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The role of ‘‘effective’’ electron collisions with long-wave phonons in the vicinity of the Bragg planes
is considered for metals which can be described by the weak pseudopotential model. It is shown that
the contribution of the ‘‘effective’’ collisions to the electric conductivity for w7 >>1 is of major im-
portance at comparatively low temperatures and frequencies and leads to a change in the frequency
and temperature dependences of the electric conductivity. In the case of static electric conductivity,
the ““effective’’ electron-phonon collisions determine the temperature dependence of the resistance
at low temperatures for not very pure metals, where the collisions between electrons and impurities

are predominant.

AS is well known, the collisions of electrons with pho-
nons of small momentum provide for the static electric
resistance of pure metals at low temperatures. The
rapid decrease in the electric resistance with tempera-
ture (according to the T® law) is explained first by the
decrease in the number of phonons in the metal and,
second, by the decrease in the effectiveness of the indi-
vidual collision. The low efficiency of collisions of elec-
trons with thermal phonons at low temperatures is con-
nected with the fact that each collision changes the ve-
locity of the electron slightly and, consequently, has
little effect on the electric current.

A similar situation holds for the electric conductiv-
ity in a high-frequency electric field. For field frequen-
cies w7t >> 1, the electric conductivity is proportional
to the effective frequency of collisions of the electrons
with phonons®’ 1/7 =v, which falls off with temperature
according to the law T® in the temperature range hw
KT <O (© is the Debye temperature). If the energy
of the electromagnetic quantum exceeds the temperature
spreading out of the Fermi surface (hiw >> T), proc-
esses begin to dominate in which the electron, absorbing
the electromagnetic quantum, emits a phonon. In these
processes, the role of the temperature is played by the
quantity hw and, as was shown by Gurzhi, ! the effec-
tive collision frequency is v « w® (for T << hw K O).

We emphasize once again that the dependences shown
above follow from the assumed low efficiency of the in-
dividual collision of the electron with a long-wave pho-
non; in other words, it is assumed that the velocity of
the electron is changed materially in momentum space
over distances of the order of ©/s (s is the velocity of
sound). This assumption may not be satisfied, however,
for different special electron dispersion laws. In such
cases, the results are valid only for such low tempera-
tures and frequencies for which the quantities T /vy
and hiw /vy are much smaller than those distances in
p space over which the velocity of the electron changes
appreciably. At the present time, there are researches

DWe refer to that part of the electric conductivity which is con-
nected with volume collisions of the electrons.

(see, for example, [27%1) in which the temperature de-
pendences of the static electric resistance have been de-
termined; these differ from T° at not very low tempera-
tures. It will be shown below that for metals described
by the weak pseudopotential method (see [37) the as-
sumption of the low efficiency of the collisions is not
valid for all the electrons on the Fermi surface.

We consider a metal the Fourier components of
whose pseudopotential Vg (g is the corresponding vec-
tor of the reciprocal lattice) satisfy the condition
Vg/c-:F << 1 and for which the Fermi surface intersects
the Bragg planes (see the drawing). The pseudopotential
of the lattice has a significant effect on the dispersion
relation of the electrons only in the narrow layer of p
space close to the Bragg plane, the width of which is of
the order of gV, /ep (the shaded regions on the draw-
ing); therefore ghe velocity of the electrons with quasi-
momentum outside this layer differs little from the ve-
locity of the free electron. For the same Bragg plare,
the component of the velocity normal to it is equal to
zero, Therefore, a collision with a phonon which takes
the electron from the shaded portion of the drawing
strongly changes its velocity for an insignificant quasi-
momentum change (Av =~ vy for Ap 2 ng/eF). In
other words, the collisions which bring the electron
from the Bragg region (transition 1 — 2 on the draw-
ing) are ‘‘efficient,’”’ and the same, it seems, applies to
the opposite transitions. Although only electrons from
a narrow layer close to the Bragg plane can take part
in the “‘effective’’ collisions, it will be shown below that
such processes can give a decisive contribution to the
high-frequency electrical conductivity.

