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The passage of an intense monochromatic wave through a resonant medium with an inhomogeneously 
broadened line is studied. Equations are derived for the variation of the wave phase and its absorption 
in such a medium, and solutions of the equations are found. It is shown that absorption (Ao > 0) always 
occurs in the case of exact resonance; the absorption cross sections strongly grows with increasing 
intensity. In the case of deviations from resonance and sufficiently large intensities, the wave may 
either be absorbed or amplified, depending on the input value of the intensity. A wave is then asymp­
totically formed, and its amplitude has definite discrete values. 

THE problems involved in the passage of intense 
radiation through a system with a homogeneously­
broadened line have been considered in sufficient de­
tail ltJ. Similar problems for systems with an inhomo­
geneously broadened line have recently become the sub­
ject of studies. Among the publications on this 'question, 
notice should be taken ofl2 - 43 , where the formation of 
stationary rr pulses following the passage of an intense 
ultrashort wave through a resonant medium is consid­
ered. Since only asfmptotic solutions for the field have 
been obtained inl2 - 4 (stationary pulses), the question of 
the influence of the initial conditions on the process of 
formation and on the form of the stationary pulses re­
mains unclear. This question arises in connection with 
the fact that the form of the asymptotic pulse, obtained 
inl2 - 43 , is not unique (seel5- 63 ). 

In this paper we investigate the influence of the in­
tensity of a monochromatic wave on its absorption and 
on the dispersion characteristics of a resonant medium. 
It turns out that in this case it is possible to obtain an 
exact analytic solution of the problem. It is shown that 
although the incident radiation is monochromatic, self­
transparency of the medium can occur at certain values 
of the input intensity and deviation from resonance, just 
as inl2 - 4 • 

We shall take into account only the spread of the en­
ergy levels, and neglect the radiative damping. Although 
the results are applicable to systems with an arbitrary 
energy spread, principal attention will be paid to a 
Gaussian distribution, to be able to use the results later 
for gases with a Doppler line contour. 

We shall start with the quasiclassical equations for 
the radiation field and a system of two-level atomslll 
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Here a is the amplitude of the vector potential, p the 
current of the transition, A the density of the excess 
population of the levels, M the matrix element of the 
transition, E the deviation from resonance, and w(E) 
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the distribution function of the atomic frequencies. 
In Eq. (2) we have neglected the homogeneous broad­

ening of the line, thereby imposing definite limitations 
on the pulse duration. Our analysis is valid for pulses 
with duration T «Thorn' where Thorn is the time of 
irreversible relaxation. Such a situation takes place, 
for example, when laser pulses pass through rarefied 
gases. The monochromatic-wave approximation, which 
is employed here, is a certain idealization, since the 
spectral width of the incident radiation is Aw » Th~m· 
From this point of view, the relation between the 
parameters Aw and w is more important. It will be 
shown below that when Aw « E it is possible to neglect 
the nonmonochromaticity of the incident radiation. 

It is impossible to change over directly in formulas 
(1)- (3) to the case of a monochromatic wave, since the 
interaction between the radiation and the atoms must be 
turned on adiabatically. To this end, we note that it fol­
lows from (2) and (3) that 

(4) 

Let the interaction be turned on at the instant t- +oo. 

It is then necessary to assume that p - 0 and A - A 0 

when t- - 00 , where A0 is the initial value of the 
excess-population density. It follows therefore that 

1'1 = (1'1o2-4lpl2)'"· 

Substituting (5) in (2), we get 

(5) 

~ + icP =- ~iWa(t:.cz- 41 p 12) '1'. (6) 
dt en 

The density of the transition current p, determined from 
this equation, is characterized by rapid time variations 
with frequency E as well as by small variations deter­
mined by the potential a. The modulation of the current 
with the frequency E, due to the presence of the time 
derivative in (6), leads to emission of multiphoton com­
bination lines, which are shifted relative to the incident 
line by an amount kE (k = ±1, ±2, ... ). Since we do not 
take into account the spontaneous transitions, stimulated 
emission of these lines is possible only if the incident 
radiation has nonzero spectral components at the indica­
ted frequencies. If Aw « E, then the probability of the 
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appearance of combination frequencies is small, and in 
the limit of monochromatic radiation it is equal to zero. 
Therefore the quantity ap/at in (6) can be neglected when 
Aw « w. A rigorous mathematical proof of the possi­
bility of neglecting apjat is based on the transition to 
the spectral components a and p in Eqs. (1) and (6). We 
shall demonstrate this, for example, for the linear case 
without allowance for the scatter of the levels. In this 
case 

