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The spin-wave relaxation rate in antiferromagnets is calculated in the case when the antiferromagnetic
vector is directed perpendicular to a constant magnetic field. Various relaxation mechanisms are in-
vestigated. It is shown that the main contribution to the relaxation is made by four-magnon scattering

processes.

ONE of the interesting problems in the physics of mag-
netically ordered crystals is the study of spin-wave re-
laxation. In recent years, a large number of theoretical
papers™™ has been devoted to the study of relaxation
processes in antiferromagnets. At the same time, in-
vestigations of parametric phenomena®®™*? give a con-
siderable quantity of experimental data concerning spin-
wave relaxation. To interpret these results, and also,
ultimately, to make further progress in the study of
parametric phenomena,™® it is necessary to calculate
the possible relaxation mechanisms rigorously on the
basis of a method possessing sufficient accuracy. For
this purpose, at low temperatures, we can make use of
Dyson’s formalism.™ In this paper, this method is
applied to investigate the relaxation of spin waves in

an antiferromagnetic insulator with anisotropy of the
‘‘easy-plane’’ type.

We write the Hamiltonian of an antiferromagnet with
‘‘easy-plane’’ anisotropy in a two-sublattice model with
exchange interaction between nearest neighbors in the
following form:s
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where zy is the basal plane of the crystal, J(A) < 0, and

P—EO(R—-r)>0.
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Going over to the idealized-spin operators S'and then
to spin-deviation Bose operators using the formulas™®

ar*anr

28

Suf =S —an‘an, Su*=(25)(1— )an, Sum = (29)an*,

we obtain for the operators of the idealized-spin com-
ponents in the laboratory coordinate frame

+
Sr* = sin P (S — ar*ar) F icos P (S/2)" (tz.‘+ — agr +a,. andn ),
28
. +
Sr?= % cos P (S — an*ar) + isin P (S/2)" (an*‘ —ar+ ﬂ%) )

+
S = (5/2) (an* + an — 2222,

where sin ¢  H + Hp /2HE for H < HE; HE
=z|J|S/uBe, Hp = 2z|D|S/uBg, and the upper sign
corresponds to the sublattice in the direction of the
positive z and y semi-axes. Expanding aR in a Fourier
series in k and diagonalizing the part of the Hamiltonian
that is quadratic in the Fourier components of the spin-

FIG. 1. Spherical system of
coordinates in momentum space
for the case of mutual scattering
of two magnons.
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deviation operators by means of the relations
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25,-.:/2( = o
we find the spin-wave spectrum in the form
en ~ (ex’ + B2 (kA)*) %, j=1,2; O. ~ usgHx;
eo=sg[H(H + Hp) 1%, e = nsg[2H.He+ Hp(H + Ho) 1%,
The purpose of the paper is to calculate the rate of

relaxation of the spin waves of the low-frequency (LF—
index 1) and high-frequency (HF —index 2) branches.

1. THE LOW-FREQUENCY BRANCH

In studying the relaxation of magnons of the LF
branch, we shall discuss first of all the four-magnon
scattering of magnons of the LF branch (11— 11)
(Fig. 1). To calculate the contribution of this process
to the relaxation rate we make use of the lowest Born
approximation®

98,
ron = Y EF el
X (7ts — 1) — (7ip — 1) Fiqits] 6 (e +
+ep—eq— &)

1)

We shall find the amplitude of the process being studied.

DIn studying the scattering of magnons of the LF branch, we shall
omit the branch index.
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Transforming in the interaction Hamiltonian®

@ o4
HY = — Z-’(A) [0R, 2R G 1A 0Re 8+ 5 (BRG], AORATRIA
Ta
+ ar.+a0k OR.OR,)]

to the spin-wave operators cjk and cj*k, after simple

calculations we obtain the expression

Tl (o o) (oo ) — (et 24

—(8.A)*(k+p) (g +8) 4 (8.A)*(kp + q8) — 30.(ex + &, — &g — &) |

XA(k+p—q—s),

which coincides in form (when the energy conservation

law is taken into account) with the result of the calcu-

lation by the Holstein-Primakoff method (for S > 1).
When the energy and quasi-momentum conservation

laws are taken into account, the expression for the am-

plitude is brought to the simpler form

(Uag) *Hy

= 8M,V (exepeq lex + e, —eql)™
— (extq — @ulq €OS Pax) — (ep8q — Gp0iq €08 Bpa) 1,

‘Fk,‘: ~ -

§K+P—q
\l’k,p

[3eo* + (exep — @iy cos By) (2)

where ak = O¢kA.

