Acoustic perturbations in a medium by the motion of a light

focus

V. N. Lugovoi and V. N. Strel'tsov

P. N. Lebedev Physics Institute
(Submitted May 14, 1973)
Zh. Eksp. Teor. Fiz. 65, 1407-1415 (October 1973)

The excitation and propagation of acoustic perturbations under the action of electrostriction forces
and heating of the substance during uniform supersonic motion of light foci of a multifocus structure
are investigated theoretically. Expressions. for the density variation are obtained and the distributions
of the density and of the sound energy in the medium are investigated on their basis. It is shown,
in particular, that for the two indicated perturbation mechanisms in the medium the energy
distributions in the produced sound cone are very different. Conditions for which variation of the
density of matter in the focal region is close to quasistatic are established for the case of
electrostriction. It is found that in both cases an anomalous variation of the density in the focal
region occurs when the focus velocity is close to that of sound. The contribution of heating and
striction to nonlinear polarization of the medium under the conditions considered is estimated.

Most papers on the propagation of intense light beams
in material media consider the Kerr (or a near-Kerr)
nonlinearity of the medium, (see the review('!). Such
processes as heating and electrostriction do not make
an appreciable contribution to the nonlinearity of the
medium at the usual parameters of the light beams, with
corresponding pulse durations 7 3 <1078 sec. However,
upon formation of a multifocus structure of the light
beam,[?] the relative contribution of these processes to
the total nonlinearity can increase considerably, due to
the nonlinear (and large) light absorption in the focal
regions of the multifocus structure, and as a conse-
quence of sufficiently small value of the diameters of
these regions. In particular, according to!'], the heating
of the medium in the focal regions can in some cases
lead to the disappearance of the multifocus structure
that was originally formed, and, by the same token,
significantly affect the character of beam propagation
in the medium. Electrostriction can also make a sig-
nificant contribution to the nonlinearity in solid dielec-
trics for pulse lengths 7 < 107" sec (seel®!). Both of
these forms of nonlinearity are directly connected with
the redistribution of the density of the medium by means
of sound perturbations in the medium. The present
paper is devoted to theoretical investigation of the
density perturbations of the medium under the influence
of heating and electrostriction in the focal regions of a
multifocus light-beam structure. For pulse lengths

£107"—107% sec in previously focused beams, typical
values of the velocities of the focuses of the multifocus
structure amount to vph ~ 10'—10° cm-sec ™. For
parallel incident beams and pulse lengths 7 =< 107° sec,
the values of v, can be greater than or of the order of
10° cm-sec™ ["(f Thus, perturbations in the density of
the medium take place under the action of sources mov-
ing with supersonic speed.

We now consider the formation and propagation of a
sound wave arising as a result of heating and strictive
compression for uniform motion of the focus with super-
sonic speed in an unbounded medium, assuming that the
field in the focal region is given in this case. The equa-
tion for the departure of the density p in the sound field
from its equilibrium value p, in a light field has, in the
hydrodynamic approximation, the form

_‘;_tﬁ [2+I‘—]—f—§;(———)Tp:.AIEP-F(%)pAS, 1)

where v is the sound velocity in the medium, T the
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damping coefficient for sound, S the perturbation of the
entropy of the medium, E the complex amplitude of os-
cillation of the field. We shall assume that the heating
of the medium, and therefore the change in the entropy,
take place due to the multiphoton absorption of arbi-
trary order n. Then, neglecting the thermal conduc-
tivity, we can write for the change in the entropy per
unit mass"

PoTo'%% Nn—o— “;JI‘ . (2)
Here T, is the equilibrium value of the temperature of
the medium and g, | E |2n/81r is the energy dissipated
in the medium per unit time for n-photon absorption.

For calculation of the basic features of the con-
sidered process, we approximate the intensity distribu-
tion in the focal region in the following way:
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where r| = VxZ + y2. The expression that has been
written down corresponds to the equilibrium (supersonic
for Vph > v) motion of the focus along the z axis.

