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Results are presented of an analysis of all existing data on deep inelastic ep scattering. Various
parametrizations of the functions vW, and R =og/0; are considered. The region of scale invariance
of the function vW, is established. It is shown that the experimetal data are satisfactorily described

by various parametrizations of R.

1. INTRODUCTION

Experiments on the deep inelastic scattering of high
energy electrons by protonst!’?) have led to substantial
progress in understanding of photon-hadron interactions.
Scale invariance (scaling) was discovered and it was
shown that in the deep inelastic region the structure
functions are of the order of unity. The discovery of
scale invariance stimulated a large number of new direc-
tions in theoretical research: the parton model 4 gelf-
similar asymptotic behavior in local field theory, 5] and
so forth.

In the present article we report®’ the results of analy-
sis of all e:gperlmental data on deep inelastic ep scatter-
ing.[*+28:7] The method of analysis used was that
previously used in analysis of data on elastic ep scatter-
ing[®) and elastic scattering of electrons by deuterons.[®]
To determine the structure functions by this method it is
necessary to parametrize these functions from the be-
ginning. The parameters introduced here are determined
directly from the experimental data by minimization of
the x* functional. In a combined analysis of the data of
differen. rroups, norms are introduced—variable param-
eters taking into account possible errors in normaliza-
tion of the cross sectlons This method, in contrast to
that used prevmusly, permlts use in determination of
the structure functions of the entire set of experimental
data.

The analysis showed that scale invariance of VW, oc-
curs in the region W = 2.3 BeV (W is the mass of the
final hadrons). Various parametrizations were consid-
ered for the ratio of the total cross sections for absorp-
tion of virtual photons with longitudinal and transverse
polarizations

R=0s/0;. (1)

From the results of the analysis it follows that the exist-
ing experimental data do not permit exclusion of those
expressions for R which signify violation of scale invar-
iance of the function 2MW, in the region of variables
where scale invariance of VWz exists. If we assume that
VW2 depends on the variable w’ proposed by Bloom and
Gllma.n, L19] the experimental data can be described for
= 1.8 BeV.

2. CROSS SECTION OF THE PROCESS. METHOD OF
DATA ANALYSIS

It is well known that the differential cross section of
the process

@)
for unpolarized initial particles has the following gen-

etp—~ret...

874 Sov. Phys.-JETP, Vol. 38, No. 5, May 1974

eral form in the one-photon approximation (laboratory
system):

d'c do 0
_g0 _ (% W+2Wt2—],
dQdE’ (asz),[ e

@)

where
do . a’cos’(0/2)
(E) u  4E*sin‘(8/2)
Here E and E’ are the initial and final electron energies,
9 is the scattering angle, and W, and W, are functions of
the scalars

4)

(%)

where q and p are the 4-momenta of the photon and pro-
ton and M is the proton mass. The functions W; and W
are determined by the hadron part of the matrix element.
We have

M \
3§ @ 1019 pI1Ip 28 0 —p—g)ar= 7= ),—[W(aw qq“q)

1 pg Pe
+5 s (o o) ()]

where J,, is the hadron electromagnetic current opera-
tor and p’ is the total 4-momentum of the final hadrons.

1
=——pg=E—E’, ¢,
u Pq q

(6)

The total cross sections o and og are connected with-
W, and W, by the relations[ ]
or=(2n)* ai w,,

1 * qz+v )
== 2 —
0= (27) k( Wt w.).
Here
k=v—q*/2M, a=c*/4n. (8)
For q®> — 0 we have
0r—>0y, 050, 9)

where o, is the total cross section for absorption of
protons by real photons with energy v.

From Eq. (7) it follows that
1+g*/v?