In the limit of infinite volume, going over to an inte-
gration in formula (1) and taking the quasi-momentum
conservation law into account, we obtain

_ep 8nlV? (e - - -
Aoy =~ (1 — e T EIN SB dpdq | ¥ 5™ [P fip (1 + fig) (1 + Fixep-q)
%8 (ex + & — eq — Exsp-q)s (3)
with
§* = k* 4 p* + ¢* + 2pk cos By — 2q (K* + p* + 2pk cos By) %cos Bq, px,
dp = p*sin O,dpd®,dg,, dq = q°sin 0dqd¥.dP,. (4)

We shall express the angle Bq, p+k in terms of the inte-
gration variable dq:

€08 Bq, p+k = €08 Vg, p1+k COS Qq,
k cos &4 + p cos (8, — 0q)
(p*+ K* + 2pkcos 0;) "

(5)

c0s Vg pix =

Below we shall consider several limiting cases.
A.ag > T > ¢,

Anticipating the result of integrating over 4q, 9p, Pp,
¢q, 4 and p, we note that the most important p are those
such that ap ~ T. Then, since ax > T, for cos Bq, p+k>
we find cos Bq,p+k ~ cos Bq,p+k = cOs dq COS ¢q.

We shall make use of the energy conservation law,
namely, the presence of the §-function in formula (3)
for Awy, in the integration over 3q:

Aoy = IFG(SK + &p — 8¢ — Epyxiq) Sin Bq dOq
0

1
= fF lex + £p — £q + Eprisgl O] (et €5 — 84)* — Epsrtq]d cos By,
-t

where F incorporates all the other integrals and factors.

If formulas (4) and (5) are taken into account, Aw i is
brought to the for‘m
Aow = IF ex + & — &g+ Epix—q

2RypQq COS @q

Ib{cosﬁ.—

(ex+ &p — €q) 2 — (80® T ai® + @p* + ag® + 2a,04 cos 0p)
2Rpx04 COS @q

- ]} dcos0

2 The part of the interaction Hamiltonian due to the anisotropy has
been omitted, as it gives a negligibly small contribution to the relaxation.
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e+ & —&q I
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Ripaq €0S @q
0 {1 . ex(ep — &q) — €p€q + & — axap cos O |} (6)
X Riypaq cOS @q ’

where we must neglect €, and op compared with oy; F,
is thf va1l21e of F for €p.k-q = €p *+ €k ~ €q; Rkp
= (af + ap + 2agekcos dp)t/2
The subsequent calculations can be divided into two
stages: from the §-function, we find the limits of the in-
tegration over #p; from the condition |cos dp | <1, we
find the limits of the integration over ¢gq; from the con-
dition |cos ¢q | <1, we find the limits of the integration
over q. The integration over ¢p gives a factor 21. We
can integrate over p between the limits 0 and «, since
Qe > T > &,.
The ranges of the integrations over dp, ¢q and q have
the following form:
1—gp~'(1 +]cos@q|) < cos B, < 1 — gp~* (1 —|cosqq|),
0 <|cos @q| < 1, 0<qg<p;
1 —gp~'(1 +|cos@q|) < cosp <1 —gp~'(1—]|cosgql),
0 <|cosqq|<2p/qg—1, p<gqg<2p
—I<cos¥p<1—gp~'(1 —|COS(P1|)1
1—2p/qg <|cosgq| <1, 2p<qg<k
We note immediately that the largest contribution to
Aw,k is made by q ~ k. In this case, the formulas for
the cosines of the angles Bpq and Bkq are simplified:

€0S Prg = COS Bq, p+ky  €OS Ppy = cOS By €OS Bq, pik,

with

08 B, p+x =[eq8x + €p(€q — &) — € + axap cos 1/ aqax
and the expression (2) for the amplitude is brought to
the following form:

_ (nsg) *Hgeqa, cos Oy
SMOV(eke,eqlléi:F Ep — &q | )‘/z

ktp-q

‘Pk,p ~

Performing the integration, we find the relaxation rate

(usg)*
h(B.A)®

4 He \? A
Ao ~ 1,210 (E—) ((lkT) s, (7)
B. €k L TK ec-
In this case, cos fq,p+k is expressed in terms of

cos Jq as follows:

c0S fq, p+x X €OS Pq cOS(Bp — Vy).

