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The possiblity of four-photon parametric generation of uv and far-ir photons in gases under
quasiresonance conditions is discussed. Estimates of nonlinear susceptibilities are used to show that
the threshold for the four-photon generation of light in gases may be lower than the three-photon
threshold in solids. The density matrix approach is used to derive expressions for the nonlinear
susceptibilities and threshold excitation intensities for the interaction between fields and two- and
four-level systems. It is shown that quasiresonance generation in gases is essentially determined by
pressure effects, self-absorption of spontaneous emission, and saturation effects. The optimum gas
pressure and pump difference from resonances in the medium, the synchronism conditions, and
possible tuning of generation frequencies are discussed. The excitation thresholds are estimated and

tuning curves are obtained.

1. INTRODUCTION

One of the topical problems in modern nonlinear
optics is the production of coherent and frequency-
tunable radiation in the far uv and ir. In these spec-
tral regions, solids exhibit broad absorption bands
and this restricts the range of application of nonlin-
ear crystals for the generation of radiation. Possible
ways of overcoming these difficulties depend on the
utilization of nonlinear phenomena in gases and metal
vapors. However, the use of gases as nonlinear media
gives rise to a number of problems. Most crystals
exhibit quadratic nonlinearity, and phenomena based
on this type of nonlinearity are the most extensively
investigated in optics at the present time. They include
three-photon parametric processes which can be used
to achieve continuous frequency tuning in the downward
direction.™! Atoms and centrally-symmetric molecules
of gases form media with cubic nonlinearity in the
electric dipole approximation, Four-photon parametric
processes which can be used to achieve continuous
frequency tuning, both in the upward and downward
directions, may be associated with this nonlinearity.
Among the advantages of gases are the presence of
narrow resonances and the possibility of continuous
variation of particle density, spectral linewidths, length
of the medium, and refractive indices of the frequencies

of the interacting waves (when a buffer gas is employed).

Nonlinear susceptibilities of gases may be substan-
tially increased by using resonance phenomena. How-
ever, this is also associated with an increase in the
linear absorption. Since the Lorentz linewidths and
relaxation times are functions of pressure, the depen-
dence of absorption, refraction, and nonlinear suscep-
tibility on pressure and the form of the resonances will
be different for different pressures. Moreover, in some
cases, there are important saturation processes which
may be looked upon as the dependence of these para-
meters on the field. Knowledge of these functions is
essential for the use of gases as nonlinear media. Ex-
perimental studies of nonlinear resonance phenomena
in potassium vapor[z"*] have shown the presence of
strong violet and infrared radiation connected with
four-photon parametric processes. The effects of
parametric processes in the emission spectra of gases
at distances less than the Doppler linewidth from the
resonances were considered in®! in the case of two-
level systems and in'® for four-level systems.
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The threshold for stationary parametric generation
in gases in the case of excited levels was estimated in("1
and in the case of transitions associated with the ground
state in'®’, Experiments on third-harmonic generation
in alkali-metal vapors and noble gases were recently
reported in!® 7,

In this paper we analyze the optimum conditions for
the excitation of parametric generation of light in gases,
and consider their relation to saturation phenomena and
elementary processes. Particular attention is given to
the possibility of producing frequency-tunable radiation
in the far uv and ir.

2. THRESHOLD FOR PARAMETRIC GENERATION

Let us consider the conditions for the excitation of
parametric generation when for each of the generated
frequencies w, and w, there is a separate resonator and
the conditions of phase-matching, i.e.,

010, =20p, kitk.=2kp

(2.1)
are satisfied.

Sufficiently high pump intensities can be reached
either by placing the nonlinear medium in the pump-
laser cavity or by focusing the pump into the nonlinear
medium. In both cases, the equations for slow ampli-
tudes'! can be used to show that the excitation condi-
tions and the pump intensity threshold Iy, are given

by DT, (DT 7"
I=—S B, l>1, =_f_[(___)L___)] i
8n 8n 0‘0'2l2

(2.2)

Here, D; are the absorption coefficients in the nonlinear
medium of length I, T]- are the transmission losses of
the mirrors at frequency wj per pass, 0j = 1wy 3 @) /c2n-4
and S((m is the component of the parametric susceptibility
tensor for the process of the corresponding order.

For a three-photon process
oito,=0p, kitk=kp

and the formula for Iy, can be written in the form*!