MW= vaz-—H_—R—-, (10)
where the variable w is defined as follows:
0=2Mv/g* (11)
Since R = 0, we find from Eq. (10)
(1+¢*/v?) ovW,=2M W, (12)

To determine vW: and R (or vW: and 2MW,) by the
method used, it is necessary to parametrize these func-
tions. The corresponding parameters are then found
from all existing data by minimization of the functional
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Here of*P is the differential cross section for the proc-
ess at the i-th point measured in the k-th experiment,
Ajy is the error in of’l‘{l’, O%heo is the cross section at

)

the i-th point calculated with Eq. (3), and N, are normal-
ization factors. Minimization of the y? functional is
carried out by the linearization method.t?? The method
of analysis has been described in more detail in an ear-
lier article.[**]

(13)

Bjorken[®] showed on the basis of current algebra
that for q® — @, v — « and fixed w = 2Mv/q® the dimen-
sionless functions vW, and 2MW, depend only on the
variable w (scale invariance). It follows from experi-
ments on deep inelastic ep scattering that scale invar-
iance is consistent with the data even for Vg% and v of
the order of 1 BeV. To start with we will assume scale
invariance of vW..

In parametrization of this function we will take into
account the relation obtained in refs. 10 and 15 connect-
ing the behavior of the function vW; for w — 1 with the
behavior of the proton magnetic form factor GM(qa) for
q® — . I we write

1\* N
Wam (1m5) o) 2 g s
then, as shown by Drell and Yant*3 and Bloom and
Gilman[*7
p=n+1. (15)

From analysis of the data on elastic ep scattering it fol-

lows that n = 2. Thus, if we assume Eq. (15),
p=3. (16)

In addition, it follows from the theory of complex angu-
“lar momental*?) that

2MW /o — const.

000

vW,— const,

@00

(17)

We will consider first for the function vW; the follow-
ing expression which satisfies conditions (14), (16), and
(17):

(18)

The function 2MW, is related to vW; and R by Eq.
(10). We will consider various expressions for the ratio
R.

" 3. RESULTS OF THE ANALYSIS
1. We will assume that
R=qg*/v*. (19)

Then, as can be seen from Eq. (10), the functions 2MW,
and vW; are related by the equation

IMW,=ovW,. (20)

It should be noted that this relation arises in the par-
ton model for the case of partons with spin 1/2.5'7 1t
occurs if the squares of the moduli of the matrix ele-
ments for photon absorption, summed over the final
states, are equal for transverse and longitudinal polar-
ization of the photons.

The results of the analysis of the data obtained by the F;;’"‘(Zﬁﬁ)

SLAC-MIT groupt!’3] show that a satisfactory descrip-
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tion of the experimental data is achieved in this case if
the mass of the final hadrons W = 2.5 BeV. Note that
the variable W is related to q* and v by the equation

W =2Mv+ M —g'. @1)

For this case the following three parameters are differ-.
ent from zero in Eq. (18):

a,=1.12+£0.07, a,=1.00£0.20, a,=—1.98+0.14

(x*/x* = 162/135; the confidence level is 5.5%).

2. It is possible to obtain a relation between 2MW,
and vW; which agrees with experiment over a wider
range of the variable W. Let us assume that scale in-
variance occurs both for vW; and for 2MW,. This as-
sumption means that the ratio (1 + R)/(1 + q*/4*) depends
only on w. We will expand this ratio in a series in 1/w.
We obtain

22)

ovW,
2MW, @3)

Analysis of the data showed that in this expansion it
is sufficient to take into account the term d/w. We have

(24)

The experimental data obtained in refs. 1 and 2 for
W = 2.3 BeV can be described by means of Eq. (24). In
the expansion (18) it is sufficient to assume that ao and
a, are nonzero. We obtain the following parameter
values:

LI Y
(0] @

2MW =vW,(1+d/e) .

a,=164+0,02, a,=—1.50+0.02, d=0.63+0.09. (25)
The ratio y2/x* = 162/150; the confidence level is 23.9%.

3. As we have seen, the data of refs. 1 and 2 in the
region W = 2.3 BeV are satisfactorily described by
means of three parameters if we assume that scale in-
variance exists both of YW, and of 2MW,. We can con-
vince ourselves, however, that the existing data also are
satisfactorily described for those parametrizations of
R which signify violation of scale invariance of the func-
tions 2MW,. We will consider the following expressions
for R:

R—c,g"/ M, (26.1)
R=c,q*/W?, (26.2)
R=cy/o, (26.3)
R=const. (26.4)

The first three expressions satisfy the condition R = 0
for q° = 0. Note that in the Bjorken limit (g® — ®, v — o,
w fixed) R = ¢,9°/M® — =, R = ¢,q*/W? — c2(w — 1)
Equations (26.1) and (26.4) have been discussed previ-
ously in ref. 2,

