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The motion of vortices in type II superconductors is considered on the basis of the hydrodynamic
theory. Energy dissipations for oscillations of the vortices and the damping which arises as a con-
sequence of the nonlinearity of the equations describing the changes in the shape of the vortices are

estimated.
INTRODUCTION

IN the discovery of oscillations of vortex filaments in
type II superconductors by resonance methods, the
absorption line width is determined by the damping of
the oscillations. In the present work, damping is con-
sidered (k =2/&, where ¢ is the coherence length, A
the penetration depth) for the case in which the Ginz-
burg- Landau parameter is k >> 1, while the magnetic
field satisfies the condition hy) <h < hc; are the lower
and upper critical fields, respectively, within the limits
of which the superconductor is in a mixed state*}).
The latter inequality means that the distance between
the vortices d >> £. Under these conditions, the Lon-
don model is applicable. This model describes the
mixed state as a combination of vortices and a charged
ideal liquid.

In the London model, to the ordinary equations of
magnetohydrodynamics—the equation of continuity

div vg = 0, conservation of momentum'?
*

av, e [V, h]
‘6[+(v‘v)v’=;(E+_7) — Vp, (1)

and also the Maxwell equations curl E = —c™'6h/8t and
rot h = 4mc™j, where j - Ngevs (we neglect the dis-
placement current), is added the condition of flux
quantization

rotv,+7:h;= Sy {dssR—Ry). @)
i

Here vg is the velocity of the superfluid; Ng the con-
centration of superconducting electrons; y = 7fi/m is
the circulation about each of the vortices; Rj is the
vector function giving the location of the nucleus of the
i-th vortex. Integration is carried out along the i-th
vortex, and summation is taken over all the vortices.

On the basis of these equations, the following results
have been obtained in a number of researches:*®!

a) The nucleus of the vortex moves with the local
velocity of the liquid

Ve = Vs, (3)

where v is the transport velocity of the vortex nu-
cleus and vgj is the velocity of the superfluid in which
the vortex is immersed:

b) The velocity field is described by the expression

ve = — (4m) 3} § dss grad) (|| R — Ru| -t exp ( — I*R—x : W) @)

*[vsh] =vg X h.
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where the penetration depth is A = (mc?/47Nge?)"/2,
c) The total interaction energy is equal to the sum
of the interaction energy of all pairs of vortices

E= DEs,
2=
i=j
where Eij is the interaction energy of a single pair:
2 - — R
E;; = (Zq:;?m) S SdSidelRi_le_‘exp<—M>, (5)
@o = 27hic/2e is the magnetic-flux quantum.
Such a description corresponds to a temperature
T =0, since all the liquid is assumed to be superfluid.
Moreover, the friction of the normal electrons of the
vortex nucleus against the lattice is not taken into ac-
count. In the work of Noziéres and Vinen,m it is shown
that this is valid for sufficiently pure superconductors,
when

WeaT > 1, )

where wez = ehic,/mc is the cyclotron frequency in the
field he¢p; 7 is the relaxation time.

We shall assume in the following that T < T (T,
is the temperature of transition in the superconducting
state) and that the condition (6) is satisfied. On this
basis, it is assumed that the perturbation due to the
normal electrons is small and the motion of the vortices
is described by the unperturbed equations (3)—(5).
Energy dissipation and damping associated with such
motion are considered below.

1. ENERGY DISSIPATION IN VORTEX NUCLEI IN THE
PRESENCE OF OSCILLATIONS

We shall estimate the dissipation associated with the
friction of the vortex nuclei against the lattice in the
presence of oscillations of the vortex filaments. The
vortex nucleus is regarded as a cylinder of normal
metal of radius a, where a~ §. The energy dissipation
reduces here to ohmic losses in the nucleus. Accord-
ing to the model suggested inm, the energy loss per
unit length of filament per unit time will be

w = 2N.mv,2na? [ T, (7)

where vy is the transport velocity of the normal elec-
trons of the nucleus and N¢ is their concentration.

Assuming that vy is identical with the velocity of
motion of the nucleus, we obtain the following for the
total energy dissipation per unit time:
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we = N,L-2N:m{v2)na? [ 7. 8)
Here Ny is the total number of vortices, L the length
of the sample, and (vé) the mean square velocity of
the vortex nuclei in the oscillations. For oscillations

with frequency w:
(ve?) = 0Xu?), 9)

where (u®) is the mean square deviation of the vortex
filaments from their equilibrium position. According
to Fetter,®

(u?) = A(LN.mNy)~'f (py, p.)2n, (10)

where

(1, p1) + (1 — A?pi?) (4 + o2 A2~ n(p1, P1)

o (i, pL)
is some function expressed in terms of the lattice
sums §, 7, and w, determined in'*); p; is the com-
ponent of the wave vector of propagation of the oscilla-
tions p, directed along the magnetic field, while p;
is the modulus of the projection of the vector p on the
plane perpendicular to the magnetic field; n is the
number of quanta of oscillations.

