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Transformations connecting the Schwarzschild and Tolman coordinate systems in the case of a dust-

like sphere with uniform volume density are considered. The Schwarzschild metric within matter is
found for this case. The singularities of the coordinate transformations are discussed.

IN the general theory of relativity, two exact solutions
for spherically symmetric gravitational fields are
known: 1) the Schwarzschild solution! 2! for an exter-
nal observer which describes the field in the empty
space around the material body, and 2) the Tolman
solution'*»21 for a comoving observer, which moves to-
gether with the grain-like matter (p = 0).

This leads naturally to the question of the connection
between these solutions. In the present paper we find a
coordinate transfor mation which connects both solutions
in the case of a sphere with uniform volume density and
zero pressure (part of the Friedmann world), and we
also continue the Schwarzschild metric into the material
body for this case. The analogous problem for the
Kruskal metric has been considered by Murai.t®!

1. The generalized Schwarzschild interval, in which
goa = 0 by definition, and in which the radius is defined
such that the circumference of a circle is equal to 27r,
is equal tot!!

ds? = et ediz — eML AR — r’de,  do = d6? + sin? 0dg?,

oy

we transform this into the Tolman intervall® 2!

)

ds? = c2d1? — e BdR?2 — r2(R, t)do,
where in the parametrized form®*?
w2
r—Rsin? - et = y(R)S(n), S(n) = § sin2§d§=£~(n --sinn)—Z—..
/2
®)
In the case of an anti-collapse which goes over into
a collapse the parameter 5 varies within the limits
0 =75 = 27. The Tolman coordinate system was defined
such that 7 =0 and r =R for 5 = 7 (the moment of
largest expansion). For a sphere with constant volume
density, the function % (R) has the form®*!

2Ry YRo/re, W (R)=0, R<R,
2RYR/re, V' (R)=3%/29/R, Rz R,

where R, is the maximal radius of the sphere in the
accompanying coordinate system at 7 =0, and r
= 2kMc " is the gravitational radius of the mass M.
The derivative 3’(R) has a cut at the boundary of mat-
ter. The e“ component of the metric tensor in the Tol-
man interval (2) is equal to

—1
e“’=<1-—F> (sinz;——2RSctg
In (5), S cot (5/2)< 0, and e® > 0 everywhere.

(4a)

vm={ (4b)

4R? n P\ 4R
7T>’ 0<1 —‘préi. (5)
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Let us express the interval (2) in terms of the vari-
ables R and 7:

cdv — 'SR + % sinz_2'l dn,

s — [qﬂsz — (1 - @)4 (sinz—; — 2RS otg 12%)2] dR:

‘pz
(6)

We note that (6) contains two terms which are discon-
tinuous at the boundary of matter. The presence of cuts
in the metric of the type (6) has been pointed out by
Khrapko.t®? It can be verified by direct calculation that
the cuts in the metric (6) do not lead to the appearance
of 6 like singularities in the curvature tensor Ryj 7.

In the Schwarzschild interval (1) we also go over to
the variables R and 7:

o’ S sin? n P2 o
§/ S sin Eden —|—Tsma?dnz_ rdo.

r=Rsin2»—;]—, t=1t(R,n), dt=1rdR+ tydn,
- V2, Aoy n 2. A ind n 1
dst =\ evciigt — e sm*—2 dR? + 2\ e¥c2piy — e*R sin 5} cosE dR dn
Vel 2 — eh, in2 n 52 bl
+ (eve?ty2 — e*R2sin — 08 3 dn?—rido. ")

Equating the coefficients in (6) and (7), we obtain three

equations for the unknown functions rg, t,7 , et e? of
the arguments R and 7:
2\ ~1 57\ 2
252 — <1 — -4-Rz—> ( sinz% — 2RS ctg %‘I’—> + et sint L = eve’ty?,
P v (8a)
%1[;’1[:5 sin? -;l -+ e*R sin® —;Icos?n = ecpln, (8b)
2
% sin* ﬂz -+ e*R? sin? 12 cos? % = evc2y2 (8¢c)

For the right-hand sides of the equations (8) we have
the identity (8a) X (8c) = (8b)®. An analogous equation
must also hold for the left-hand sides. After some al-
gebraic transfor mations we obtain from this equation
a simple expression for A:

4R 1—ry/r, Rz=R,

A e
= )

Rerg

' R¢®sin?(n/2) ' ©

R << R,.

2. Outside matter, one must of course obtain the
Schwarzschild solution in empty space. Let us show
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this. Dividing (8a) by (8b) and using (4b), we find
38 [(R/rg)sin?(n/2) — 1] + sin®(n/2)cos(n/2)
TI

tn= RI(R/rg)— 11sin*(n/2) "”" (10)
where we have introduced the notation
_ R/rg sin3(n/2)cos(n/2)
Q= c(R/rg— 1)'/:[3S+ (R/rg)sin?(n/2)— 1 ]
Qo= (R?/rg)sin4(n/2) (R/rg— 1) (11)

c[(R/rg)sin2(n/2)—1]
It can be shown that the equations (11) are consistent

and determine the function Q(R, n):

R (R _ */=!§Z sint{
022-#<_ 1) n/z_@/"g)SiI‘ZC*1 % (12)

crg \ rg

We find from (10) that t = t(Q) [t(Q) is an arbitrary
function]. However, we see by a comparison with the
corresponding expression of “], where the motion of
the boundary of matter (R = R,) was considered, that
t = Q. Taking this into account we find, for example
from (8c), that eV =e™ =1 —rg/r for R = R,,
we obtain the Schwarzschild metric.

