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An analysis of the magnetic properties of a plane array, each cell of which is formed by sufficiently
long linear spin chains with positive exchange interaction between the neighbors, is carried out on
basis of the Sharp and Avery“] hypothesis. The dependence of the Curie point of such a system on
the number of spins in each segment of the array is determined within the framework of the Ising
model, and the temperature dependence of spontaneous magnetization is elucidated. Some features
of such a temperature dependence are discussed for models imitating, in a certain temperature
range, the behavior of three-dimensional arrays consisting of linear chains.

INTRODUCTION

SHARP and Avery[’], in an interpretation of their ex-
perimental results, advanced the hypothesis that alkali-
halide crystals of the NaCl type can have ferromag-
netism due entirely to dislocations distributed in the
crystals. According to this hypothesis, each unit cell
containing the dislocation has an elementary spin whose
exchange interaction with its ‘‘neighbors with respect
to dislocation’’ is described by a positive exchange in-
tegral. An estimate of the corresponding Curie tem-
perature leads to a value on the order of several
hundred degrees.

It is known that dislocations in a crystal subject to
weak plastic deformation forms a certain spatial struc-
ture, called a dislocation array. From the point of view
of the Sharp and Avery hypothesis, each link of such an
array (each side of the cell) is a sufficiently long linear
chain of spins. Indeed, at low dislocation density, there
are 10°—10° unit cells for each dislocation segment.
However, an infinitely long linear chain of spins cannot
have ferromagnetism. Therefore, in spite of the large
lengths of the links, the ferromagnetism is brought
about by the presence of nodes of the dislocation ar-
rays joining the linear chains into a two- or three-
dimensional structure.

In this paper we analyze the ferromagnetic proper-
ties of the simplest model based on the Sharp and
Avery hypothesis, namely, a periodic two-dimensional
array consisting of linear spin chains. We call atten-
tion to the basic problem raised, in our opinion, by the
formulated hypothesis; this problem reduces to an
elucidation of the dependence of the Curie temperature
of such a structure on the number of spins in one linear
link. Only a very weak dependence on the number of
spins, which is tremendous in one segment, can explain
the observed rather high Curie temperature. We be-
lieve that this question can be discussed qualitatively
within the framework of the Ising model.

In Sec. 1 we consider the magnetic properties of a
linear chain consisting of a large number of spins,
under the condition that the outermost spins are fixed.
In Sec. 2 it is' shown that the problem of a two-dimen-
sional array consisting of a linear chain of spins can
be reduced to the Onsager problem (cf., e.g.,[z]) with
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a certain effective exchange integral and an effective
magnetic field. In this connection, both the very phase
transition in such a system and the temperature de-
pendence of the spontaneous magnetic moment lend
themselves to a simple analysis (the latter on the
basis of Yang’s solution[s]). In Sec. 3 we discuss the
structure imitating a three-dimensional array of linear
chains at temperatures much below the Curie point.

1. LINEAR ISING CHAIN WITH FIXED TERMINAL
SPINS

Let us consider an Ising chain of n + 2 spins, in
which the values of the two terminal spins 0, and 0,
are fixed, and all the internal spins sx(k=1,2,...,n)
can assume values +1. The energy of a certain spin
configuration {0z, Si1, S2,...,8p, 01} in an external
magnetic field H is conveniently written in the form

n—1 H n—
E(0y,00.n) = —¢ 2 Skt = - ) s+ Sht1)
h=1 h=1

H
— &[o15p + Osy] — > [si 4+ sn 4+ 2(01 + 02)],

where € is the interaction energy of the neighboring
spins, and the magnetic moment of the spin is assumed
equal to unity.

The partition function of such a chain is

Z (61,00, ) = Nexp{— BE (o1, 05,1)},
{s;}
where the summation is over all the sj, which take on
the values +1. This partition function can be written
in the following matrix form !

