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The effects of whistler (helicon) interaction in a collisionless plasma are calculated. It is shown that due to induced scattering
by ions, evolution of the whistler vibration spectra may lead to self-trapping of the whistlers or, more precisely, to their
concentration along the external magnetic field where Landau absorption vanishes. In this case a stationary turbulence spectrum
expressed by a power law W, &1/A/w is formed, the exponent for  being equal to 1/2. Conditions for stability of the spectrum
with respect to decay processes are found; they show that the turbulence spectrum is stable if the total turbulence energy does

not exceed the critical value.

1. GENERAL RELATIONS

IN a collisionless plasma, various instabilities can ex-
cite turbulent pulsations. The stationary turbulent spec-
tra of such oscillations are regulated by excitation of the
oscillations, their nonlinear transformation, and their
absorption (including collective absorption). At the pres-
ent time, methods of calculating nonlinear processes, as
well as excitation and damping of oscillations in a weakly-
turbulent regime have been developed in detail (see ‘%),
Therefore one of the important problems is to investigate
the plasma turbulence spectra. The spectra of Langmuir
oscillations have been studied in ™*!, The task of the
present paper is to investigate nonlinear interactions

and spectra of stationary turbulence of helicons (whis-
tlers). It is known £ that this term is customarily used
to denote waves whose frequencies lie in the interval

O < 0 < Ore|Z|, ©na = |ea|Hy/muc

1)

(wHe and wHij are respectively the gyrofrequencies of
the electrons and ions), with

@)

0 is the angle between the wave vector k of the wave and
the external constant homogeneous magnetic field H,,
and wpqy = V4meén/m, is the Langmuir frequency of the
particles of species a.

We start from the following assumptions:

1) The helicon generation source is outside the in-
vestigated wave-number region;

2) wpe > WHe;

3) e > ke and the helicon frequencies are approx-
imated by the expression

o = k*con.|z| (00 + K¢*)~', z=rcos0

®3)

© = kc*on.|z|0p

4) Te = Tj; . .

5) vp Dvg,vp = c“’Hi/""pi’ Vg = Ta/Mys Vg
= Te /mj.

The first assumption makes it possible to disregard
the helicon instability mechanisms, which can be either
linear (excitation by anisotropic distributions of fast
particles etc.), or nonlinear (conversion from Langmuir
oscillations or other oscillations). The third assumption
makes it possible to regard the oscillations to be mainly
electromagnetically transverse. We shall show, however,
that the corrections connected with the nontransversality
of the oscillations turn out to be important in a number

of cases when the nonlinear interactions are calculated.
Finally, the fourth assumption makes it possible to ex-
clude from consideration effects of nonlinear conversion
of helicons into ion-acoustic oscillations, which attenu-
ate very strongly in a plasma when Te = Tj.

To find the helicon turbulence spectra it is necessary
to set up balance equations which take into account the
Landau absorption processes and the processes of non-
linear energy transformation over the spectrum. The
Landau absorption, which in the case of helicons is pos-
sible only by the plasma electrons, is written symbolic-

ally in the form
wte—e.

@)

Among the nonlinear processes we can separate the de-
cay interaction
w=uw 4w’

(®)

which is allowed for helicons, and induced scattering by
the electrons and ions of the plasma

(6)
(7

It should be noted that the Landau damping will be non-
exponentially small only if

wte=uw +¢,

wt+i=w +i.

2
0 < kvre|2| % ome (L."L) l2|.
C e

(8)
The process (6) of scattering by electrons must be taken
into account only when there is no Landau damping, i.e.,
when an inequality opposite to (8) holds. This follows
from the general analysis contained in ',

We introduce the turbulence energy W per cms, and
define the spectral turbulence function Wy, (where w
is the frequency of the investigated oscillations and Q
is the solid angle), by normalizing W in accordance
with the relation

W=J'dm.“dQWM=§W,,,,dmdad(p. (9)
The quantity W, is connected with the number of
quanta Nk by the relation
W SN dk _ BNy (10)

2n)° do 162

(Here and throughout 1 = 1.)
The general expression describing the absorption (4)
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and the nonlinear transformation processes (5), (6), and
(7) then takes the form
OW 4o
—— = YoaWes
ot v (11)

d dw, dQ
+ 2 [0 (pa ke k) WeaW oo, (. — )51 (V) dv——

®y
d(x)x d(l)z in dQ,
— ko'W Wao, — kW aa W) + 2u (kz, k, k)
X (B*W o0, W o, + kW ooaWao, — kW oW o,) 1.