¢ (D+T) (D,+T,)
8n 06,0202 ’

Ilh = (2.3)
We shall show that there exist conditions under which
the threshold for four-photon generation in gases does
not exceed the threshold for three-photon parametric
generation in solids. Denoting the corresponding para-
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meters by the subscripts g and s, and assuming that all
the wavelengths and mirror transmission coefficients
T of the mirrors are equal and that D < T, we find that
the threshold given by (2.2) does not exceed that given
by (2.3) when
For [g —lcm Il =10cm, T = 0.05, A =10* cm, and
& = %3 x 10°° esu," the condition given by (2 4) corres-
ponds to xé‘” 1.4 x 10" esu. An order-of- magnitude
estimate (See Secs. 3 and 4) is ¥’ ~ Nd*/4% 2| where
N is the density of atoms in the r%onlmear medium, d
is the modulus of the matrix element of the dipole mo-
ment of the transition, and 2 = w —w, is the character-
istic frequency difference from the atomic resonances
for the interacting fields. It will be shown below that,
in many cases, it is convenient to take N ~ 10" cm®,
for which D < T if ol > 1012 ¢!, Assuming that

= 5 x 107'® esu, we obtain 7.’ ~ 6 X 107! esu and,
consequently, the threshold is lower than for the three-
photon generator.

We must now consider particular expressions for
X and D; including saturation effects, and establish
the connection between the threshold pump intensity
and microscopic parameters of the medium and elemen-
tary processes in the gas.

3. PARAMETRIC FREQUENCY TRANSFORMATION
IN THE CASE OF A TWO-LEVEL SYSTEM

One of the nonlinear effects which arise during the
interaction between a two-level system and a strong
field of frequency wp and weak radiation of another
frequency w, is the appearance of polarization at the
frequency w, = pr —w,. Similarly, the field at the fre-
quency w, facilitates the appearance of polarization at
frequency w,. When the self-excitation conditions are
satisfied, the generation of fields at frequencies w, and
w2 in a strong field of frequency w, becomes possible.
The threshold value of the pump 1n€ensity, which is nec-
essary for the excitation of this generation, can be de-
termined from the material constants of the medium.
This means that we must calculate the components of
the density matrix f (wj) at the corresponding frequen-
cies. If we use the density matrix, we can find the po-
larization at any frequency w]-

P (0;) =Sp<p(0;) . (3.1)

In this expression, d is the dipole-moment operator for
the transition. The angular brackets indicate averaging
with respect to the velocities of the atoms.

Suppose that all the frequencies of the interacting
fields are closest to the mn transition frequency
(Em > Ep). Solving the equations for the density ma-
trix, normalized to a unit volume, and retaining only
first-order terms in the weak fields, we can obtain’
the following expression for the nondiagonal elements
of the density matrix at the frequencies wj of the weak
fields:

Pmn=Tnm exp {i(@—k;r)}+F.mexp {i[ Rop—a.)i—(2kp—k)r]},
; (N.—Nn)G;(I*+Q '2)
[T*(1+%)+Q '2] (T+iQy")
(2T—iAy) [T—i(2Q4 —Q) 11,1 Gpl® }
(l'*iS?P') [(T+iQ;") (F~iZQP'+iQ,-) 217 (I'—iA") |GP|Z]
1
() 19571

Tam=

x{lf

Fam = —
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(N.—N.) Gp*Gy (TP 4+Qp"%) (2T +iA )

X @) (T 20—, F2a(THA) G (T+ie)  (3-2)
In these express1ons Q! —k; oV
] P 2,0 1,0
=Wjp— —kj pV, Aj =—Aj, Wyy 1S the frequency of

the trans1t1on under consideration, A} —Q’ Qi Nn
and Ny, are the level populations in tgxe absence of the
field, integrated with respect to the velocity,

o E;pdun FntTa—Ymn
P ' [nl.l

I=lwn; ®=2 |Gpl?;

2k
Lot Tu—Yma 214,

= Dot D Yma T204;,
Y T tiA, ) (Tatid, )

i, j =1, 2, T is the homogeneous transition width, and
Ym,n is the probability of relaxation per unit time from
level m to level n, Using (3.2), we can calculate the
corresponding susceptibilities at the frequencies w;
which, in general, are functions of both le\ % and k.