B = 1/kT,

Z(01, 03, n) = ebrorton N (5| Brt|s,)Cs, | F|sy)

818y,

= eBH(UI+Gz)Sp([fn~if)‘

where the matrices P and T should be defined as
follows:

evta v N VYA oYy

eV eval’ Vit

e~ itvrta) || *

In writing out the matrices we used the following
dimensionless parameters: a = BH Y =B€, Y1 =Y0,,
and v, =y02. The trace Sp(Pn T) can be readily cal-
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culated in the representation in which the matrix P is
diagonal, when the following equality holds:

2
Sp (Pr—1T) == Sp (By ' §+78) = D al™" (8-178) s,
=
where Aj are the known expressions (see[zl) for the
eigenvalues of the matrix P:

Mz2=cha =+ Jch?a  e4v —1, (1)

and the matrix §, as can be readily verified, is given
by
KeZ’V

SZA“—ieW 1

: @)

where

A=[1+ (xe®)2]7h,  x=sha—Vehea ¥ e 1.

The diagonal elements of the matrix T in the corre-
sponding representation are then equal to (§"’i‘§ )ii
= A’Tjj, with
Ty (01, 02) = e%eVrt¥s — 25062 ch (y; — y2) 4 (ne2?)2e—(nivig—e,
To(01, 03) = e%e~Wim) - 262 ch (v — y2) + (ne?Y)ZevHiee®, ‘(3)

Using the chosen representation, we obtain for the

partition function

Z (01, 0, n) == €0+ (},eV) "~1AT (04, 02), (4)

/ }"2 n—1 R
- 2 T2s(01, 02). 5
T (o1, 02) = T (o1, 02)""\ » > 22(01, O2) (5)

It can be shown that

In 7 (o4, 02) ='I0102+ b(0s+ 02) +¢,

where the coefficients, I, b, and ¢ can be readily de-
termined by sorting out the possible values of the pair
combinations 0, =+1 and 0, =+1. As a result it turns
out that

1 T\T—4 1 T, 1
[ = . b=—Iln—— = T2
i T Ty o= (I,
where
Ti=T(+1,4+1), Ta=T(—1,-1),

To=T(—1,+1) = T(+1, —1). (6)
In the main approximation in the weak magnetic
field (@ < 1), the quantities I, b, and ¢ are given by
a (% —1)[1— (thy)"]
27 14 (thy)nH
c(n) = In [471 — (th2y)"H ch? y] — ae?. (7)

I(n) = Arth(thy) " +O(a?), b(n) =

Using the expansion (7), we write out the partition
function of a finite chain of n free spins with two fixed
terminal spins 0, and 0, in a weak external field
(e 1):

Z (o1, 02, n) = Q(n) exp {I(n)o102 + [a + b(n)] (o1 + 02)}, (8)

where
Q(n) = (2 chy) ™ [1 — (they) "], ©)

Having the partition function (8) as a function of the
temperature and the field, we can easily obtain the
dependence of the magnetization of the given chain on
the temperature. The spontaneous magnetic moment
is given by s

M(n)=lim e In Z (04, 02, 1),

a->0

from which we get the following expression for the
magnetic moment of the chain:

(W—UM—MWNX (10)

_ 1
M = il
W (n) = (on+on)| 1+ Ty

We recall that ¥y = Be = ¢/kT.

It is seen from (10) that the moment M (n) is a
rather complicated function of n, and naturally differs
from zero only in the case when the spins ¢, and o,
have the same direction and | o, +0.| = 2.

Let us find the limiting values of the magnetic mo-
ment (10). When ¥ —« (T = 0°K) we obtain M(n)
=n + 2. In other words, there is one electronic mag-
neton for each node, and consequently the chain is
completely magnetically polarized. When y < 1,
which is equivalent to kT > €, the proportionality of
the magnetic moment to the number of spins in the
chain vanishes: M(n) =2 (1 +¥), and therefore at
large n (n>> 1) the magnetic moment per node be-
comes very small: M(n)/n = 2/n. Thus, the spin
system becomes practically completely disordered.