(8)
Changing from the integration over cos Jq to an inte-
gration over x by means of the relations

cos Bq & z cos® ¥, — sin B,(1 — 2% cos? 9,) %,
2 = c0s Bq. p+k / cOS Ty €OS @q

and otherwise performing transformations analogous to
(6), we bring the formula for Awik to the form

AmuzF,,(l—{»-

0 {1 -

Rypaq cos Oy cos @q
where F, and x, are the values of F and x for €k.p-q
= €k + €p — €q-

Finally, we obtain several ranges of integration over
¥p, ¥q and q, of which we cite only the most important:

Zo8in Op )
(1 — 22 cos?Vy) '

ex(€p — £q) — €pEq I & — ax@pcos O,

(ex + €, — £q)c05 Ty
s e
Ripaq COS @q

}

(ex — &q) / (ax + aq|cos @q|) < cos B, < (eu—eq)/((lk—-t_quCOS‘PqD.
0<|cosqo| <1, & <&y <eu
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—1 <Ccos ¥, <(ex— £5)/(ax + ap|cos gql),

(g —ex— )/ aq < |cos@q| <1, e+ ax < &g < &
Taking into account that cos Bq,p ~ cos Bq, p+k and
using the expression for cos Bq,p+k, We rewrite formula

(2) for the amplitude in the form

_ (1eg)* Hz(2es® + 0xaq C08 Bax)
8M,V (exepeq|ex + €5 — €q|) '8

S ptk--q
Wis ~

The absolute square of the amplitude consists of three
terms. Hence, the formula for Aw,x can be represented
in the form of a sum of three integrals. In the first,
containing €5, @ ~ k are the most important, while in
the other two, the most important q are q ~ p, and this
gives cos Bgk =~ cos "p- Performing the integration, we
obtain for Aw,k the following expression:

Ao ~ 6-10~*

SO (L rfe @
_ a’s:" a:/’ ex -+ ?:ak + a”a.:/’ ex + 212(1: T‘h],
€ €k

where a(0) ~ 1, a’ ~Tx102anda” ~ 1.5 x1072

The calculation of a(k) involves considerable mathe-
matical difficulties (see the Appendix). Since we have it
in mind to compare Awk calculated from the magnitudes
of the threshold fields of the parametric effects (ex
= const) with the experimental data, we cite the follow-
ing fairly crude estimate for a(k):

a(k) ~ 1 — 0,5k/kpux,

where kpy oy = €, /©cA. The relation obtained is appli-
cable for k < 0.9kmax. a(k) then increases as k@
(@ > 1) up to the value a(k) ~2 at k = kyjax. The de-
pendence Aw(k) for fixed €;x and with the above esti-
mates taken into account is shown in Fig. 2.

In another limiting case, when ©¢ > ¢, > T > ag
is fulfilled, we find for Awk

(nsg)* (He\* €
A(8.A)° (T.,) b TexP(_T)'

The formulas (7), (9) and (10) make it possible to
trace the qualitative dependence of Awy on € /T. As
€,k increases from values €,x < 1072T, the minimum
of Aw,kx becomes deeper and shifts in the direction of
the maximum k. For values of €;x ~ T, the curve levels
out. The temperature dependence of Awy becomes
sharper. For €,k > T and ak < €0, the quantity Awk
is exponentially small; for ak > T > €, Awk
~ (agT)*”2 (cf. formula (7)).

We turn to other possible mechanisms of relaxation
of spin waves of the LF branch. A calculation shows
that those processes are forbidden (the amplitudes ¥
are equal to zero) which correspond to the following
terms in the interaction Hamiltonian:

Ao ~ 8-10-¢ (10)

CixCipCiqTCr™; CixCapCaq*Ca®.

Also forbidden is the coalescence of three magnons into
one. Of the four-magnon processes, the possible pro-
cesses are those described in the Hamiltonian by the
terms

CixCipCaq et (11— 22) 1 cucapliqtent (12 > 12)

We note that the relation €,, > T is usually fulfilled
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FIG. 2. Approximate dependence of Aw,x onk fore;o > T, €y =

const, T<@;. Curve 1)t =10 €,x;2) T=50 €x;3) T =250 €.

in easy-plane antiferromagnets for T < ©,. Then, for
€k K T, €5 >> Tey holds. Under these conditions, the
first of the above processes (11 — 22) gives an exponen-
tially small contribution to Aw,x. The second process
(12—~12) is less important, for €,, > T, than the scatter-
ing of magnons of the LF branch (11 — 11) treated above,
and, for €z > T, its contribution to Awk is exponen-
tially small.