The component rj,, represents the change in the ab-
sorption and refraction at the frequency w. due to the
different nonlinear effects, and t,, represents the
change in the parametric polarization in a strong field.
If we can expand in terms of G,,, the resonances at

i = 0 and 2; = 2Q, can be interpreted as being due to
two- and three-photon processes. The strong field mixes
different elementary resonances, forming new nonlinear
resonances which are the poles of (3.2). The result is
that the classification into one- and two-photon processes
becomes meaningless. 03] This phenomenon can be inter-
preted as the splitting of energy levels in a strong elec-
tromagnetic field.'"*"**) When Q4 = 22,24 =22 i =0,
which is accompanied by strong absorption of tg1s wave.
In the ensuing analysis, we shall confine our attention to
the case when all the departures from resonances are
much greater than the homogeneous (I") and Doppler
(kVv) linewidths

|Qp, Q.2 Ay 2| >T, k5, (3.3)

and, moreover,

[Gol/Q¢,  |Gp|¥ |20 <1. (3.4)

Conditions (3.3) and (3.4) enable us to neglect the mo-
tion of particles, and to remove averaging over the vel-
ocities in (3.2) by substituting v = 0. When (3.4) is satis-
fied, the splitting of the energy states in a strong field
can also be neglected. However, because of the difference
between the relaxation constants T and I}, the following
condition may be satisfied:

= (41/T,) | Gpl Q% (3.5)

and this means that there is a change in the populations
in the pump field. Therefore, when (3.4) and (3.5) are
satisfied, the main effect of saturation is the saturation
of population difference.

If the level n is the ground state and the level m is
unoccupied in the absence of the pump, then in (3.2)
we must pass to the limit I}, -0, (O —¥mn)/T}, —1,
m — 0, N, —N. Using (2.2) and (3.2), and conf1n1ng our
attentlon in these expressions to terms of the order of
|Gpl*/Qp, we then have the following equation for Iy,:

A2 N
1, = erisl [H&(QP A9 (1+ Itn )]
4nd? D Qp I, (3.6)
T, (Qpt I th :
[1+ (Q AN (1+ th )] ,
D IS
where
4nd*T'N1 Amn
Dl —_— " . R = 2 2
oy o’ d*=|dp,|?,
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T 4md2l DX Y QpFAN AL

The quantity D° is the field unsaturated value of the pump
absorption coefficient in the nonlinear medium, and D]-
represents the saturated absorption at frequency w..

The factor 1 +1y,/Ig on the right of (3.6) is due to
equalization of the level populations in the strong field.

Equation (3.6) has physical solutions and, conse-
quently, generation is possible only when

0<A<|Qp|VIHf, if f>1;

|20l VT—g<A<|Qpi VIF], if

_ 4nd’NInl
 VT.T,hIQ,l2%

The significance of these conditions is that, for suffi-
ciently large frequency difference between pump and
resonance, the generation is possible if the maximum
departure from resonance of one of the generated waves
" is not too large (right boundary) and the frequency of
the other is close to the resonance (left boundary).
Generation stops for Aj in excess of a certain value
because of the reduction in the parametric susceptib~
ility due to the saturation as the pump increases. Sat-
uration processes, in turn, have a strong influence on
the effective relaxation time of the level populations
in the nonlinear medium in the region of the interac-
tion with the field [the factor 'y /T in (3.7)].

=t (3.7)

=D |QpI T2V T T,y A=|Ayl.

The effective relaxation rate may be substantially
reduced by the trappm% of spontaneous emission within
the interaction volume*'®

Tm=FAp,;

F=1, if k<15 n F=16/kaVnlnka, if La>15. (3.8)
In these expressions A, is the probability of sponta-
neous transition from level m to level n, ko is the ab-
sorption coefficient at the center of the line due to the
transition mn, and a is the minimum size of the inter-
action region (cross section of the pump beam). In the
case of opt1cal transitions and particle density
N ~ 10" cm™, we have F =~ 0.005. The homogeneous
line half-width T is also a function of pressure and
consists of two parts, namely, radiative and collisional:
I +Teol = I'. If the collisional broadenmg is due to

resonance exchange on collision, 6] then
Amn N 1
M~ —_ Ny=——
ra (1 No) " (3.9)

It is clear from (3.3)—(3.7) that I, is a complicated
function of A, Qy, N, and /. These parameters are re-
lated by the additional conditions Df < Tj which impose
a restriction on the admissible absorption in the non-
linear medium. The admissible values of N for given
Qp and A can be determined from the graphs given in
Fig. 1, which were constructed with allowance for the
relationships given by (3.9). The choice of N determines
both the size of the threshold and the range of possible
changes in A. The possibility of frequency tuning in-
creases with increasing value of 8 = |Qplf, which is
given by

1 VIn2k5+0. 5Ama (1-+N/Ny)

=Qplf » —————— 3.10
p 1= a VT.T,nlnka(1+N/N,) ( )