The results of analysis of the data of Bloom et a1 [
and Miller et al.[?] in the region W = 2.3 BeV are
presented in Table I. It is evident from the table that for

TABLE 1. Results of analysis of the SLAC-MIT data [**2] with para-
metrization (18)

R a X1/

From (26.1) 1.59+0.02 — —1.44%0.02 | ¢ = 0.035£0,004 | 124/150

From (26.2) 1.61+0.02 - —1472£002 | ¢y = 0.41%0.05 145/150

1.63+0.02 - —148+002 | ¢y = 0.82+0.09 142/150

= const 1.57+0.02 - —1.38+002 | R = 0.27+0.03 1817150

R = const 1.29+0.06 078047 | —190+042 | R = 0.23+0.03 1627149
-S. |. Bilen’kaya et al. 875



satisfactory description of the experimental data it is
sufficient to assume the coefficients a, and a; to be non-
zero in expansion (18). The values of these coefficients
for various parametrizations of R agree within experi-
mental error. Note also that the coefficients ao and a.
are nearly of the same magnitude and opposite in sign.
The value found by us for the coefficient ¢, agrees with
the value determined in ref. 2 by another method.

For R = const the description of the experimental data
is substantially improved if we assume, in addition to a,
and a., that the parameter a, is also nonzero.

4. We also analyzed that data of refs. 1 and 2,
parametrizing the functions ¥W. and 2MW,. For vW, we
assumed Eq. (18). For the function 2MW, we assumed
the expression

2MW,—0 Y b(1—a=)"*. @7)
It is evident that Eq. (27) satisfies Eq. (17). It turned out
that the data can be described by means of Egs. (18) and
(27). In the expansion (18) it is sufficient in this case to
retain two terms, and in the expansion (27)—three terms.

As a result of analysis of the data in the region
W = 2.3 BeV we find

a,=1.68+0.02, a,=—1.57+0.04,
(28)
b,=0.72+0.14, b,=1.35+0.42, b,=—1.84+0.31,

(x*/x* = 154/148; the confidence level is 35.6%).

The functions vW, and 2MW, should satisfy inequality
(12), which is equivalent to the condition og = 0. We
note that in the last of the cases discussed this inequality
at some points is satisfied only within two standard
deviations.

5. Let us turn to discussion of the results presented
in Table II (W = 2.3 BeV) of a combined analysis of all
published data on deep inelastic ep scattering. In the last
three columns we have shown the norm values obtained:
N, is the norm for the data of the SLAC-MIT groupl!:?!
(153 points), N. and N; are the respective norms for the
DESY 1971 datal™ (83 points) and the DESY 1969
datal®l (31 points).

From Table II we can conclude that only introduction
of norms permits description of all existing data on deep
inelastic ep scattering. The norm values for different
parametrizations of R agree within experimental error.
A combined description of all data in this case requires
a significant renormalization of the results of Moritz
et al.[™] Comparison of Tables I and II shows that the
parameter values obtained in analysis of the data of refs.
1 and 2 and of the world set of data agree within experi-
mental error.

6. Up to this time we have used Eq. (18) for vW,. We
can convince ourselves that the experimental data on
deep inelastic ep scattering can be satisfactorily des-

cribed also for other parametrizations of the structure
function vW,. Let us consider the expression

e (2 ),

where r,, r;, and % are the parameters which can be
varied. This expression was proposed by Moffat and
Snellf*®) and is based on the theory of complex angular
momenta. It is evident that Eq. (29) satisfies both the
threshold relation (16) and the asymptotic condition (17).
For the ratio R the same expressions were considered
as before. The results of analysis of the data of refs. 1
and 2 are given in Table III (W = 2.3 BeV). As can be
seen, if Eq. (29) is used for vW;, an acceptable descrip-
tion of the data is obtained for all five of the parametri-
zations of the ratio R considered by us.

(29)

From comparison of the results given in Tables I
and III, it follows that the parameters entering into the
expression for R agree within experimental error for
the two parametrizations of vW.. In Table IV we have
given the values of the functions vW, calculated from
Eqs. (18) and (29) for R = ¢,q*/M? (columns 2 and 4) and
for R = const (columns 3 and 5). Figures 1 and 2 show
the function ¥W; as a function of w, as obtained respec-
tively from Egs. (18) and (29) for the various parametri-
zations of the ratio R in the region of variation of w
from 1 to 100. In all cases we used the parameter
values obtained as the result of analysis of the data of
refs. 1 and 2.