If we are interested in only very large n, to which we
confine ourselves henceforth, then it is easy to esti-
mate the temperature at which a rather abrupt transi-
tion from ‘‘order’’ to ‘‘disorder’’ in the spin system
takes place. This temperature corresponds to the
condition

(thy)m ~ 1. (11)
At very large n, relation (11) can hold for only suffi-
ciently large y, for which tanhy = 1 - 2e*?. There-
fore the value of the parameter y, at which condition
(11) is satisfied has, with logarithmic accuracy, the
following order of magnitude:

y~olnn>1. (12)

Consequently, the estimate for the characteristic tem-
perature below which it is meaningful to speak of a
ferromagnetic state of the chain takes the form

kT ~e/lnjn<e.

It is very important for what follows that the tem-
perature below which ‘‘order’’ exists in the spin sys-
tem decreases very slowly with the length of the linear
chain, i.e., with the quantity n. Of course,as n — =
we obtain the well known result, according to which
““order’’ in an infinitely long linear chain is possible
only when T = 0°K. However, even for very large n
the characteristic temperature remains quite high.

2. PHASE TRANSITION IN A TWO-DIMENSIONAL
ARRAY CONSISTING OF LINEAR SPIN CHAINS

Let us consider a two-dimensional periodic array
(plane array) made up of linear Ising chains. We as-
sume that each chain (link) contains, besides the node
spins, also n spins interacting in standard fashion only
with the nearest neighbors along the chain. For n =0,
this model goes over in natural fashion into the usual
two-dimensional array of chains, for which the parti-
tion function was first calculated by Onsagerm. On-
sager has shown that in a usual plane array of spins
there takes place a phase transition whose tempera-
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ture T, is determined by the equation (cf., e.g.,[?’)

2th? ﬁ =1
kT !

(13)
where € is the energy of the nearest-neighbor exchange
interaction. We shall show that the problem considered
by us, concerning an array of linear chains, can be
reduced to the problem solved by Onsager.

Let a quadratic two-dimensional array have N = m®
modes (m ‘‘rows’ and m ‘‘columns’’). We denote by
sﬁk(k =0,1,...,n +1) the spin in row u between
columns v and v + 1. Then s}, 1., = s},’;. We intro-

duce analogously the symbol sﬁi (i=0,1,...,n +1)

for the spin in column v between rows u and u+1,
with sy0 "t = s}, For convenience in notation, we
separate the symbols for the node spins sﬁ = s’ff. The
partition function of the two-dimensional grid in an
external magnetic field H can then be written in the
form

m

Z:SPCXP{_ ﬁz' E,—p ZEV‘FQ .2 su"},

(14)
p=t v=1 B, v=1
m n m n
N v
Ev=—e2 3 swsian—HD N sw
v=:1 h=0 v=1 k=1

m n m n
o \ WA =5 -
EY=—¢ Z leuusu —H E Z su¥t,

p=1 =0 u=1 i=1

where the symbol Sp stands for summation over the
set of spin variables (each spin can take on values +1).
We use the toroidal boundary condition sx"nﬂ,k

= sf’k and sﬁ"l’i = sti and sum in (14) over all possi-
ble configuration of non-nodal spins (i, k —
1, 2,3,...,n). Then (14) can be transformed into

2= Fesp 1) 3 (ssior +s05™) 4B Do}, (15)
¥y nov [TRY
r

B =a+b(n)

where Q, I(n), and b(n) are given by (9) and (7).
Comparing the form of the partition function (15)
with the corresponding expression in Onsager’s prob-

lem, we see that the quantity I(n) plays the role of
the effective energy of exchange interaction (in units of
kT ) of the nodes of a plane array, connected by linear
Ising chains of n spins. The quantity B (in the same
units) plays the role of the effective magnetic field
acting on these spins.

If there is no external magnetic field (H = 0), then,
using the Onsager condition (13), we find that as
m — «© the temperature of the phase transition is given
by the formula 2 tanh® 2I = 1, or

(16)

(thy)mH =g =72 —1. 17)

Then, when n>> 1, we have for the phase-transition
temperature of the two-dimensional array, in the main
approximation in 1/n, y¢ = (%)Inn or kT

= €¢/In Vn. We recall that for an ordinary quadratic
lattice, where each spin interacts with four nearest
neighbors, the phase transition temperature is given
by the relation y, = tanh™a, = 0.44 or kT, = €/0.44.
The dependence of T¢ on n obtained by us agrees in
natural fashion with the result of the analysis of the

linear chain considered above, namely, the character-
istic temperature of the transition from ‘“order’’ to
‘‘disorder’’ for the latter is also proportional to

In Vn.