Since for optical transitions we always have kv >> A,,,,
maximum tuning is acheved when N < No. It is clear
from (3.6) that, as the pressure is reduced, when

N < Ng and D° < T,, the threshold increases in pro-
portion to 1/N. When the pressure is increased and
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FIG. 1. Particle density as a function of departure from resonance
for fixed unsaturated absorption: /=10 cm,d =5 X 1078 esu, D° = 0.1
for curve 1, and D° = 0.01 for the others; (1) A = 100 u, (kv = 2.5 X 107
sec’!), 2)A=10.6 u (kv=2.8 X 10® sec?), 3)A=5.3u (kv=5.6 X 10%
sec™!), (4) A = 62804 (kv=75 X 10% sec’!), (5) X = 31404 (kv = 101°
sec’), (6) A =2512A (kv =1.2 X 10" sec™), (7) A = 1256A kv=25
X 1010 sec’!).
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FIG. 2. Tuning curves and generation ranges for the two-level system
(in the shaded region parametric generation is impossible)./ =10 c¢m,
a=0.1cm, T, , =0.01,d=5 X 10" esu, (1-3) \ = 6280A, N = 10%*
em™, kga =90, F=0.0047,8="7.4 X 102 sec’!, (4)A=1256A,N=5
X 1013 cm™, kga =45, F=0.01,8=7.2 X 10'3 sec’!. Curve 3’ corre-
sponds to the lower part of curve 3 with an expanded scale. A = [2p -2, |
=|§2p -2, 1. Curve (1) 1Q2p] = 1012 sec™?, (2) 1251 = 6 X 102 sec™!, (3)
[p]=2.2 X 10" sec™!, (4) 12p1 =7 X 103 sec™

N > Ny, i.e., in the region of collisional broadening,
the range of possible values of A will contract. At the
same time, the threshold will increase in proportion
to T|§,. It follows from the foregoing.analysis of
(3.6) that optimum densities lie in the region N ~ No.

It follows from (3.7) that for optimum densities and
increasing mpl the range of possible changes in
m | = mp + A] at first increases and eventually reaches
the maximum value A = /23 for I.Qp\ =g (0<Aa<V23
= JTlQ ). The quantity f then becomes less than unity,
and generatlon close to degenerate, A K [Qpl, becomes
impossible, Moreover, the tuning range conFracts some-
what and becomes equal to B(\52p| -1/28< a< mpi
+1/2B). The change in the tuning range with increasing
Qp is illustrated by graphs a-d in the lower part of
Fig. 2. The upper part of the figure shows the tuning
curves for different values of |Qp| and Xy,,. Curves
1-3 correspond to optical pumpmg and curve 4 to ultra-
violet pumping. Curve 1 represents the case when
192,! < B and a shows the tuning range. Curve 2 repre-
sents the case \Qpl = B and b shows the tuning range.
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FIG. 3. Frequency conversion using a four-
level system.

Curve 3 corresponds to the case |Q,| > B, when the
tuning range splits into two (c and d). Curve 4 repre-
sents the case mp| ~ B. The breaks in the curves and
the shaded parts on the diagrams of the tuning ranges
correspond to values of [Qjl, A < k¥ for which the
above formulas are not valid. When the graphs were
constructed, steps were taken to ensure that (3.4) was
satisfied. It is clear from Fig. 2 that the threshold is
a relatively slowly varying function over a range of a
few angstroms, and then rises sharply as the critical
values of A are approached.

The generation threshold is a function of Q.. As
|, increases, the threshold at first decreases lin-
early, and then for D° < T, the variation is more rapid
and the rate of variation is a function of A. It can be
shown that when [Qp| ~ ISZ]'I ~ 10k¥, the generation
threshold may be reduced ‘down to 100 W/cm? for op-
tical pumping (x'*’ ~ 10°° esu) and of the order of 10°
W/cm? for ultraviolet pumping (A ~ 1200 A).

We may therefore conclude from the foregoing that
when the synchronism condition is satisfied, the two-
level gas systems can be used to transform the frequen-
cy of radiation by an amount of the order of Q, both in
the upward and downward directions, and can ge tuned
within these ranges by an amount corresponding to a
few thousand Doppler widths. This may be important
for nonlinear and active laser spectroscopy at high
resolution.

We must now analyze possible applications of four-
level gas systems for frequency conversion to values
very different from the pump frequency.