Here w? (py, k, k;) and u (k, k,, k,) are the probabilities
of the scattering and decay of helicons, respectively;
these probabilities are calculated by standard methods
described in ™, The index & runs through the values
of e and i corresponding to the electrons and ions of
the plasma. Since the electrons, by virtue of the as-
sumed conditions, are magnetized, the Landau-damping
coefficient can be expressed in the form

[u(k, ki ko) (W0, W,

a
Yoo = [0 (B K a1 (V) . (12)
The expression for the probability of helicon emis-
sion by a magnetized electron can easily be obtained
by the standard method, using the expressions for the
unit vectors of the oscillations in the region (3)"

1_ 2
a=—1—{coscp—i|z|sin(p; sin @ + i|z|cos ; m_:c}’_x} (13)
nra om|2|
We obtain
2n%e*o oy Volz| o z |
w e,k = He [ 2 -L 3/, - _——_J 1_ = 6 _k E.
(e, k) w;e [z] 20l z o, iz ( z%) 6 (0 2V2°)

(14)
Substituting (14) in (12), we obtain for w < kvpe|x| the
result’®’

Yoo = 5 . _Vl—l . (15)

Standard methods also yield the probability of scat-
tering by ions:

V2r /| o \Vivre 1—2z*
N L e Ope
Wxe

T (0 — @y — (k. — ki) vy')
i1k1kl = y Ly 1 -
w(p ) Z F(z,z,)A(wy) PETER T . (18)
where
F(z,z,)= (1+|I:c,|) +(]1|+|11|)Z . A(0)= 0 — 20,k

|z, |

Allowance for the small terms ~kvrj /w is necessary,
since the nonlinear increment vanishes in the zeroth
approximation in this parameter. This probability holds
if the condition k v1j < wyj is satisfied, corresponding
to

(17)
¥ w > whi (vA /vTi)?| x|, then the unperturbed tra-

jectories of the ions can be assumed to be straight lines.

In this case the term in (11) corresponding to scattering
by ions should be written in the form

do, dQ,

)

[ (0, k) Wea Wu,g.(k—k,)a—i F(v)dv (18)

(O

DWe present here expressions that take into account the small (of the
order of w/wy,) longitudinal components that are needed in the calcula-
tion of the nonlinear interactions.
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where wl is given by formula (16), in which A (w,) should
be replaced by A (v,) = w? — 2wk, (kK — k,)v/(kg — k,3),
and the last term under the §-function sign by the term
—(k — k,)vi

We transform the nonlinear equations, using a num-
ber of simplifying assumptions. One such assumption
is that there are no abrupt changes in the turbulence
spectrum within a frequency interval on the order of
kvy, i.e., in the frequency interval Awp, where

(19)

( Ao, )z Om U
~ —_—

o () vt

By virtue of the assumed conditions (w > wyj and
VA > vTi) we have Awp /w < 1. From the general ex-
pression for the nonlinear scattering processes and
from (16) we have

OW ox (2a) 2
=-Wp———> | W, do, dz, F(z,
ot 32n,mur’ j vdz B (2, 2)

Wpe  TyY
X (0 — ) (m,—-Zm,"’—p = )

¢ Vowue|z|

(20)

et (e )y (-2
cYore \V]z| V]| 202

From this we can obtain an approximate interaction,
differential in the frequencies, by assuming Awp to be
physically infinitesimally small:

Wee 0 @p

X8 ((1)—“(.01_

ot 8 Mt One I Fla,z)
W IR & . T E
x[o 5 (3 vm) o (VW V’z')m]g;)

1t should be borne in mind that the interaction (21) is
approximate, for actually the frequency interval in which
the transformation of the turbulent energy Awp is most
probable is finite and not infinitesimally small. Conse-
quently, the use of Eq. (21) is justified only for spectra
sufficiently smooth on Awp. At the same time, the
smallness of Awy, especially in strong magnetic fields,
indicates that (21) is valid in a wide class of turbulent
spectra. We shall show that the solutions of (21) are
frequently functions in powers of w. In this case the
necessary conditions for the utilization of (21) are
clearly satisfied, since the actual change of the spec-
trum occurs over a Awp interval on the order of w.
We note that in accordance with (21) the interaction
vanishes at x = x,, i.e., for pulsations that are parallel
to one another.