By analyzing the SLAC results, [*2] we became con-
vinced that for W = 2.3 BeV it is possible to describe
the data with three parameters over the entire experi-
mentally investigated interval of q* (0.25 (BeV/c)’ < ¢*
=< 19.2 (BeV/c)?). The variable v varies in this case over
the range 1.87 BeV < v < 16.28 BeV, and the variable
w—over the range 1.25 < w < 37.8. Values of the varia-
ble w greater than 20 correspond to q° < 1 (BeV/c)’. The
question of the behavior of vW: at large w presents con-
siderable interest for the theory. We made a separate
analysis of the SLAC results, selecting data with g°
= 0.5 (BeV/e)?, ¢ = 1 (BeV/c)’, and ¢* = 1.5 (BeV/c)®.
The parameter values obtained as the result of this
analysis for W = 2.3 BeV are given in Tables V and VI.

7. Determination of the structure function vW, per-
mits calculation of the integrals entering into the sum
rules for this function. Let us first consider the Callan-

Gross sum rulel¥;

(30)

Here Qj is the charge of i-th parton, Py is the probabil-
ity of observing N partons in a proton. Using the values
of ap and a; given in Table I for R = const, we obtain
do

mz

I vW,

If we use the values of a, and a. obtained for R = ¢,g*/M?

=0.162:0.001.

@1

TABLE II. Results of analysis of the data of refs. 1, 2, 6, and 7 with parametrization (18)

ag a; N, N, N, x2/%?
Rifrom (26.1) 1.55+0.02 —1.42+0.02 ¢; = 0.038+0.004 1.041+0.005 0.755+0.010 0.997+0.053 249/261
Rlfrom (26.2) 1.58+0.02 —1.45+0.02 ¢ = 0.47+0.05 1,039£0.005 0.763+0.010 1.027+£0.054 267/261
R from (26.3) 1.59+0.02 —1.46+0.02 ¢y = 091+0.09 1.040£0.005 0.761+0.010 1.074+0.057 266,261
R = const 1.54+0.02 —1.37+0.02 R = 031003 1.0390.005 . 0.759+0.010 1.147+0.062 303/261 *
(24) 1.61+0.02 —1.48+002 | d = 070008 1.038 0,005 0.765+0.010 1.121+0.060 286,/261

*The confidence level is 3.7%.
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then

j sz%‘:—=0.158:t0.001.
Finally, from the results of analysis of the SLAC data
for q* = 1.5 (BeV/c)® for R = 0.26 + 0,04 we obtain

(32)

TABLE III. Results of analysis of the SLAC-MIT data [ 2] with para-
metrization (29) (W = 2.3 BeV)

T ™ @g? x/x
R from (26.1) | 044 t0.0ir 0.69+003 | 0.68+0.03 | ¢, = 0.0360.004 131/149
R from (26.2) | 0.41+0.01 0.67%£0.03 | 0.59£0.03 | ¢, = 0.56+0.06 148/149
R from (26.3) | 0.40%0.01 072003 | 0.69+0.03 | c¢; = 0.88%0.10 144/149
(24) 0.40+0.01 0.74+0.03 | 0.69+0.03 | d = 0.67+0.10 161/149
R = const 0.12+0.01 0.71£0.03 | 0.78+0.03 | R = 0.26+0.03 164/149
TABLE IV
The function u!V, according to (18) | The function »W, according to (29)
@ R = 0,035¢*/M* R = 0,27 R = 0,036 ¢*/M* R =10,26
1.334 0.022+0,0005 | 0.021+0.0004 | 0.024%0.0002 | 0.023=0,0002
2.024 0.161+0.002 0.157 £0.002 0.159+0.001 0.157+0.002
3.213 0.299+0.002 0.303+0.003 0.297+0.002 0.298:0.003
4.462 0.336£0.002 0.345+0.003 0.33940.002 0.344+0.003
4.680 0.338+0.002 0.348+0.003 0.342+0.002 0.347+0.003
5.294 0.340+0.002 0.351£0.003 0.352+0.003 0.344+0,002
6.637 0.335+0.002 0.347 +0.003 0.350:0.003 0.340+0.002
7.805 0.327+0.003 0.339+0.003 0.313%0.003 0.330+0.003
10.101 0.309+0.003 0.322+0.004 €.327=0.004 0.310+0.003
21.206 0.255+0.005 0,267+0.006 0.27240,005 0.247 +0.005
33.443 0.226+0.006 0.238+0.007 0.245+0.005 0.217£0.005
oH
40
230 -
i /
20+
: 4
- 2
a7
67 1 1 | I W 1 1 1 e
14 2 4 ¢ 8w 20 w7 e