4. FREQUENCY CONVERSION IN
FOUR-LEVEL SYSTEM

In these expressions
[Gmal? | Gyl

Pulry PP
Q=R nt sy Q=00 Q0 =R1—Qpn, Go=—Epd,/27 and so on

D=1+ s Pry=T01—iQm Q' =0:—0m,—k,v and so on

The diagonal elements and the pre-exponential factors
in the diagonal elements of the density matrix, r, and
Ipqs are solutions of the problem of the interaction

o? the system with only strong fields:

GrnGnj ( Fn—Im Ti—Tn )
- - 1

T'mj

CP. P P,
. Gy 4 (ri=Ta) |G+ (ra—rm) | G| ] )
e CPry; [r, " PnPrmj ’
. Gun (ra—Tw) |G+ (ry=12) |Gn,lz] (4.3)
T'ma=—1 I'n—"m ;
CPpn [ P,iPrm;
Lolm=Qnm,  Taa=0Qjn— (1 — YI:'" )Q,.,,., Pmtrotr,+r;=N,
| Yiu [ Ymi it ( Fn—Ymn )]
= ——Qnt - 1—— amy
Cett)r=yal == Qn |7~ T, /1¢
where
2 G.i|?
C=1+ 1Gal? | "’—l—, Qun=2Re(iGumlmn), Qin=2TRe(iG;r.;).

. PuP. Lonn

Pr;

In (4.1) and (4.2), it is assumed that the synchronism
condition Qp; + Qmn = Q@ml +27 is satisfied. We shall
also assume henceforth that all the differences between
field frequencies and the resonances, with the splitting
of the energy levels in the pump field taken into account,
are much greater than the lindwidths. In particular, the
conditions for two- and three-photon resonances are
also not satisfied. The averaging with respect to v is
then removed from (4.1) and (4.2), and we may set v = 0,
We shall also confine our attention to the case when

[Gasl? |Gasl? |Gnyl? <1 [Gmal? [Grmnl?
1QnQmnl " 120Qul 7 Q0] T 1QnQul T 190l

<M1,
(4.4)
for which level splitting in the case of optical transitions

can be ignored. The change in the populations under the
influence of the field can be neglected provided

T, 16, |GGl 1
, Re( }«1,
T, Q.7 T. PanP P
1GaGol? Yo 1GraGosl Tl (4.5)

<1,

Ao ot
Fl+"{jz PmnPanmj I'm l‘n(I‘I+YJ'[) Qnngmz
If the level j is the ground state and the transition j

Consider the interaction between four electromagnetic COrresponds to the submillimeter band, then when (4.5)

fields and the four-level system shown in Fig. 3. The
pump frequencies in this case are different and are
close to the nj and mn transition frequencies. Solving
the equations for the components of the density matrix
in the first approximation in the generated field, and
evaluating the polarization at the corresponding fre-
quencies, we obtain the following expressions for the
susceptibilities:

~ )= idindnmdmdi; | T
)(,((A)Puﬁ)pz, o1 4( A*DP oy Pnby

Gn ¢ ; Tnj
_(1+' ’l),r"” il ]>
Puil ] GG, GiPri v

-( ) _ id;nd»mdmldu rN—rm
K0 Opn T2 _< WDP; L PuPur (4.1)
+(1+ [Gomnl? ) Twi e ]\ :
, , :
PP ] GonGri'  Gunbur 1/
il dml? |Gnsl? GmnGaj Gmn
)= 1+ ) =) + i )
(@)= C7op., [( Py ) T o
Iy} |Gl (2.2)
ildyl® Gumnl® GmnGnj Gaj
= i + —r)— im0 "]> .
1@ =Tpp, [(1 Pnrpmf) ) = i)
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are satisfied, only the levels j and ! will be populated
and Nj/Nj =71 = exp{—’hwij/kBT}. The result is
Ndndm@midy;

;(((Dpn, Mpz, —0,)= i(mph ®pz, —z) =— m ’

_ 4ﬂ|dz;|z 1—7] Nru 1+’VI;/I. _ 4ﬂ|dm1|2 n Nrml(q_.e)
TR 4 QF (L) XA At Qud
where 2.0 B

F=(1+ Q,.Q,,.Q»( i _ ) ,
(1+1) QuQmi; Q0 n
STy L G (4.7)
T ' 1. Q&

From (2.2), (4.6), and (4.7) we find that the necessary
condition for the excitation of parametric generation is
that the intensities satisfy the condition