Thus, for a plane array, in which each side of the
cell contains n spins (n>> 1), the phase-transition
temperature decreases logarithmically with increasing
n

Tc ~ TO/In'Vn. (18)
If we recognize that the average number of spins per
dislocation is of the order of 10%--10°, then it turns out
that a two-dimensional array of such dislocations has

a phase-transition temperature lower by only one
order of magnitude than the ordinary quadratic Onsager
lattice.

As is well known, certain thermodynamic quantities
have singularities at the phase-transition point. Let us
elucidate, in particular, the character of the singulari-
ties of the specific heat ¢ in the model under consid-
eration. To this end, using (15) and the Onsager solu-
tion [ cf. [2]), we write down the free energy of the
array per node (to which 2n + 1 spins belong):

BF(T) = —In Q%(n) — In(2 chZI)-%S dcpln?1 (14+Y1—*sinzq),

where k = 2 sinh 2I/cosh® 21, and the expressions for
I(n) and Q(n) are given in (7) and (9). Then the total
energy per node is given by

d d ar
Uu(r)= EE[ﬁF(T)] = —E(IHQZH- é"ﬁ,
where

=— [1 —i——f;x’K(x) }cth af, ¥ =2th22l —1.

Finally, the specific heat per node equals

d az al dl \2 (19)
e =%, —@(1n02)+rw$+(7ﬁ) &'},
where
i__ 2 _ PPN
& = n{ZK(x) 2E () — (1 u)[2 uK(u)J}cchZI,

and K(x) and E (k) are complete elliptic integrals of
the first and second kind, respectively:

nly T2

Ke)= |~ By = | dpyT—esinty.

, V1—xEsinze
If n =0 (the Onsager case), then d’I/dg* =0, Q =1,
and only the last term of the curly brackets in (19)
remains; this term yields the well known expression
for the specific heat per spinm. The elliptic integral
K (k) has a singularity at k =1 (or k' =0). In this
vicinity of this point K (k) = 1ln(4/k’). It is easy to
show that as T — T the first and second terms in
(19) are finite, and the third term contains a term that
increases without limit as T — T¢. Therefore the
main dependence of the specific heat on the tempera-
ture is described near T by the expression

4 T4p2 dI)z ]
=kin— [22 (Y emar ,
¢(T) = kln %[ > (dﬂ an2a]
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which takes the following form when |1 = T/T¢ |
<« 1/Inn

c(T)gin(lnn)z{—ln‘ 1-——%5} N

Thus, the model considered by us retains the logarith-
mic character obtained by Onsager[*! for the singularity
of the specific heat at the phase transition point. How-
ever, with increasing n the width of the temperature
region in which the logarithmic dependence of the
specific heat on | T — T¢ | is decisive decreases the
more the inequality |1 = T/T¢ | < 1/In n is satisfied.
Being interested in the magnetism of the investi-
gated model, let us find the spontaneous magnetization
of the two-dimensional array. To this end, we can use
Yang’s solutionm, in which the magnetic field should
be replaced by the corresponding effective field. Then,
at a positive exchange integral, the phase transition
corresponds to a transition from the ferromagnetic to
the paramagnetic state, and therefore when T > T¢ the
spontaneous magnetic moment vanishes in the absence
of the field (H = 0), and equals in the case of T < T¢
e —1)[1— (thy)"]
1+ (th Y)-,;.H - } ) (20)

.0 2(
M:léy_\ra‘aanzMo(z){i—l—

1 4 22 i
My(z) = [ﬁ)—zﬂ—ﬁﬁn%‘)"*]  z=eu
4= (thy)™H (21)
TIE @y

Just as in the case of the specific heat, the magnetic
moment is referred to a single node. The phase-
transition temperature T, corresponds to the value
X = Xc = ao.

The first factor in (20), as a function of x, coin-
cides with the expression obtained b Yangm,for the
magnetic moment, if we put x = e~?P€ in lieu of (21).