-roo [ ( x ) ipx J , 
a(t,x)= J.,ao(w')exp -i(w'-w) t--;; + e-(w'-w) dw (7) 

2rciMI' 
p= ----L\o, 

wcfi 
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where w is the carrier frequency of the incident radia­
tion, and a 0(w ') is the spectrum incident on the boundary 
x = 0. If ao(w') = Al5(w'- w), then a(t, x) = Aeipx/E, 
which coincides exactly with the solution of Eqs. (1) and 
(6) neglecting ap/at. On the other hand, if the spectral 
width is small but nonvanishing, Aw << E, then, putting 
lw' - w I « E in (7) and confining ourselves to the first 
two terms of the expansion, we get 

( x px). 1 a(t,x)=ao t-;---;;: e'Pxe. 

This result follows also from formulas (1) and (6), if we 
regard apjat in (6) as a small perturbation. The non­
monochromaticity, as seen from the last formula, leads 
to a group delay of the pulses, an important factor when 
x - x 0 = TE2p-1• The next terms of the expansion in (7) 
are significant when x ~ XoE/ Aw >> Xo. For rarefied 
gases with allowed transitions, and for 
E- 1011-1012 see-r, the characteristic length x 0 is of 
the order of several meters. On the other hand, effects 
of bleaching of the medium, which are considered below, 
occur much earlier, and therefore, with high accuracy, 
the nonmonochromaticity of the wave can be neglected. 
An analysis of the nonlinear case changes these results 
insignificantly. It can be shown that in this case the 
spectrum of a monochromatic wave does not become 
any richer. In the case of a nonmonochromatic wave, a 
group delay also appears, but it is already dependent on 
the intensity. This leads to a distortion of the shape of 
the pulse (since different sections of the pulse move 
with different velocities), but these effects also takes 
place when x > xo and are significant. 

We proceed to the case of a monochromatic wave and 
discard the time derivatives in formulas (1) and (6). We 
then get from (6) 

(9) 

where q = 21M 1/ en. In (6) it is nee essary to require that 
the sign of the root at E » q/ Ia I coincide with the sign 
of E. Substituting now (9) in (1), we obtain 

aa . ~ w(e) de (10) 
ax= lpa ye.2 + q'lal'. 

When no account is taken of the scatter of the levels, 
Eq. (10) leads only to a change in the phase of the wave, 
which is connected with the deviation of the refractive 
index of the medium n from unity: 

n = 1 + ---:::=c""-p __ 

wl"e2 +q'lal 2 (11) 

When qJal « E, we obtain the well known dispersion law 
near resonance. We shall not discuss here the nonlinear 
effects that result from the given dependence of the re­
fractive index on the intensity. This was done in a 
separate publication. 

Although no account was taken of radiative damping 
in (10), to obtain real absorption it is necessary to 
choose in a suitable manner the integration contour. In 
the linear case it is sufficient to assume that E has an 
infinitesimally small negative imaginary component. 
For correct allowance of the absorption in the nonlinear 
case, we shall expand the root in (10) in powers of 
qlai/L Then 

aa . ; (-1)" l'(n+ 'hl +r w(e)de 
-.- = zpa .:::j (q'lal 2)" .l (12) 
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We use further the well known formula 

1 P .(-1}n 
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After taking into account the singularity at E = 0, we 
can sum (12) again and obtain the following results: 

&a . j;w(e)-w(-e)d 
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Here a = 41T2 IMI 2w(O)/wcfi is the resonant absorption 
cross section. 

(13) 

Let us examine in greater detail the following case: 

e-(e-e.)2f'V2 

w(e)= , (14) 
yyrc 

where € = w - wo (w-frequency of the incident radiation, 
w0-center of the atomic line). In particular, for a 
Doppler contour y = (w/c)(2kT/m) 112 • Substituting (14) 
in (13), we get 

!!.._ = 2ip ....f-&/v' a r-n'z' sh(2ET]Z/y) dz 

ax y')"n 0 l"1 + z2 

1 
oL\0 (' en'z' cos(2Et]z/y) d 

+--aJ z, 
n o 1"1- z' 

(15) 

where 7J = qJaJ/y. The first term in (15) gives the 
change of the phase of the wave, and the second gives 
the absorption (if Ao < 0). If we neglect the absorption, 
then formula (15) enables us to calculate the refractive 
index of the medium in the nonlinear case 

n(~)= 1 + 2c~e-'ii!v•f e-n'z'sh(2et]z/y) dz. (16) 
wyyrc 0 l"1+z' 