But in the limiting case of small anisotropy, when
€3 X €59, the contribution of four-magnon processes
with participation of magnons of the HF branch to the
relaxation rate exceeds the contribution of the scatter-
ing of magnons of the LF branch (11 — 11). Calculating
the amplitudes of these processes, we find

(nsg)* He
8M,V (&1xB1pEaqts)

24,28
Wik,ip =

[ (Eak + Sap) (321 -+ 3:::)

+ &ictip + £2q82 — (6.4)*[ (k + p) (q+ 8) + kp + gs]

—28:(811:'*‘elp_ezp_EZI)]A(k+p_q~"s)v (11)
19,28 (1:8)* Ha — —
Wiz = 8M0V(51k52p3113u) k) [(e"‘ 6") (e“‘ Ez.)
+ €uwtzp + €1q82 — (8:A)*[ (k — p) (q—5) + kp + gs]
+ec(31k+ezp'_elq—e!-l)]A(k"I'p_q_s)- (12)

After integrating over p and_ q for € > T, we find

4 H 2 3 .
Aow ~ 3,6-107° h((lgch))u (Tff.) [b(k) ea’T? +b'ar” (en + 1200) T*],
(13)
where
1, ax<ey,
b =0,02, b(k)~1{ 02 x> e,
1, ax =ex

(see the Appendix).

For the case ag > T > €jo (G =1, 2), we obtain an
expression of the form (7), in which, however, the nu-
merical coefficient is ~6 x107%,

At temperatures which are low compared with one
or the other activation energy (€, or ¢,,), the main role
is played by the processes 11 — 11 and 12— 12. For the
case €z > €, > T > ok, formula (10) holds. In other
cases, the process 12 — 12 makes the largest contribu-
tion to Awy:
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e > T > g5, o,
€10> €20 > T > i,
(14)
Finally, we estimate the role of the only possible
three-magnon process: the process of coalescence of
two magnons of the LF branch into one magnon of the
HF branch (11— 2).¥ In this case, the inequality 2¢,,
< €, must be fulfilled. In the limits €,, = €,, the con-
tribution of this process to the relaxation rate is equal
to zero. We shall consider the case €3, > €. With the
assumptions, used here, that T < @, and kA < 1, and
with the usual estimate of the activation energy of the
HF branch in easy-plane antiferromagnets (MnCO,,
CoCO,, NiCO,4, CsMnF,), namely, €,, > 0.10¢, the con-
tribution of this process to the relaxation rate is expo-
nentially small. This process can play an important
role only for weak anisotropy and a weak field H: ¢€,,
~1072T, €, ~107°T, or € ~ 10T, €, ~107*T, etc.
For these cases, the contribution of the three-magnon
coalescence to the relaxation rate has the form

(ng)‘ Hg\* 2814. T
T AL AN
dan 7(0.0)° \ M, | U156, e T?e—wT,

(usg)’ Hs(uagH)’ 2
€20°T,

3
€40

nh(8:A)° M,

whence, e.g., for CsMn¥F, we find the magnitude of Awy
< 10* sec™. Apart from the first factor, the expression
(15) coincides with the formula obtained in “**! for k = 0.
In the intermediate case, when 2¢€,, ~ (0.3-0.7) €5, the
process 11 — 2 gives a contribution to Aw,i that is also
no greater than 10* sec™, provided that €, < 10T, oy
< €,,- In the above cases, there is agreement with the
conclusions of ! concerning Aw,,. The three-magnon
process 11 — 2 is found to be the most important, al-
though we must take into account that the values men-
tioned for ¢,, usually correspond to fields H in which
the crystal is not saturated, i.e., a domain structure
exists.

We also estimate the effect on the spin-wave relaxa-
tion of the coalescence of two magnons of the LF branch
into one phonon. We calculate first of all the amplitude
of this process in the simplest case of a body-centered
cubic lattice. The spin, phonon and spin-phonon Hamil-
tonians have the following forms respectively:

Hy= =Y T(B)SnSnsa— upgH Y Sur

RiA R
o = 7 Dt ()42 [ e (B) — - b B+ o2 (B}

Hypn = — ZT}J(A) SrSraati+ ...