The interaction of the pulsations with the electrons
is described by a probability estimated at

)‘ 8(0 — 0y — (k. — ku) 0:). (22)

w(p,,k,k()z; TN (vT. ©pe

n*|zz, | C e

At w > kvre |x/, the only case when such an interaction
should be considered, the nonlinear and Compton scat-
terings compensate each other. What remains uncom-
pensated are the terms NkZVEI-e/wwHe and this results
in a factor (k%% /wwpe) in the expression for the
probability. The corrections connected with the screen-
ing of the nonlinear scattering by the ions are of the
order of (me /mj)*’? (see ! concerning analogous ef-
fects for Langmuir waves). Thus, the probability (22),
in which the last corrections are neglected, can be used
when



HELICON TURBULENCE SPECTRA IN COLLISIONLESS PLASMA

va << UTa(ms/ mi)'/'-

(23)

The physically infinitesimally small quantity is Aw
~ KkvTe, i.e., (Aw/w)? ~ (Ve /VA)? X whi /w. This quan-
tity is small if the following condition is satisfied:

© > 0uiVre’ [ UAzy

(24)

e., precisely in the region where the linear damping is
small and it is meaningful to consider scattering by
electrons. The condition (24) is the condition that the
nonlinear interaction be differential in the frequencies
in the case of scattering by electrons. When (23) and
(24) are satisfied, we obtain from (22)

AW ox OW oz, z 2
ot =t ]z,l{_ I8 (Vm le—d>
2 — 2z%z,%)
VI

+ |z | (16 — 142° — 14;1:, + 162222 + (1 — &) (2 + 2 — 22°2° — 2*)
z z
2 2 2., 2 4 2. ‘2 sz|
+(1—=z2) (2 + 2* —22%2,° — ')+ 42’z ]+ (_V|I] 7 )

EA

z
X [(—a:‘ + 32tz,* — z* + 6%z — 112z, + " + 32') V|H‘

Zy

+ (8 — 22° — 6z,%)

]z_| |zz, |+ (4 — 2z* 4 62°2,* — 22,° — 22,°)
z

S = )

P Cm (2

nemeva: \ va

[z]

(25)

+ (24 — 242* + 242%2* — 20z.°)

(26)

Finally, we present here the probability of the pro-
cess (5)
(21)* 6(k — k, — k;) 8 (k*| 2| — ki 21| — ko?| 22 )

u(k7 k” k2)= 64 nqmimp,z
2 2
X k. I i I (k__'L_ kl-z_‘.) (ki—i— B kz.ﬂ_)
2 2| |2 |z| EN £
% (2K%k,? + 2Kk, + 2k 2k — Kt — ki — k). (27)

It is obvious that when helicons propagate strictly
along the field, the decays do not work, and they are
therefore also ineffective at sufficiently small scatter
relative to the magnetic field. Therefore rough com-
parisons of the efficiencies of the decays and the scat-
terings are impossible.

2. HELICON TURBULENCE SPECTRA

Let us see what types of helicon turbulence spectra
can be established in a plasma if the main mode of non-
linear interaction is scattering, and let us then estimate
the influence of the decays.

We compare first scattering by ions and by electrons.

The characteristic time of helicon-energy frequency
transformation by Aw ~ w in nonlinear scattering by
ions is

Yo' & 0uW [ nomu ,?, (28)
and in scattering by electrons
e N v‘ ¢ W
Yo' X Ope (U_A) et (29)

If (23) is not satlsfied the factor (vg /vA) is replaced
by (me /mj)*

Thus, when VA > vTe (me /mj)™”", scattering by ions
exceeds scattering by electrons. The linear damping of

1/8
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the helicons is then exponentially small in the entire in-
terval (1). When vA < ve(me /m;i)*/® the scattering by
ions exceeds the scattering by electrons in the entire
interval (1), if

Va = Ure(m. [ m;)'h, (30)
In the case of the opposite inequality in the interval
(31)

it is necessary to consider scattering by ions and damp-
ing by electrons, and in the interval

0 < 0 < Opvrt ||/ va?

(32)

‘mHAUTezle Il <o<< (DHelII

it is necessary to consider scattering by electrons.

If the scattering by ions predominates, then the sta-
tionary solution of (21), with separation of the variables
w and x, is given by

W—mx = m‘”W,,, v = 1/2,
W.= W8(z— o) + Wib(z + ).