The formula (12) for t has a singularity: the zero
of the denominator of the integrand for r = R sin® (5/2)
=Ty It is not possible to discard the section
R sin® (n/2) < rg , for, as was first shown by Novikov
and Ozernoi [®! and then by Khrapko,!™ the boundary of
matter is observable from outside during the expan-
sion. However, one can continue t analytically into the
region r < rg. To this end the singularity in the inte-
gral (12) is moved away from the contour of integration
into the ¢ plane. The necessity of bypassing the singu-
larity has been shown earlier.!®! With this analytic
continuation in empty space, t is real for r > rg, and
has a constant imaginary part +inr,/c for r < rg
Here dt is always real outside of matter.

3. Let us now find the metric 1ns1de matter (R <R,).
In this section we set % = 4R} /T, =0, in accord-
ance with (2) and (4a). Using (9), we obtain from (8c)

_psin®(n/2) (1 — 4R2/¢?)"

= —V/!
= Rt /2 — GRS (13)
Analogously, we find from (8b) that
ot — 2R sin2(n/2)cos (n/2) L g, (14)

(1 — 4R/ §?) " (sin?(n/2) — 4R2/7)

Equations (13) and (14) contain the two unknown func-
tions t(R, n) and v(R, 7). In order to eliminate the
function t we use the relation

dtn _ On 0%

8 oR  0Ram’
from which we obtain an equation of first order in the
partial derivatives of the function v:

(15)

2 2 p— 2 /2
SIS O (T

4R sin? (n/2) — 4R/

B st(n/z) -(18)
The solution of (16) is constructed from the system
of characteristics, the equations for which are

dn n

2 =ctg—,
ds cgz

dR P — 4R

Fa 2R

(17)

(18)

M. AIVAZYAN and M. E. GERTSENSHTEIN

_ 1dv_
2ds

3(1 — 4R2/y?) 2

sin?(n/2)— 4R/4E sin?(n/2) (19)

where s is a parameter defining a point on the charac-
teristic. We note that (13) and (14) imply that dt/ds = 0.
At the boundary of the sphere the solution of (16) is
known: it is the Schwarzschild solution for which

g Tg
VO —f— - & 20
¢ To Ry sin?(no/2) (20)

The point Ry, 7, is the initial point of the characteris-

tic (s = 0):
R=R(s), n=nu(s), v=v(s),
Ry=R(0), mo=mn(0), wvo=v(0). (21)
The equations of the characteristics are
zcosi= cosm, et = gt = L———E@f, o =Cg—, z(Ro) = 1.
2 2 1—ap Ry @22)

The solution of (16) with the boundary condition (20) has
the form

(1 — ao — 2% cos?(n/2) )%z sin®(n/2)
T (sint(n/2) — o) (1 — Peos?(n/2))7

v

(23)

Expressions (9) and (23) determine the Schwarzschild
metric inside matter in parametric form. Using (23),
we obtain from (13) and (14)
2z sin(n/2) (1 — cos?(n/2) %)™
Cln = 1—ao—zzbosz(n/2) —
2R cos(n/2) (1 — z2cos2(n/2))*

2 — 4R¢2)',

= . 24
ctr 23(1 — ao — cos?(n/2) 22) (2 — 4Re?) ( )
From (24) we find for t inside matter
_arccos(xcos(n/2) e
sin?2{ — ao

/2
This result can also be obtained directly from (12) for
R =R,, since t inside matter is constant along a char-
acteristic.

A few r, t coordinate lines are shown inan R, n di-
agram for the case r, = 0.5 R,. The boundary of matter
in this figure is given by the line E’E. The coordinate
t is real in the region bounded by the curves ABC and
A'B’C’. The lines AB and A'B’ correspond to singu-
larities of the type 1 —a,—x* cos® (5/2) = 0 in (25),
which must be bypassed in a similar fashion as in (12);
then t acquires a constant imaginary part iinrg/c in
the regions ABCGED and A'B’C’G'E’D’. We note that
there are regions inside matter from which the charac-
teristics cannot reach the surface. These are the re-

1 v r=0 ’
2n
F7 £ r=01fy
= r//_ri’l:_af’ﬂa——ﬂl
A B,f ~~~~~~~ =
__________ =="1_ ——TClsf
A > T —— ct=3
Ft—————Af =TT ___ctsl
7
L P—— ) N—— =T
__gt=3_
= e e et ct=n9_
I
§7] c
—
olE £ e




CONNECTION BETWEEN THE SCHWARZSCHILD AND TOLMAN SYSTEMS 453

gions FDE and F’D’E’ in the figure. The equations
for the lines DE and D’E’ are x° cos® (5/2) = 1. 1t is
easily seen from (25) that t is complex in these re-
gions, where now the real part of t is constant, and the
modulus is equal to

n_Ro

27a ¢
We also note that regardless of the complex value

of t, all observable quantities during the expansion are

real, as can be seen with the help of the method devel-
oped by Khrapko.t™

|Re¢| = Y1— a0 (1 + 20).
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