Intersection of the Fermi surface with a
pair of Bragg planes. 1 > 2 and 3 = 4 are
transitions for “effective” collisions, 3 = 3’
is the reciprocal lattice vector.
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696 A, I.
Collisions with a Umklapp® (the transition 3 — 4 in
the drawing) are another type of collision with low-
momentum phonons that strongly change the electron
velocity. We note that in order for such collisions to

be ‘‘effective,”’ the initial state of the electron should
not lie in the shaded region.

For the determination of the contribution of the afore-
mentioned collisions to the electrical conductivity of the
metal, it is first necessary to calculate the matrix ele-
ment of the electron-phonon collision in the weak pseu-
dopotential model.

1. THE MATRIX ELEMENT OF ELECTRON-PHONON
INTERACTION

In the fixed-ion approximation, the matrix element of
the electron-phonon interaction is equal to®!

B . A
PRIOr T Cpp/Cpip*Aprpary

(P'=p+g)

1)

Appr = 10gqn(P1 — P) Uip-pip-pirarey  Gar = (2AQpwg) ',

where Applqh is the matrix element in the plane wave
representation, Cp,p+g are the expansion coefficients

of the Bloch wave function in plane waves, eqx is the
polarization vector of the phonon, WA the frequency
of the phonon with momentum q and polarization A (we
shall omit the index A in what follows), uy, the Fourier
transform of the pseudopotential of a single ion, © the
volume of the metal, and p its density. Far from the
Bragg planes, the Bloch wave function differs slightly
from a plane wave and in this case Bpplq =~ App1q° For

example, if the state p is located near one of the Bragg
planes, then it is necessary to leave the two terms in
the sum (1) which contain Cpp and Cp,p +g where g is

the corresponding vector of the reciprocal lattice. We
shall not consider the regions of p space close to the
interaction of several Bragg planes; such regions make
a contribution to the conductivity of higher order of
smallness in the parameter Vg/eF . The quantities c
and cp,p+g are easily computed from perturbation
theory (by using the secular equation):
Cop = {2(1+Z2—Vz_‘-|-—:¢’)}"/2, = g(g/2—p,)
2mV,
Co.pie = —signz{2(1 + 2 + Yz + ;) } 4,
where p, is the quasimomentum component perpendi-
cular to the Bragg plane.
Let us consider in more detail the case of interac-
tion of electrons with phonons of low momentum
d < pF, a case that is important for what follows. In
this case, pj — p ~ g and the Fourier transform of the
pseudopotential u |g +q| can be expanded in powers of

of q near this value of the argument:
du,
Uigrq == ug+7;%q+... .

As is known from the theory of the pseudopotential,ts?

DThe “expanded band” scheme is used. By a collision with Um-
klapp, we mean a collision with nonconservation of quasimomentum.
In the “reduced band” scheme, some of such collisions (for example,
the transition 3 = 4 in the drawing) must be regarded as interband
transitions without Umklapp.

KOPELIOVICH

the Fourier transform up is a rapidly decaying func-
tion of p: uy ~ €F, ug=Vgy; consequently, ug/u,
~ Vg/ep << 1. Therefore, for q/pp >> Vg/eF terms
containing ug can be omitted in (1) in comparison with
the term containing u,. In the general case, it is im-
possible,to speak of terms containing the derivative
dug/dp, since in real situations, the value of this deriv-
ative changes in the limits Vg /g S dug/ dp S ep/g.
Thus, for the matrix element of electron-phonon in-
teraction, we have for pFVg/eF K q K< pF:

A= A"+ 471,
APIM = 10q(€qq) UoBp—p,+as (2)
. (eqg) du
A;;m = l0q (;gg)—d—; (9g) Sp-pi+arer g0, (3)

and correspondingly, B = B! + BIL,

We note that the probability of collisions with change-
over, contained in BI, is not small only near the Bragg
planes.

For simplicity, we assume that the expressions (2)
and (3) are valid even for q ~ pp, which, as it is not
difficult to show, does not significantly affect the results
given below.

2. HIGH-FREQUENCY ELECTRICAL CONDUCTIVITY
OF METALS

In this section, we shall discuss the high-frequency
electrical conductivity of metals described by the weak
pseudopotential model, the Fermi surface of which in-
tersects the Bragg plane. Such a situation occurs for
many polyvalent metals.