RKiA
h

s eqs i
— iqr b+ e-iar)
w0= (go7) " X bue b e

(15)

Ao =~

qf
Going over to second-quantized operators and diagonal-
izing #s and H#ph separately, we find that the amplitude
of the process under study can be estimated by the ex-
pression

h )‘/: €1xq

‘F~_"(2pm.,v 2 (16)
where usually n ~ 1.
Performing the calculations, we find that, in the case

€ > T, the process under study gives an exponentially

D The other three-magnon processes are forbidden either because the
amplitudes ¥ are equal to zero or by the requirements of energy and
quasi-momentum conservation.

small contribution to Aw,k, while for the case € < T,
©¢ X Op, we obtain

n'h
27p (BpA)°
which, in any case, is much less than 1 sec™. For ©¢
— Op), the contribution of the given process to the re-
laxation rate tends to zero. Other processes with par-
ticipation of phonons also give a small contribution to
the relaxation rate, if we exclude the direct interaction
of the phonon and magnon branches, which is a local
effect.

Thus, it can be stated that the relaxation of spin
waves of the LF branch in antiferromagnets with ‘‘easy-
plane’’ anisotropy, when the constant magnetic field lies
in the basal plane, is determined by the four-magnon
scattering of magnons of the LF branch. In the case of
small anisotropy (€,, < €,,), the relaxation of spin waves
of the LF branch is determined by four-magnon scatter-
ing processes involving two magnons of the LF branch
and two magnons of the HF branch.

Ao ~ Teund, (m

2. THE HIGH-FREQUENCY BRANCH

The technique developed above for calculating the
relaxation rate of magnons of the LF branch can be ap-
plied in the study of the relaxation of magnons of the
HF branch.

To simplify the notation, we introduce yx by means
of the relation

Awox = 10-°

(1s8)* (ﬂ)‘ .
h(6.A)¢ \M, ’

Along with an indication of the ranges of applicability
of the formulas, we indicate the processes determining
the magnon relaxation in these ranges. The expressions
for yk have the following forms:

A) ax>T > e, 205 21214 22— 11,y ~ 6(aT)¥
B) T>ox>¢€n,80, 221142121,

Ve ~ 15(@?T? 4 0.4 lT0) ;

C) Toeosen>am; 20521, ye ~ 0.46[e’T? + 1 (erens) ¥:T?
~+ 20 (e20T)*1;
D) T>en>eo0>a; 2211, Yk ~ 3.6 SzozT’;

E) e0>T >eun; 2222,

3,08 £k+3ak ’/8u+12a
v ~ 0,6 [ﬂ(k)ﬁzoaTz - a'ez({,ak/"z_z— 4 a”at"# Tﬁ/’] H
€2k €2k

2> 21, yu ~ 0,2exT"s; (18)
22 > 22, yx ~ 0.8¢ex'T exp(—ez/T);

21— 21, yx ~ 0.15(ex0w0) " T? exp(—ew/T).

F) 20> T > e;
G) ew>en>T >
H) 620>810>T>ak;

In the case of weak anisotropy, small magnetic fields
H (with €,y > 2¢,,) and small k, it may turn out to be im-
portant to take account of the decay of a magnon of the
HF branch into two magnons of the LF branch. For the
cases (B) and (D) respectively, we find

(nogH)® He N 2ax
ah(8.A)° M, €20
(usgH)® He
nh(8.8)° M,

3. DISCUSSION OF THE RESULTS

It is not difficult to see that the results obtained are
applicable in the investigation of spin-wave relaxation
in antiferromagnets in all cases when the antiferromag-
netic vector L = M, — M, is oriented perpendicular to

Ao =~ 2

19)

Aox =~ 2 T.



FIG. 3. Approximate dependence
of Awy, on€jg for€,0> T, ey =
const, T <®¢. Curve 1) T = 10 ¢y ;
2)T=50¢€y;3) T =250 ¢y. The
dashed curves are the right-hand
side of the inequality (20): a and b)
Hp=0,h® >h@;¢) Hp +#0.

Ei0/en
7 25 0

the field H, H < HE. The shape of the spectrum re-
mains unchanged, namely, € ~ (ei”0 +op)? (= 1,2).
The form of €j, is given for various cases in "**\, n
particular, the above remark can be extended to anti-
ferromagnets with ‘‘easy-axis’’ anisotropy in fields
greater than the field that inverts the sublattices, i.e.,
(2HpHE)'? < H < H, if H is parallel to the ‘‘easy
axis.”” The latter inequality presupposes that the mag-
netic anisotropy in the crystal is not too strong.