Equations (1)—(3) form a closed system, which de-
scribes the process of sound propagation in an unbounded
medium. For solution of the given equations, we make a
Fourier transformation of the quantities in z and t that
appear in them. We then get the following equation for
the corresponding Fourier transform p of the departure
of the density from equilibrium in the two remaining
variables x, y:

(=v*+ik D) Aep+ (k20— ki —ikJe,'T) p=0 (2, y), 4)
where
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Equation (4) is an inhomogeneous equation of second
order. The Green’s function G(x, y) of this equation
depends on kt, kz as parameters. We can establish the
fact that in the case of a vanishingly small damping

I' -0 (to which we shall restrict ourselves in what

Y,
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follows) G(x, y)is represented in the form

k fa kZ
e (k) ). me

G(z,y)= 1 X N .
(@) ——Hf,”((#—kz) IrL-rL'I),k,’<k—i-, k<0. (6)

4u*
1 . ke , ke
2nv2K“((k _T) "*"*') k>

(here the roots are taken in the arithmetic sense.) The
solution of (4) is obtained by convolution of &(x, y) with
the Green’s function (6):

o= [[Ga—a',y—y) 0@, y)dx ay. (7)
The calculation of (6) and the subsequent inverse Four-
ier transformation in z, t under the conditions

i ri>dph, (8)
Lpn/dpn> (vpn*/v*—1) " (for striction),
lpn/dpr>n~ (vpn*v*—1)" (for n-photon absorption) (9)

are given in the Appendix. The final expression for p
(including thermal and striction parts) has the form
(="

Iphdph® vph

YW e @ o o
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8v'n dp™* Lp(1+p)™ alph pmt’
where
1

2i —_—
—_ 2]-"% — 2
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~_ Plpn/2+i(z+vpnt)
ry (vpr/v*—1)"

(11)

Here the branch of the square root is fixed by the condi-
tion v1 =1 and the cut of the plane of complex values of
1 + I'? is made along the negative real semiaxis.

We note immediately that, although the above equa-
tion formally describes the density perturbation through-
out the space, it guarantees the correct value for p only
in the region variables z, t, r| that satisfy the inequality

(12)

inasmuch as the integrands in (20) oscillate rapidly out-
side this region over the interval of integration, and
require more exact description. At the same time, the
quantity p takes on maximum values (imrl) in the
region of (12), because of the smoothness of the inte-
grand functions. We also note that as vph — v, as is
not difficult to see from (10), (11), p — < and, conse-
quently, the initial, linearized equation (1) becomes in-
applicable. Physically, such a divergence can mean, for
example, the formation of a shock. Thus, the solution of
(10), (11) is valid only for not too small a value of vph /v
- 1, which limitation we shall assume satisfied in the
following.

(zHvpht) —r, (vpn*/v*—1) "<lph,

We now consider the properties of the resultant solu-
tion. It follows from (10), (11) that the density pertur-
bation differs from zero at all points in space. This is
evidently associated with the fact that the electromag-
netic field is itself distributed over the entire space. At
the same time, according to (3), the major fraction of
the electromagnetic energy is concentrated within the
focal region, as a consequence of which there is a
sharply expressed sound cone behind the moving focus
in the perturbation distribution.
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For convenience, we introduce the variables

6= arctg z+v ot , r=[r. 2+ (Z+Upht)1]”'

of a spherical set of coordinates with origin at the cen-
ter of the moving focus and consider separately the per-
turbations due to thermal heating and to striction. As is
seen from (10), (11), p, as a function of 4, has a sharp
peak in both cases in the regionz’ 6 ~ fac, where 63¢

~ arc cot (vpy /v® - 1)"2 as was to be expected. The
maximum value of p in this range of angles depends on
r and is given by the following expressions:

Iphdph’vph 1

T (2
H——VY,, &
e n "ot 8vt l/'(z+v pht) " (13)
for thermal heating, and
Iphdpivph 1
e Y(”é’ 2 “phdphiUpl ’
pE=REs So 4ut lpz'(z%-vpht)'/” (13°)

for striction. The characteristic radius of the decrease

in the density Ar) in a cross section, perpendicular to

the z axis, is constant along the generatrix of the cone

and is equal in order of magnitude to®
lph

Arj~—Ph
" gl =) (14)

It also follows from (13), (13’) that the greatest en-
ergy density Egc of the sound wave is reached in the
region defined by the expression (12), i.e., near 6y¢,
while in the case of thermal heating Ej. falls off with
the distance z + vyt from the focus as 1/(z + Vpht),
and in the case of strictionas 1/(z + vpht) Thus in
the first case the energy of the sound perturbatlon in
the medium grows linearly with increase in the distance
z + vpht from the focus, while in the second the total
energy is concentrated in the focal region.

The results given above describe the picture of the
propagation of a sound wave at large distances (see (8))
from the region of the light focus. We now investigate
the departure of the density inside the focal region, and
for simplicity consider the perturbation on the axis of
the focus (r, = 0), where it evidently assumes its maxi-
mum values. Upon satisfaction of the condition (9) for
r; =0, the Hankel function H{Y(x) in the integral (20)
can be replaced by its expansion for x — 0, with ac-
curacy up to terms of order x*1ln x. Then we find for
the departure of the density pT due to heating, at arbi-
trary z + vpt (ry = 0),

(2) (2)
Yon Yp..

l 2
pr=— &’ th [Zarctg (Z+vpht)+ ] +—8&"" -
n 8vpnv Iph
dph®lph 1 4(low/2+i (z+vpht))
I { [c —2+2 B ST ET VR }
80 w2 Hi (e gt )T I(ogr—D) 1) (18)
(@
+ Y": gnz,dph lPh 1 X
n 4v*vp [lph/2+i(z+vpht) I

As is not difficult to see, the term ~In[2lph /dph(vpn/v®
1)”2], which corresponds to the logarithmic term of
the expansion of the Hankel function, diverges as vph
— v. Thus, this term is greatest for a velocity of the
focus close to the sound velocity and determines the
anomalous increase (in absolute value) of the density at
the edges of the focal region; here the distribution of
pT is antisymmetric relative to the center of the focus.
If the velocity of the focus is appreciably greater than
the sound velocity, the first term in (15) is determina-
tive. Accordingly, the value of the density departure
pT changes monotonically from zero to the limiting
(as z + vpht — +«) value
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pr= —27 —n Y;:) é’nz"lph/Sv phUz.

The last term in (15) determines only a small correc-
tion to the terms considered and, as follows from (13),
(13’), a sound cone develops in the same order of small-
ness as this term.

In the case of striction, calculation of the integral
(20) with use of a similar expansion of the Hankel func-
tion leads to the following expression for the density
perturbation pgtr:

stat dyn , dyn

pstx Dstr TPstr.s Tostra- (16)

The first term
|EI?

——
T 8nv?

stat de
fu=(55).0
determines the ‘‘static’’ (vanishing in the limit
dphVph /Iphv — 0) striction change in the density.
Thanks to the symmetric distribution of the light inten-

sity (with respect to z + vpht), pgg’:t also turns out to be

symmetric in this variable in the focal region (relative
to its center). The dynamic part of the perturbation,
which is associated with the movement of the focus, is

the sum of the two terms pd%’r g and p sgx{l.a' The first

term pd ;ls is symmetric in z + vppt relative to the
center of the focus and has the form
r sl )
1 o Upr/ 2+ 1zt vpnt) )
Red{—— | 3—C—ln—BT=" = BTN
x2 {[lpk{2+z(z+vphz)] [ ¢ dpn(vpr/v*—1)" ]}