It is seen from (16) that the refractive index n - 1 when 
£ - 0 and (16) goes over into (11) when£ » y. Thus, 
the dependence of the refractive index on the frequency 
has the same form as in the linear case, but the position 
and the absolute value of the extrema change. In par­
ticular, when 7J » 1 and € ~ y we have 

cp (E) n(E)= 1+-Cll - • 
WY'l y 

(17) 

where <P is the probability integral. It is seen from (17) 
that when 7J - oo the refractive index n- 1, i.e., the 
medium behaves like vacuum at high intensities. 
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We now change over in (15) to the intensity 

OTJ crllo 
-,-= -2-TJ/(TJ), 
ox 

(18) 

where 

-~r e"'''cos(2eTJz/v) 
/(TJ)-nJ )'1-z2 dz. 

0 

(19) 

Since we neglect the radiative damping, our analysis is 
valid forE" ~ y (the center of the absorption line). The 
factor fin (18), which depends on the intensity, takes 
into account the nonlinear character of the absorption. 
When TJ « 1 we have f RJ 1 and we get the usual linear 
absorption law. In the other limiting case, TJ » 1, we 
can obtain from (19) the following asymptotic form 

(20) 

We note also that in the case of exact resonance (E = 0) 
we have 

f(TJ)=e"' 12 lo( ~ 2 ), (21) 

where Io is a Bessel function of imaginary argument 
(formula (21) is valid only for a monochromatic wave, 
for in the case E" = 0 the condition .t.w « E is violated). 
The character of the absorption will depend strongly 
on the input value of the parameter TJ, which we denote 
by 1j. If E" = 0, then f > 0, and we always have absorption 
(.t.o < 0). With increasing intensity, the absorption co­
~fficient increases exponentially. Therefore when 
TJ >> 1 the wave is strongly absorbed at the beginning of 
the pass, and then, when TJ becomes smaller than unity, 
the usual linear absorption law sets in. 

Let us examine now the case E" "' 0. As seen from 
(20), the absorption coefficient becomes in this case an 
alternating- sign function of the intensity. We denote the 
roots off by T/1, ••• , Tik, ••• ,. Then as x- oo we get 
TJ - 0 if 0 < 'if < TJ 1 and TJ - TJ zk if TJ zk _ 1 < 'if < TJ zk or 
7J 2k < Ti < 71 2k. 1• We then get amplification in the reg­

ion TJ zk _1 < 'if < TJ zk and absorption in the region 

77 2k < TJ < 77 2kq· When Ti = TJk, the wave passes through 
the medium without changing. The values of Tik in the 
case Tik » 1 can be readily obtained from (20): 
7Jk = (k + 1/2)1Ty /2£. The character of variation of TJ 
at different values of TJ is shown schematically in the 
figure. Thus, a wave with a definite value of the ampli­
tude is formed in the medium over a distance on the 
order of several absorption lengths. 

As seen from (19), not only the atoms resonant with 
the field, but also all other atoms take part in the ab­
sorption. This is connected with the nonlinear character 
of the absorption. For example, besides the single­
photon absorption, there can occur also the so-called 
three-photon interaction, wherein two incident quanta 
are absorbed, a quantum of frequency 2w - w 0 is emit­
ted, and the atom goes over to an excited state. Decay 
of two photons in accordance with the scheme 2 w = w 1 

?z ~--===:::::::~~ 
?•'; '?z 
;. ?. 

X 

+ w2 can occur. There is an infinite number of such 
processes, and their probabilities increase rapidly with 
increasing intensity. This can explain the increase of 
the absorption coefficient with increasing intensity in 
formulas (20) and (21). However, starting with certain 
values of TJ it is necessary to take into account not only 
the drift of photons away from the beam but also their 
return to the beam. 

The increase of the wave amplitude with increasing 
depth of penetration into a medium with negative excess 
population, shown in the figure, seems strange at first 
glance, since a resonant medium with .t-0 < 0 usually 
absorbs the radiation. In the case of a real (time-limi­
ted) pulse, according to (20), some sections of the pulse 
will become amplified and others will be absorbed, so 
that actually only a redistribution of the number of 
quanta within the pulse itself will take place (see, for 
example,[ll ). For the same reasons, a rearrangement 
of the angular spectrum of the radiation can occur. 

The quantitative results can be obtained by integrat­
ing (18). The dependence of the intensity on the length 
can be written in the form of the following implicit func­
tion: 

~ dz rrllo 
.:... zf(z) = -2-x. (22) 

" 
in the general case the integral in (22) can be calculated 
only numerically. 
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