For simplicity, we limit ourselves to the considera-
tion of metals with a cubic lattice, the electrical con-
ductivity of which is isotropic. Generalization to the
anisotropic case does not present any difficulty. By
solving the Gurzhi kinetic equation by means of the
method of successive approximations,t* 71 it is not dif-
ficult to show that the electrical conductivity of the
metal, which is associated with electron-phonon colli-
sions in the range of frequencies 1/7 << w << Wt
where wy is the threshold frequency of the internal
photoeffect, is determined by the expression

= %@TZ (Ve,— Vs)? |Bnm|2[(npﬁp.Nq — Tipnp,Vq)

J221 8

X8 (&p, — €p— hoq,— ﬁﬁ)) + (npitp Vg — ipnp,Nq) 8 (€, — €5 + hoq— ﬁm)],

Nq = 1 + AYq, (4)
where Vp is the velocity of the electron, ny, and Nq are

iy =1—n,,

the equilibrium distribution functions of electrons and
phonons, €p is the energy of the electron. The quanti-

ties €p and Vp in the weak pseudopotential model can

be computed by perturbation theory (by using the secu-
lar equation):

- Vi), o £€/2—p)
€p 2m+Vxx(1 V==t +1), x—W’
L Y7

m  2m

Vp =

=)
Y1/

In the following, we shall use the isotropic Debye
model for the phonons.



COLLISIONS BETWEEN ELECTRONS AND LONG-WAVE PHONONS

We shall first determine o,—the electrical conduc-
tivity without account of the contribution of the Bragg
regions of p space and without account of changeovers
(i.e., without the term BII in the matrix element). For
this purpose, we can use the free electron model. We
introduce the effective collision frequency of the elec-
tron, defining it by the equality

o = e’Nv /[ mae?, (5)
where N is the density of valence electrons. Simple
calculation gives
QDs(DDzm

D) © YT 3y N

le

S

e

(6)

i
(@ y)=[ Oy,
o

2 t/y—1

O (z,y,t) = p— +
where qp is the limiting momentum of the phonons,
wD the Debye frequency. This expression, with accu-
racy to within a coefficient, agrees with the result from
[11, The asymptotes of the dependence of the effective
frequency of collisions on w and T for w << wp,
T << © have the form

248y(T/0)*

t/y+41

e—0E {1  gttuix—q’

for T>hoe

(7

Vo =

-31—0'y(u)/03p)° for T<ho.

We now determine the contribution to the electrical
conductivity of the ‘‘effective’’ collisions, i.e., colli-
sions with a large change in the velocity of the electron.
The contribution of these processes divides into two
parts: oy and oyy, corresponding to the parts of the ma-

trix elements B! and B, Thus the total electrical con-
ductivity is equal to ¢ =0, + 01 + OJ7.

The electrical conductivity oy is determined by proc-
esses for which the initial or final state of the electron
lies in the Bragg region. Actually, the changeover-free
collision is effective if the electron before or after the
collisions is in the shaded region on the drawing; in
this same case, the probability of collision with change-
over is not small (it is determined by the matrix ele-
ment Bl Calculation of o1 is materially simplified if
one of the following conditions is satisfied: T/©
> Vg/eF or w/wp > Vg/eF. In this case, we obtain

ngVeym T o
vy = g g — - —_— —
1 Z“nﬂl f Vi Y 245°0s \le( 8’ (Dp)’
1
W@y = [0y e, (8)
0

where ng is the number of physically equivalent Bragg

planes corresponding to a given |g|. For w < wp and
T << ©, we have, for the quantity u?,

o7y £V (—T—) for T ho,
— 4opr 16 9)
ngVem [ ©\*
Siasin (m—,,) for T < ho.
The fundamental contribution to the effective frequen-
‘I

Vi = 2 ngvif, v
']

. _ Y& (dug/dp)* (T 0))
I a— 1 ¢ ,

3qou,* Fy ;;
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Yu(z, y) = j'm(x, y, )£ dt. (10)

For T <6 and w << wp the asymptotes of the col-
lision frequency vy have the form