FIG. 1. The function vW, as a function of w according to Eq. (18)
for various parametrizations: 1—-R = 0.035q%/M?, 2—R = 0.41q%/W?;
3—R=0.27;4-Eq. (24),d = 0.63.
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FIG. 2. The function vW, as a function of w according to Eq. (29)
with various parametrizations: 1—R = 0.036q%/M?; 2—R = 0.056q%/W?;
3—-R=0.26;4—Eq. (24), d = 0.67.

TABLE V. Results of analysis of the SLAC-MIT data ["?] with para-
metrization (18) (W = 2.3 BeV)

j?vW,d
1

Note that in the ordinary quark model the right-hand
side of Eq. (30) is equal to 1/3.

For the integral entering into the Gottfried sum
rulet?? we have for R = const and for all ¢

=0.166:0.002. (33)

)
[y

* do
j’ VW, — =0.97+0.01.
[0]

(34)

8. Up to this time we have assumed that /W, depends
only on w. We convinced ourselves that for very differ-
ent assumptions about R in this case it is possible to
describe the entire set of data on deep inelastic ep scat-
tering. In order to estimate the magnitude of the possi-
ble violation of scale invariance, we analyzed the SLAC
data with the assumption that the function YW, has the
form

M2

1 143
W= .-(1——) o,
VW, Za > a qz

i

(39)

It is evident that the second term of this expression dis-
appears in the Bjorken limit., We will assume that the
functions 2MW, and vW; are related by Eq. (24). As the
result of analysis of the data on refs. 1 and 2 we find
that for x*/x* = 150/149:

a,=1.65%0.02,

d=0.61+0.08, «=--0.02+0.01.

Comparing Eqs. (36) and (25), we see that inclusion
in vW, of a term violating scale invariance does not
change the values of the parameters a,, az, and d within
experimental error. The parameter o which character-
izes the violation of scale invariance is equal to zero
within two standard deviations.

a,=—1.47+0.02,
(36)

9. Bloom and Gilmanl*® proposed the scale variable
@37)
which for 2Mv > M? is identical with w. It was shown
that vW; is a function of w’ over a wider range of the

variable W. We analyzed the data of refs. 1 and 2 with
parametrization of vW; as follows:

e T ()

im0

o' =2Mv+M*)/q¢*,

(38)

where

o= (2Mv+B)/q* (39)

Here it turned out that in the region directly adjoining
the resonance (W = 1.8 BeV), the existing data can be
described (see Table VI). In the expansion (38) it is
sufficient to take as nonzero three parameters: Ao, A,,
and A,. K we assume that R = const, then we obtain for
the parameters being varied

A4,=0.60+0.08, 4,=1.96+0.17, 4,=—2.37+0.10, 40

p=0.91+0.07, R=0.20+0.0.2, ( )

for x*/x* = 169/181.

TABLE VI. Results of analysis of the SLAC-MIT data [!'2] with
| parametrization (29) (W = 2.3 BeV)