Taking it into account that ma®hcz~ 7%hes = @4, We
get from (8)—(10) the ratio of the energy losses in a
period to the energy of the oscillations:
2nw .ot

Q
f(ppL)=

~ —°1—‘J°\(Puy pL), (11)

e We2T
where € is the energy of the oscillations (€ = nhw).
According to the table given in"®), we have, for
oscillations propagating along the magnetic field

(p_l_ = 0)’
f(va 0) =1, (12)

and for oscillations propagating transverse to the mag-
netic field (p; =0),

(0, pr) ~1/prd>1. (13)

It follows from (11) and (12) that the energy dissipa-
tion of oscillations propagating along the magnetic
field is small in comparison with the energy of oscil-
lations in the case when the initial inequality (6) is
satisfied.

For the possibility of the existence of oscillations
propagating transverse to the magnetic field, it is re-
quired, according to (11) and (13), that there be a
stronger condition on 7 than the condition (6), namely,

octpid > 1, (14)
therefore, there exists a region
1/ 0ap1d =T 3> 1/ 0, (15)

in which oscillations will be observed that propagate
along the magnetic field, while oscillations which
propagate transversely will not exist.

Such a situation arises because the amplitude of the
oscillations which propagate transversely to the mag-
netic field is greater than the amplitude of the oscilla-
tions which propagate along it; therefore, the energy
dissipation of these oscillations (p; = 0) becomes
larger, in spite of the smallness of the force of fric-
tion.

2. NONDISSIPATIVE DAMPING

Besides the damping causing the dissipation in the

oscillations, there is a damping of a nondissipative
character, connected with the nonlinearity of the equa-
tions describing the shape of the vortex. The nonlinear-
ity of the system leads to the result that for the pres-
ence of oscillations with a definite frequency, excita-
tion of oscillations occurs at other frequencies, as a
consequence of which the damping of the oscillations of
the initial frequency takes place.

In the unperturbed state the vortices are parallel to
the magnetic field and form a regular lattice. The
direction of the magnetic field is taken to be the z
axis. Then the position of the nucleus of the ith vortex
is described by the vector function

Ri(z) = (ri+wi(z),2), (16)

where R;’(z) = (rj, z) corresponds to the unperturbed
vortex, while the function uj(z) gives the deviation
from the equilibrium position. The vector uj(z) lies
in the (xy) plane.

Since the nucleus of the vortex is fixed in the liquid,
the rate of change of the shape of the ith vortex uj(z),
is equal to

‘fiUi v (1 +wi(2),2), (17)

ui(z) = va™ (ri +wi(2),2) — .

where V(SXY) is the s)rojection of the velocity on the
(xy) plane, and v(sz on the z axis.

By varying the interaction energy of the vortices,
and using (5), (4) and (17), we establish the fact that

6 1 -
) 2 250 = (VB

Here z is the unit vector in the direction of the mag-
netic field. Introducing the new variables

(18)

(19)

we find that the equations of the change in shape of the
vortices have canonical form, while qj and p; are
conjugate variables, and 7 = 7, Zi=j Ejj is the Hamil-
tonian.

This property was already known to Kirchhoff for
motion of a strictly linear vortex in a neutral liquid.
Fetter(®®) by setting u = vg, obtained the result that
the equations have a canonical form in first order in u,
which corresponds to the harmonic approximation. The
relation (18), which is valid for any order in u, allows
us to pass on to the consideration of anharmonic inter-
action. We shall show, by following Fetter, that the
motion can be quantized if we assume q; and p; to be
quantum mechanical operators, which obey the Heisen-
berg equation of motion

ihgi(z) = lqi(2), #1,  ihpi(z) = [p:(2), 5]

Here the correspondence principle requires that the
operators satisfy the canonical commutation relations

[g:(2:), pi(2i)] = ihdi;0(z: — z). (21)
We expand the Hamiltonian # in powers of u:

5f=—;—EE0=5¢’(°’+53‘2’+5¢"3’+-~,
1

gi(2) = (Nemy)huzi(z),  pi(z) = (Nsmy)uyi(z),

(20)

(22)

where the upper index denotes the order of expansion

in u. The term #‘" is absent, since we are consider-
ing oscillations relative to the equilibrium location of
the vortex lattice. The term %5‘® corresponds to har-



DAMPING OF VORTEX OSCILLATIONS IN TYPE II SUPERCONDUCTORS 185

monic oscillations considered by Fetter.'®) In order to

take into account the anharmonic interaction, we con-
sider #®:

1 1 2\ %
HO =< DEf= ~ (4md) ~ mNoy? (M)
i) b
1 (rijusg)® ( Ry Ri?
[ L2 (2, (1)
X EJSS 2; A%; 6 X 7 , .
1 (rijuis)ui® [ Ri®\ ™ Ry
i s (), (5
(r:jui;) du; du; (Ri].o)_a/z (Rijo)]
——— ) Kl —)). (23)
A dz; dz; \ A /2 Iy

Here we have introduced the notation rj; = Tj - Iy
ujj = ui(zi) - uj(zj ), and R‘i’j = ((2 - zj) + Ty e, K
is the modified Bessel function of the second kind.

