).

YE. E. Nikitin, Dokl. Akad. Nauk SSSR 116, 585 (1957)
[Sov. Phys.-Dokl. 2, 453 (1958)].

V. L. Osherov, J. Chem. Phys. 47, 3885 (1967).

Translated by D. ter Haar
63