It then follows that, as in the case of thermal heating,
an anomalous increase occurs in the density pgtyp at a
velocity of the focus close to the sound velocity. How-
ever, in contrast to pT, this increase is concentrated
at the very center of the focal region. Here the term
dg’;‘ is large in comparison with the static perturbation

ps%at

of the focus over the sound velocity, the pr1nc1pa1 con-
tribution to pgty is made by the first term pstrt' The

last term pg%’;la determines the antisymmetric part of

the strictive perturbation of the density, and makes a
small correction to the first two terms:

In the case of a significant excess of the velocity

lphdphzvph;m 1

160* [lpn/2+i(z+vpnt) I
As is seen, the sound cone (see (13)) has the same order
of smallness as the term psgr 2

oy, &, (18)

We note that the anomalous change in the density p
in the focal region for vpp — v that has been consid-
ered above takes place without restriction as to its
absolute value within the framework of the approxima-
tions used for both forms of the perturbations. In this
connection, we direct attention to the possibility of
fractures in solids on passage of the velocity of the focus
through the sound velocity. We also note that a similar
anomalous increase can also develop in the self-con-
sistent propagation of light in a medium with a strictive
nonlinearity.

Expressions (15), (16) allow us to estimate the con-
tribution of thermal heating and striction to the non-
linear polarization of the material in the focal regions,
and thus establish the limits of applicability of the
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theory of propagation of light beams in a medium with-
out account of the reciprocal effect of the given mecha-
nisms on the field distribution of the beam. According
to (15), for an appreciable excess of the velocity of the
focus over the sound velocity, the maximum value of
the increment to the dielectric permittivity of the
material ep; = (s€/9p)gp in the case of thermal heating
can be conveniently written in the form

de P\ 1w 1
Ty (— —_ — &, 19
Enl ( 0p)s( ﬂS)p 00T 32vph0* non ’ (19)
where
=180 Lpnnalc

characterizes the relative fraction of the light power
transformed into thermal power over the length of the
focus, c/no is the light velocity in the medium. Under
the usual conditions, for single-photon absorption at a
focus length Iph ~ 10! cm, « has a value of the order
of 10 %in liquids. Then, for €,; at the values v~ 3
x 10° cm/sec that are typ1ca1 for liquids,

de op 1
1, (L) —~
(55) e~ (5s) 7z
and values of vy~ 10" cm-sec™!, we obtain 6nl ~2

x 107'' &3, Thus we see that for veloc1t1es Vph < 107
cm-sec”’, the quantity €,y can be comparable with the
Kerr nonlinearity (erll(lerr ~ 10711072 &3). With in-
crease in the intensity of the light beam, e;fl can in-
crease due to multiphoton processes and make a signif-
icant contribution to the total nonlinear polarization of

the medium for higher values of the velocities of motion
of the focus.

In the striction case, the nonlinear increment is
str de de |E|?
e ~ —_ —_— *N 10 13 E 2
nl (09)5(09)Tp° 8nv® IEl

and thus usually eK;err > en}r for liquids. In solids,

where eKerr is usually much smaller than in liquids,
nl

the striction increment eg}r can have a significant ef-
fect on the total nonlinear polarization of the material.

In conclusion, we make a few remarks concerning
the propagation of light in media with a striction non-
linearity. As follows from (16)—(18), we can neglect
the dynamic terms for d(pv(p/l(pv « 1, and assume

_ stat_ ( Oe |E|*
Pstr =Pstr = (a—p)TPoTsz .
In this case, the form of the nonlinearity of the medium
in the vicinity of the focus

de de

E“‘*(ﬁ)s (E)f’
is identical with the form of the usual Kerr nonlinearity.
It was shown in{®®! that the propagation of a light beam
in a medium with a Kerr nonlinearity is accompanied
by a significant change in its initial transverse distri-
bution, with development of multifocus structure at
supercritical power in the beam. This circumstance,
however, was not taken into account in the work of
Kerr,” where it was assumed that the light beam
keeps its initial Gaussian form during propagation in
the nonlinear medium considered.