1 2 2
q’ [(BeV/c)*] > q*[(BeV/c)'] > @ [(BeV/o)*] > ¢ [(BeVIo)' } >

0.5 10 1.5 0.5 1.0 1.5 05 I o | 5 05 | 0 l N
T 0.15x0.01 0.18+0.02 10.24+0.03| r, 0.15+0.01 0.48+0.02 {0.20+0.02
ag 1.54+0.02| 14.54+0.02] 1.53+0.02 ao ({1.59+0.02| 1.59+0.02] 1.59+0.03 r, 0.62+0.03 | 0.56+=0.04 |0.50+0.06| r, 0.58+0.03 | 0.52+0.04 |0.46:0.05
a3 |—1.34+0.02(—1.3240.03|—1.30+0.03| as [—1.42+0.03|—1.43+0.03|—1.44+0.04 g2 0.72+003 | 0.67=0.04 |0.640.04/ ¢ 0.540.03 | 0.50=0.04 [0.46=0,04
H_ 0.26+0.03| 0.26+0.03| 0.26+0.04] o 0.37+0.05| 0.38+0.05| 0.37+0.05 R _ 0,25+0.03 | 0.26+0.03 0.26=0.04 ¢, _ 0.55+0.06 0.54+0.06 [0.50+0.06

w3 145/148 128/141 119/132 ||x3/x3| 125/148 | 117/141 107/432 . ¥/t 130/147 116/140 | 107/131 || x¥/x2 | 112/147 100/140 | 88/131
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TABLE VII. Results of analysis of the SLAC-MIT data [!:2] with
parametrization (38) and (39)

2MW, = wyW; which follows from the parton model in the
case in which the spin of the partons is 1/2. If this rela-
tion is modified by introduction of an additional term
whose contribution disappears asymptotically, then, as
shown by analysis of the data, all data can be described
satisfactorily. If we assume that vW, is a function of w’,
then in this case all data for W = 1.8 BeV can be des-
cribed.

Confi-
dence
level

4 A As Xt/

it ‘ B

246/191
230/191
223/191

0.4%
2.68%.
5.48%.

R from (26.2)]0.98+-0.11[1.22+4.0.23|—2.06+0.13| 0.37 +0.04 {0.76+0.07
R from (26.3){0.7040.09/1.91 +0.19|—2.48+0.11]| 0.61+0.07 10.85+0.07|

R from (26.11]0.934—0.“ 1.38+.0.23[—2.18+.0.13/0.028+0.004/0.63+0.07

In this analysis we chose data with ¢*> = 0.5 (BeV/c)®.
If this limitation is not imposed, then, as can be seen
from Table VIIL, for W = 1.8 BeV Egs. (38) and (39) can
satisfactorily describe the data in the case where Egs.
(26.2) and (26.3) are used for R.

The values of A; and 8 obtained by us are in agree-
ment with the values found by Miller et al, [?]

If we assume that 2MW, and vW; are related by the
equation

2MW,=o'vW.(1+D/0’)! (41)

and vW; is given by Eq. (38),-then for the parameters
being varied we find (W = 1.8 BeV):

A,=0.50+0.08, 4,=2.35+0.17, 4,=—-2.71=0.10.
$=1.03+0.,09, D=0.33+0.07

(x*/x* = 215/191; the confidence level is 11.5%).

In conclusion we would like to mention that there are
seven points of refs. 1 and 2 which give a large (greater
than 9) contribution to x? for all of the parametrizations
considered by us. I these points are not included in the
analysis of the data, the quality of the description is
substantially improved in all cases.

4. CONCLUSION

We have analyzed the existing data on deep inelastic
ep scattering. We have separately analyzed the data of
the SLAC-MIT group'!’?) and the world data.[*:2:%:7]
We have shown that for W = 2.3 BeV the data are satis-
factorily described on the assumption that the function
VW2 depends only on the scale variable w. Various
parametrizations of this function were considered.
Violation of scale invariance of YW, was introduced. It
was shown that the parameter characterizing the viola-
tion is nonzero only by two standard deviations.

Various expressions have been considered for the
ratio R. The existing data do not permit definite conclu-
sions to be drawn about R and the scale invariance of
2MW,. For unique determination of the ratio R, data are
necessary on the cross sections for deep inelastic scat-
tering of leptons by protons over a wider range of the
kinematic variables.

We have checked in detail the validity of the relation
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The authors take pleasure in thanking A. A. Ansel’m,
Z. Kunst, and Ya. A. Smorodinskii for helpful discussions
of the questions considered here.

DThe possibility of this behavior of the structure functions was dis-
cussed many years ago by Markov. [3]

DPreliminary results were presented at the XVI Conference on High-
Energy Physics at Chicago and Batavia in September 1972.
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