A unique feature of our problem is the appearance of
the second factor in (20); we shall discuss its behavior
separately. When y — (T = 0°K), this factor equals
2n + 1, and the magnetic moment corresponds to the
nominal magnetization (complete polarization of all the
spins). When T = T¢, for large n (n> 1), the second
factor equals, with a high degree of accuracy,

2n 1 —a
|Inao| 14 ao

=0.95-2n,

i.e., it actually differs little from its value at T = 0°K.
Thus, the change of M with temperature is described
almost completely by the first factor of (20). We can
therefore calculate the spontaneous magnetic moment
per spin (n>> 1), with a high degree of accuracy, by
using the standard formula’®! and putting

M/ 2n = My(z),

where x is given by (21).

3. MAGNETIZATION OF A PLANE ARRAY WITH
ADDITIONAL TRANSVERSE LINKS

We believe it useful to consider the magnetic prop-
erties of one more model, made up of linear chains of
spins; the analysis of this model also reduces to the
Onsager problem[“]. Let us consider the plane array

described in Sec. 2, lying in the XOY plane, and assume

that two additional linear chains parallel to the Z axis

are connected to each of its nodes (one chain lies above
the plane of the array, and the other below). We shall
assume that each such chain contains in addition m
spins, and their number differs from the number of
spins in one link in the XOY plane (m # n).

A simple analysis of the partition function of such a
system, similar to the analysis that led us to formula
(15), shows that formula (15) holds also for the ‘‘two-
sided brush’’ made up of linear chains; the effective
exchange energy I(n) remains the same as before,
and the effective magnetic field B takes into account
the action of the neighbors both in the plane of the array
and in the vertical direction:

B = a + 4b(n) + 2b" (m), (22)
b* (m) = %(0” — )[4 — (thy)™]. (23)

The value of Q is now given by
Q = /2(2chy) n+mH[1 — (thy) n+]'%, (24)

i.e., it acquires an additional factor (2 coshy )m.
Having reduced the partition function to the form
(15), we have again arrived at the problem analyzed by

Onsager["] and Yangm. On this basis, we can write
down immediately the expression for the spontaneous
magnetization (per node) below the phase-transition
temperature (T < T¢): (25)
M= ﬁ[o(l‘){ 14 (e —1) [‘iﬂﬁgl\:)ﬂj +1— (thy)™ ]} )

where the notation is the same as before (in particular,

the phase-transition temperature T, is unchanged). If
m ~ n, then the temperature dependence of the magnetic
moment of the ‘‘two-sided brush’’ differs little from
that of the plane array. However, the situation changes
radically when m >>> n. Let us consider this limiting
case in greater detail.

When y =« (T = 0°K), the factor in the curly
brackets of (25) becomes 2n + 2m + 1, corresponding
to complete polarization of all the spins (nominal mag-
netization). At the phase-transition point, the factor in
(25) equals

2n  3—ay

[Inas| 1+a =
The spontaneous magnetic moment per spin (m>> n
> 1), at temperatures close to T¢, is therefore
M M
2(n+m) ~ 2m m

My (2)< My(z) . (26)

Thus, at temperatures close to critical, the magnetic
moment per spin decreases sharply. This is connected
with the fact that at such temperatures the correlation
in the spin orientation extends only over a distance on
the order of n steps along the linear chains. There-
fore, the bulk of the length of the vertical linear chains,
the relative fraction of which is determined by the
ratio (m -~ n)/m =1~ n/m ~ 1, is in the disordered
state.

As the temperature decreases, the aforementioned
correlation encompasses an ever increasing fraction
of the vertical sections, and ‘‘order’’ along the vertical
chains is established at a certain temperature, which
can be estimated in the same manner as in Sec. 1. The
corresponding temperature (which we shall designate
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T*) is estimated by a formula of the type (12) and its
order of magnitude is

o Inn
g ‘.1nm>T°'

m>n>1. (27)

The temperature dependence of the spontaneous
magnetic moment is illustrated in Fig. 1.