|E|*
{
8nv®
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APPENDIX

The expression (7), which was written down with
account of (5) and (6) and the subsequent Fourier trans-
formation mentioned in the text, has the form

i w ¢ Iph .
p=o Vo &ty | exp{ - 2‘|k,l~tk,(z+vpht)}
© 21 (I) vphz U 4r 2
’ 4
X “jDJ.Hn (k, (7.-1> [r,—r, I) exp (—m .

16 ¢ 4r," 0" I o
x [ (325 )=kt ru dr.’ dg k. + Iy g
1a, Vs T L D 1B

(20)

Xf exp{—ik.(z+vpnt)} 4 [exp(—plphlkzl/Z)
’ k. dp™-t (1+p) ]px,

e 1) Uphf‘_ Il' s r.'s
X ;[HIHO (kx (—ui 1) Je,—r, I) exp(——/m dph’)
16n f4r "*n 0,
m(—‘1PT—1)—1:, ]rJ_ dr’ do dk,.
Here the contour of integration over k, lies on the real
axis, and on transition through the point k; = 0 passes
into the upper half-plane of complex k,. It is not diffi-
cult to see that the second integral in (20) is obtained
from the first by replacing dph by dpn/n and lph by plph
with subsequent integration over pl h/ 2. We therefore
consider the first term, which corresponds to strictive
compression, pgir.

For calculation of the integral over r'l, @, we use
the addition theorem for cylindrical functions (see, for
example,[™):

H;I) (M|T¢_TLI|)=10(MTL,)H::(1) (Mry) (21)
+2 3 00 B (M) cos ke,

=1

r_L>r_L'

(for r; < ri, the arguments are exchanged). Inasmuch
as the principal contribution to the integral over r] in
(20) is made by the region r{ < dpp, then, for r >> dpp,
we can assume r; > ri. Then, substituting the expan-
sion (21)in (20) and integrating over r{, ¢ (here the
terms with cos k¢ vanish), we obtain

d hzv z *® v hz kA
. (1) @ph Vph (1) P!
por=in ¥y lphi[H,, (rik, (_uz —1)

(22)
Iph . dpk? vph?®
X exp{—-—2p |k,l—ik,(z+vpht)'}exp{ -—1_2 k2 ( vf —1 )}] dk,.

The last integral is easily computed for the condition
(9), in which we can set
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2
exp {—k,zdph2 (%—1)/ 16}=1.
in the integrand. As a result of the corresponding cal-
culations, we find
o Y(i) azlpldphzvph' 3*
Pstr Y, & i Im[——alphz Q] s (23)

where
Vo1l Iph "
o= [ (554 (s
% {1~21n[l,,h/2+i(z+vpht)_*_(1
ro (vpr/vi—1)"

(24)

(lph/2+i(z+vpht))’) ’]}

7 .t (vpn*/v*—1)

DThe validity of such an approximation will be seen below from the solu-
tion that is obtained.

DWe note that such a distribution of the density perturbations cor-
responds to a sound come, which is well known in hydrodynamics (see,
for example, [$]), and to the distribution of the electromagnetic field
in Cerenkov radiation in electrodynamics. The specifics of the case con-
sidered here lie in the fact that the source of the perturbations is dis-
tributed in space and its supersonic motion is generally not accompanied
by the formation of a shock wave in this case.

It follows from (14) and (9) that the minimum value of Ar is of the
order of dDh. For typical media and laser pulse lengths Sl 1078 sec,,
the condition vphdp}1 /lp}1 X > 1 (x is the coefficient of temperature con-
ductivity) is satisfied with a reserve of several orders of magnitude, and "
consequently, the above neglect of thermal conductivity is valid.
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