8a'vg’ (duy/dp)* ( T

4
T 6 ) for 7> fho

“T veugan 4
vg’(du,/dp)® 1 o \*
g (y)  for T<to

The results given are not difficult to explain from
intuitive physical considerations. For definiteness, we
limit ourselves to the case T >> hw; moreover, we
shall consider that the temperature momentum of the
phonons is much greater than the width of the Bragg re-
gion. Under such conditions, the effective collision fre-
quency for electrons from the Bragg region differs from
the usual value v, ~ y(T/©)° by the absence of the fac-
tor (T/©)?, which is connected with the low effective-
ness of the single collisions. This refers both to the
Umklapp-free transitions from the Bragg region, and
also to the collisions which are accompanied by Um-
klapp. Moreover, it is clear that one must add the fac-
tor Sg/Sy to the expression for vy, where Sy is the
area of the Fermi surface and Sp ~ ppVy/ep is the

area of that part of it which falls in the Bragg region.
Finally, we get vy ~ -y(Vg/eF)(T/O)s, which agrees with
(9) in temperature dependence and order of magnitude.

The effective frequency vyy is determined by the col-
lisions with changeover of electrons with quasimomenta
outside the Bragg region. As is seen from the drawing,
the Umklapp processes are possible only from those
states on the Fermi surface which are found at dis-
tances from the Bragg plane that are no larger than the
temperature momentum of the phonon q. Therefore,
the role of the area Sg in the given case will be played
by the quantity qpp ~ pF(T/©) and as a result, we get
v = y(T/0)%.

It is seen from a comparison of Egs. (9), (11), and
(7) that at low temperatures and frequencies (T <<©
and w << wp) the ¢“effective’’ collisions make the prin-
cipal contribution to the electrical conductivity of the
metal that is associated with volume collisions. For
example, for T/©, w/wp =~ Vg/eF, the ratio of the ef-
fective frequencies vy /v, is of the order of eF/Vg.s’

We recall that ‘‘effective’’ collisions of the electrons
are possible only with phonons whose momentum
q 2 pF(Vg/e p. Therefore, for T/© and w/wp

K Vg /€F, the number of such collisions is negligible

and the total electrical conductivity is determined by
Eq. (5) with v =v,.
The relation of the effective collision frequencies
v1 and vyr depends on the value of the ratio
(dug/dp)z/ (uy/g)?. For different metals the value of this

quantity varies in the range from (Vg /€F ) to unity.

We now discuss the possibility of the experimental
discovery of the indicated dependences of the collision
frequency on w and T. As has already been pointed out,
the contribution of the ‘‘effective’’ collisions is most

31n the comparison of the quantities v and vy with it should be
kept in mind that for most polyvalent metals, ng = 10.
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significant at low temperatures T << © and frequencies
w <K wp. However, for sufficiently low frequencies,
Eq. (5) for the electrical conductivity is invalid as the
result of the anomalous skin effect. It was shown in the
work of Motulevich 8! that the corrections to the sur-
face impedance associated with the anomaly are small
if the quantity 3, (vF/c)[1 + (n/x)?]*/2[1 + (v/w)?] ~1/2
(n and x are the real and imaginary parts of the index
of refraction) is smaller than or of the order of unity.
For w>> v, this condition leads to the following limi-
tation on the frequency of the electromagnetic field:

w 210 Hz,

Up to now we have considered the case of compara-
tively high frequencies of the electromagnetic field,
for which wt >> 1. We shall show that the dependences
of the frequency of the electron-phonon collisions on the
temperature, obtained above, are also valid for the
static electrical conductivity if collisions of electrons
with impurities are predominant. In this case, the
small contribution to the distribution function of the
electrons, which is associated with electron-phonon
collisions, can be determined by iteration of the kinetic
equation.

If we assume that each collision of an electron with
an impurity is ‘‘effective’’ (i.e., the mean momentum
transferred to the electron in the collision is of the or-
der of pF), then we get for the resistivity p =1/0,

p = m(Vei + Vep) / *N.

In this formula, vej is the frequency of collisions of

KOPELIOVICH

electrons with impurities, and the frequency of the elec-
tron-phonon collisions vep(T) =v, +vy + i1, Where the

quantities v,, vy and v are determined by Egs. (6),
(8), and (10) in their temperature dependence and their
order of magnitude; here one must set w =0 (exact
agreement is obtained if the approximation of the relax-
ation time is applicable for collisions of electrons with
impurities).

The author expresses his deep gratitude to R. N.
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