(33)
(34)

The solution (33) can be obtained by equating to zero
the right-hand side of Eq. (21). The last equality takes
place only if all the coefficients in the resultant linear
combination of the linearly-independent functions of x
vanish. This gives the unique value v = %,

Waves with x = xoand a wave with x = —x, interact
in each elementary scattering act. The solution (33) is
of interest because self-channeling of the helicon energy
towards directions parallel and antiparallel to the ex-
ternal magnetic field takes place in the course of time;
this can be seen by considering the stability of this solu-
tion. Let us examine the time behavior of small pertur-
bations. Substituting in (21) a solution of the form

W = Wae+ Wes, (35)
where Wyyx is given by (33), we obtain
Wae o _
TR -Ew/’Ww,jdxiF(x, z) W (2| —|2i])
S 7d OW s, z T\
+ 0w W, | dziF (2, 2,) | @ - —_—
J [ (VIII 1/114) (36)
T A I P
Vil V|’ V2] 8 nomw .’

An analysis of (36) shows that the solution (33) is un-
stable for perturbations with |x| > x, and stable when
|x| < x,. The spectrum becomes one-dimensional. The
characteristic self-channeling time is determined by
the quantity ™!, where y corresponds to (28). The one-
dimensional character of the spectrum is subsequently
conserved (this is seen when x,, =1 is substituted in
(36)).

If the scattering by electrons predominates, then it
is necessary to use Eq. (25). Its stationary solution also
takes the form (33) and (34). This solution, however, is
unstable against small perturbations in definite angle
intervals, and the locations of these instability intervals
depend on the value of x,. In particular, at x, = 1, the
evolution of the small perturbations is described by
the equation

ﬁgﬁ=_w ﬁl |{W’[ ]/a;

—6z2+1]+W2[—

1 (22* — 1+ |z|)—|z| (322 +2)

L (222 —1+|z|)
z|



324 M. A. LIVSHITZ and V. N. TSYTOVICH

—|x](3xz+2)-—611+1]}(1—12), lz| = 1. (37)

We see therefore that a continuous redistribution of
the helicon energy over the angles takes place.

Thus, a stable stationary helicon spectrum can exist
in the entire interval (1) if (30) is satisfied, and in the
interval (31) if (30) is not satisfied.

Let us examine now the influence exerted on the one-
dimensional spectrum (33) with x, = 1 by decay pro-
cesses and by linear damping. Using the expression
(27) for the decay probability at |x| = 1, and taking into
account the plasmon decay and coalescence processes
described by the last term in (11), we obtain the follow-
ing expression for the evolution of small perturbations:

OW s, 5 o
— = — Yox W, oaWe
= Vor W + Y BEW. .,
j=2
5
L ) i
Vo = Yoz — Bin + ¥ B, (38)
i=3
aW“’i"i __ L 174 Jrﬁ(‘)W . i—2.3 4.5
at - Ym]-xj wjx; oxWaox: ] =4,9,4,0.

Here the terms with Vfux represent the linear damping
of the helicons, and the remaining terms in the right-
hand sides of (38) are the result of decay processes.
The terms with 8y and B(J’x correspond to decays
of the type k =k, +k,, k, =k +k,, k = {k, w}, which are
allowed by the conservation laws for all values of |x,].
The terms with Bgixl and Bgim correspond to the pro-
cess k, = k + k,, which is allowed by the conservation
laws only when |x,| < 1/.,.

An analysis of (38) shows that for the solution (33)
and (34) to be stable it suffices that the linear damping
at |x,| = |Xmin| exceed the buildup due to the decay in-
stability.

Here

[Zmas| & (v vr.)* When va > vr.(4m, | mi)¥s, (39)

[Zmin| = (4m. [ m:)'s when va << vr(4m, | mi)Ve. (40)

From this we obtain the following estimate for the
helicon energy:

. . Lo w 8 va\ "/
if (39) is satisfied —noTESV?( U”) V; (41)
. . . . w 128 Va ;e
if (40) is satisfied ET—ESVT Z,—Vm . (42)

Thus, we can assume that under the conditions (41)
and (42), T = Ty, and w < wye (vg/vA)? Ix|, the helicon
energy becomes concentrated in the direction of the
magnetic field, where there is no damping, and a stable
distribution Wy, ~ 1/Vw is produced. This result can
be applied to many observations of helicons in the mag-
netosphere, and also to stochastic acceleration of fast
particles by helicons in magnetic traps, inasmuch as
helicons propagating along the magnetic field precomi-
nently increase the energy of the particles perpendicu-
lar to the field, and by the same token contribute to
containment of the accelerated particles in the magnetic
traps.
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