In order to account for the eigenenergy of the vortex
filament, we assume that the vortex nucleus consists
of a set of identical elementary filaments with vanish-
ing circulations (but such that the total circulation
around all the filaments is equal to y) and with identi-
cal form uje] = Yj el- Then, to obtain the eigenenergy,
which reduces to the sum of the interaction energies
of all the elementary filaments, it is necessary to
average E{? over the area of the cross section of the
nucleus. Assuming that the filaments are distributed
in centrally symmetric fashion, we obtain the result

that (Eil?’)av =0, and, consequently, :/t’e‘f’g =0.

Substituting the expansion of uj in plane waves in
(23) and writing the result in terms of the creation and
annihilation operators with the help of the relations
given inm, we obtain the interaction Hamiltonian

D= D el S (s, tu) - a8, M (s, ¢, u) +h.c.). (24)
s+t4+u=0
We do not write out the explicit form of (> and #{®
because of their cumbersome nature.

To find the damping, we use the complete one-
particle Green’s function, which is defined in the inter-
action representation as

Ga—a)=—i) (—n‘;)" § .o §an. .t (T 0 (@)9* (@) Hima (1),

n=0 —oo —o0

.o -gfint(tn)pc,

where
1 g .
= Diap eiwr-ob, 25)
P

Using the anharmonic interaction of the excitations
#® found above as %jnt, we obtain, in second-order
perturbation theory, ®

- 2 5 |27 (—s,5—p,p)|?

G o) =GP o) — g Z ©—0(s)—o(p—s)+id
where G°(p, w) = (w — w(p) +i6)™.

The damping T is found from the imaginary correc-
tion to the pole of the Green’s function. We consider
the damping for the case of . dense vortex lattice, when
d < . The lattice sums are replaced here by the
corresponding integrals. It is seen from (26) that the
damping is determined by pulses satisfying the decom-
position condition

o(p) = o(s) + o(p —s). (27)

Substituting the explicit form of .'”/Kis’ in relation (26)

(26)

and carrying out the necessary calculations, we obtain
the following results.

For oscillations propagating along the magnetic field
we get for the ratio of the imaginary correction T to
the frequency of the oscillations: for the case of small
momenta, when pyx < 1,

T'/o ~ &pf | Ns; (28)
in the intermediate case (p;d <1 < p;x)

I/~ p?/Nd; 29)
for large momenta (p;d>>1)

'/ ~ 1] Ndpp. (30)

For propagation transverse to the magnetic field: in
the case of small momenta (p;ar < 1)

T'/o ~ py /N (31)
for the case of large momenta (p;x > 1)
I'/o ~1/NAp,d. (32)

In all these cases, the ratio of the imaginary cor-
rection to the frequency is extremely small and there-
fore the damping as a consequence of the nonlinearity
can be distinguished against the background of dissipa-
tion damping only for extremely pure superconductors.

3. DAMPING OF OSCILLATIONS AT FINITE TEM-
PERATURES

The energy dissipation considered above for vortex
nuclei and the nondissipative part of the damping of the
oscillations depend weakly on the temperature. The
temperature dependence is determined by the energy
dissipation on normal electrons outside of the nucleus,
the number density of which depends strongly on the
temperature,

Oscillations of the vortex filaments are accompanied
by oscillations of the magnetic field. Because of this,
a vortex electric field appears, and the induction
current of normal electrons associated with it; this
leads to dissipation of the energy of the oscillations.

The energy loss per unit time per unit volume will
be

w — o2 & Gne™NTITER,

(33)

where oy, = Ne/m is the conductivity of the metal in
the normal state and A(T) is the width of the gap in
the superconductor,

To find E, we take the curl of both sides of one of
the Maxwell equations:

rot rot E == —c~1droth / dt. (34)
Combining (34) with the remaining Maxwell equations
roth=4—:j, divE =0, (35)
we obtain
4nc 0
Hence 1 ¢ i ©
— — R —_—— i 1
E=——; [ Srtav ° S uR-tay. (37)

where R is the length of the vector connecting the
points of integration and observation and j; = w™ 8 /at.



186 A. M. FINKEL’SHTEIN

We note that
if p—0, (38)

=0,

since p =0 corresponds to the unperturbed state, for
which there is no oscillation current. From (33) and
(37), we find the ratio of the energy dissipated per
period of oscillation to the energy of oscillation:
—1

@—;& = T AT, (39)
where w, is some function of the wave vector p, and
we obtain from (38) the result that

wi(p) >0, if p—0. (40)

It follows from (39) and (40) that by decreasing the
temperature, the dissipation as the result of the induc-
tion current can be made small, at least, for long-wave
oscillations.

In conclusion, the author takes this occasion to
thank I. M. Khalatnikov, A. F. Andreev and S. V.
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