We deem it very important that when n < m the
fraction of the spin entering in the plane grid and initi-
ating the ferromagnetic state when T < T* < T is
very small compared with the total number of spins
that determine the magnetization of the system. In a
plane array the spins play the role of the bare struc-
ture on which the bulk of the spins of the model in
question become ordered. The presence of such a
‘‘base’” makes possible the existence, at an arbitrary
large but finite number of spins m in the transverse
linear chains, of a temperature T*, defined by (27),
below which the chain is in the ferromagnetic state.

Let us imagine now a three-dimensional structure
consisting of parallel plane arrays described in Sec. 2,
whose nodes are connected by long transverse chains
of spins (in other words, we assume that the transverse
filaments, which in our earlier analysis were connected
with one plane, now terminate on other plane arrays).
We assume as before that each cell of the plane array
is made up of linear chains of n spins (n> 1), and
we assign to each transverse filament m additional
spins, with m > n. If In m > ln n, then, at tempera-
tures much lower than the Curie temperature of this
system but higher than the temperature T* defined by
(27), each plane array can be regarded as ‘‘polarized’’
only as a result of the correlation of the spins in its
plane. Therefore, in calculating the magnetic moment
of such a system at T < T¢, we can choose the follow-
ing approximation: the plane arrays have a nominal
magnetization (all spins of one plane have the same
direction), and the interaction between them is via the
transverse linear chains.

Inasmuch as all spins in one plane array have the
same direction, the thermodynamics of such a struc-
ture coincides with the thermodynamics of the next
system. Let us consider a bundle of linear spin chains
tied into nodes at a distance of m spins from one
another (Fig. 2). Let N be the number of filaments in
the beam, which equals the number of cells in each
plane array, and let K be the number of ‘‘knots’’ in
the beam (number of nodal spins); we are interested in
the transition to the limit as N, K — «, In each node
there is only one spin 0j (i=1, 2,...,K) interacting
with the nearest spins of all the linear chains in the

Ln(M/M,)

FIG. 1

6 6; 641 6“2
>@@<¢X_ =

FIG. 2

node. However, in an external magnetic field H it is
necessary to assign to each node an additional energy
—HNoj. It is then easy to verify that the partition func-
tion of such a system (with allowance for the cyclic
boundary conditions oK +1 =0,) is of the following
form:

z= 2

{6102... 0}

K K
exp{ N(IZ Ui}[(ev}”)mAiAZ]NKH TN(Ui, O'i-H) y (28)
i=1

i=1

where the notation is the same as before, and
T (01,02) is determined by (5).
Using the matrix method employed in Sec. 1, we
rewrite (28) in the form
Z = [(evhy)m1A2] KN Sp RX, (29)
where the matrix R is given by

& (e‘lTi)N TN
R= ” TN (eoT )N

and the quantities T,, T-;, and T, are given in (6).
We denote by u1 and p» the eigenvalues of the matrix

e = Yo {(e*T)N + (e=T_)N
= ([(e*T)N — (e *T_)N]2 + 4(T?) V) ). (30)
We can verify that in the entire range of possible

values of the temperature and of the external magnetic
field, the following inequalities hold:

Ti<Ty
T <T-,

To<<Ty
To<< T

if a>0,
if «<<O.

For concreteness, we confine ourselves to one sign of
a and assume that @ > 0. Then we get, in the limit as
N, K — o,

Sp (RX) = K = (eoTy) K,

The partition function (28) therefore reduces to the
very simple expression

Z = [(e%hs) ™ 1A%T | VK, (31)

from which it follows that the magnetic moment of the
system is proportional to the product NK, i.e., to the
number of ‘‘unit cells’’ of the three-dimensional struc-
ture. The magnetic moment of one such unit cell equals

(e — 1)1 — (thy)™]

M(m) =
(m) =1+ TF (my)

The layered anisotropic structure considered by us
(m > n) should be characterized by a sharp variation
of the temperature dependence of the spontaneous mag-
netization in the vicinity of the temperature (see the
estimate (12))

kT ~ ¢/Inym,

which, by assumption, is much lower than the Curie
temperature. This temperature dependence is repre-
sented schematically by the central part of the plot of
Fig. 1.
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