Returning to the possibility of obtaining information
on the relaxation of spin waves in the study of paramet-
ric phenomena, we note certain features of the behavior
of the imaginary part of the susceptibility of a spin sys-
tem beyond the instability threshold, based on the results
of the calculation performed above. Intense energy ab-
sorption from an alternating magnetic field begins when
the amplitude h of the field exceeds a certain threshold
value hth. m the general case of a superposition of ‘‘ex-
tra absorption’’ and ‘‘parallel pumping’’!**! for €, > hw,
where w is the frequency of the alternating field, taking
into account an expression for hth[®4!3 we can write the
above condition in the following form:

Ao < yhlew® + (ansgHo) 1% | Ao, (20)

where, using the fact that ¢ = const, we represent

Aw,k as a function of €,,. In Fig. 3, we give the depen-
dence Awk(e,,) for various €, /T, with e x < T. The
dashed curves correspond to the function in the right-
hand side of the inequality, for different h and Hp. We
may conclude from Fig. 3 that the absorption first arises
only in a certain well-defined range of fields H. For suf-
ficiently large Hp, the parametric excitation is extended
down to H = 0.

With regard to the published papers on the theoretical
study of spin-wave relaxation in antiferromagnets, we
note that the results obtained by Harris, Kumar, Hal-
perin and Hohenberg® for the case of single-ion anis-
tropy, H = 0 and k = 0 refer only to easy-axis antiferro-
magnets. But it makes no sense to study the isotropic
case in the absence of a magnetic field, since, in this
case, the ground state of the spin system is not defined.
For a correct calculation in the isotropic case, we must
take a magnetic field into account, and this leads to an
arrangement of the magnetic moments perpendicular to
the field direction. In this case, the transformation to
spin-deviation operators and the diagonalization of the
Hamiltonian are performed by means other than those
used in the paper.t”

In the paper by Woolsey and White,m it is noted that
the four-magnon processes give a contribution to the

V. A. KOLGANOV

relaxation rate that is too small to explain the experi-
mental values of Aw,x. We now turn to experiment.

The value Aw, ~ 10° sec™ was obtained by Prozorova
and Borovik-Romanov for T ~ 1.5°K and € ~ 2 x107*°
erg for CsMnF,™*! and by Kotyuzhanskil and Prozorova
for MnCO,.""*' The dependence of Awxk on k is de-
scribed qualitatively by the formula (9), if we allow for
the fact that, in the experiment, ¢;x < T was insuffi-
ciently rigorously fulfilled. A numerical comparison is
made difficult by the requirement of an exact determi-
nation of the quantity ©¢4A, which occurs to the sixth
power in the formulas. By making use of the data of
Seavey for CsMnFs"™! and of Kotyuzhanskif and Prozo-
rova for MnCO,,"®! we find, respectively, (6;A)x ~ 1.63
x1072 erg-cm and (6¢A)x ~ 1.56 x 1072 erg-cm, which,
for T ~2°K and €,; ~ 3 x 107" erg (¢, < T) give Aw,,
~10% sec™.

Comparison with the experiments of Seavey on
CsMnF,"™ is made difficult by the strong magneto-
elastic interaction observed in them.

The dependence Awk(k) obtained by Hinderks and
Richards from experiments on RbMnF, (weak aniso-
tropy)™® using the calculations of Richards™® are qual-
itatively explained by formula (13), For the quantity
Awge With T ~ 4°K and €, ~ T x 1077 erg, assuming that
the value of ©cA for RbMnF; is the same as for CsMnF,,
we find Aw, ~ 10° sec™, which, in order of magnitude,
coincides with the experimental value.

In conclusion, the author expresses his deep grati-
tude to A. S. Borovik-Romanov, M. I. Kaganov and
M. A. Savchenko for fruitful discussions.

APPENDIX

The function a(k) appearing in the expression (9) for
Awik is determined as follows:

a(k) ~ [Li(k, T) = Lu(k, T)] / 1(0, T),
2T (Pt el —y2 Fed) @ —aN)e
Cengny, (V142 4 Y28 - ) (a* - e*)
. (e Ty
1,(k,T)~2”_[dzdydz[1 ( e )]
x y -
[(1—=2") (" + &*) " (e — 1) (eBrv+er — 1)
X(exp{z +g(Y1+ el —Vy’ + &)} — 1),

Lk T)=

with, for the limits of integration of the second integral,

Wy +el— (U4 Vi+ed)l/y <<z <<t
RA+VI+ed)]E<<y<<[(z/y)*—ell?
eg <z << oo,

where g = ax /T and e, = €, = €,, /ak. Approximate nu-
merical calculations give the estimate cited in the text.
To calculate b(k), one uses the same formulas, but with
e, = €,p/ak and e; = 0.
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