LI
LI>I¢ (1+§7T‘+gl_:2),

(4.8)
where
c ch? 2T ,+vD,’ T,
L= —IBpl?, L= QQu, E=", t=—
! 8n l Pll ! 2J!|d1i|z ot g AL Al
L[ €\ KEAASASF? ., TADp , (4.9)
I} = (——';) Y i = ) D, =Dj|n=o-
8n |dindnm@midi;] *N !
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We shall assume throughout that
D<Tr (4.10)

If as a result of the trapping of the radiation in the

nj transition and small I7 + vjl, the last two conditions

in (4.5), or one of them, are violated and are reversed,

whilst the remaining conditions are satisfied, the par-

ticles are pumped from level j to level I through step-

wise and two-photon processes involving the cascade

j —n —m. At the same time, according to (4.3),

N7~ N> N, Npy, Nj, i.e., we have population inversion

on the transition l]-. In that case,

- - Nldjndnmdmdy|
% (0p1, ©po, —01) =K (0ps, mplv_w2)='—mv (4.11)
— 4nldy*NTy; A+vI/1, z=4n|dm:|zNsz L (4.12)

XAQF  (A+1/1)2 7 KohiQmi®

where F’ = [Q7iQn19mil -

The dependence of ¥ and D; on I, is due to the split-
ting of the level j in the pump field.""* **! The condition
for parametric generation in the case of the inverted
population on the transition /j has a form analogous to
(4.8), except that D,,, and F’ are given by (4.12).

Let us now consider the case of nondegenerate pump-
ing when different fields interact with the transitions nj
and nm. The solution of (4.8) for I, can be written in the
form 1" <1, <1,

1—EK+Y (1—EK)*—4E K> Iy

(1.2)
= I, K= .
L 2tK LI,

(4.13)

Figures 4a and 4b give a qualitative illustration of the
generation region for the equilibrium population and for
inversion in the case of the transition /j, respectively.
In contrast to the situation when the susceptibility is
field-independent, in the present case, the pump field
intensities have both an upper and a lower limit. At a
certain value of Io, the solution of the quadratic equation
given by (4.8) may become degenerate I\’ =1;?'] which
corresponds to the end of generation. Further increase
in I, prevents generation because the increase in the
pump intensity does not ensure that the gain will exceed
the saturated losses, due to the dependence of ¥ on I,.

I

sl

7
?2) (7] o
%1y
' 7
l c | d
I 1 1
| |
| l
I (2 !
: 4 /) : Jacz
VI | !
| | !
A AR AL e
() |
77 ! T
1 L e 10
I;” 12:; [;ﬂ 7,

FIG. 4. Regions of four-photon parametric generation. I,/|Ig| = 2,
D, =T,/2. (a) and (c)—equilibrium populations; (b) and (d)—N; > Nj,
(a) and (b)—wp; # wp,; (d) and (c)—wp; = wp,. When I3 > 0, genera-
tion is possible for I, < If)” and for Ig < 0, generation is possible for I,
< Iff), In Figs. ¢ and d, the symbols next to the curves should be I(l”
and I,
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Therefore, parametric generation is possible for the
following parameter ranges:
1)

1< (M), if (1L")*=>0,

and Ir< ™y, if (10))*>0 (4.14)
[here (I§V’*')* =1g/(¢ + 2/F) for any I, provided

(15,%)® < 0]. In the absence of inversion on the transition
Ij(T, < A}l), generation is possible for I, = I¢"’ if Ig > 0,
and I, = I$* if Ig < 0 (Fig. 4a). Therefore, when a non-
linear resonance with one of the quasilevels is possible
due to the increase in the parametric susceptibility, the
range of parameters in which generation is possible
expands [I5"' > I$"']. If DY < T, then for Ig < 0 we have
I§¥ — . The region near the nonlinear resonance

I, =—Is must be excluded, since (4.6), (4.7), (4.11), and
(4.12) were obtained under the assumption that
Ly 1ko  (kp—k)7

7 B R P (4.15)
It is only when this condition is satisfied that we can
neglect the Doppler effect in the neighborhood of the
nonlinear resonance. Moreover, the equation for the
threshold, given by (4.8), was obtained on the assump-
tion that D, and 0Ep1El were small, which is also

not satisfied at the exact resonance. In the case of in-
verted populations & —2/Z < 0, so that if I < 0, genera-
tion is possible for any I, (Fig. 4b).

|1+ |>

When the pump is degenerate (I, =I; =1), the solu-
tion of (4.8) has the form

I(|)<I<I(2)7
Jon = EKEVERHK(1-LK) o 17 (4.16)
2(1-tK) " 1?2

This solution is illustrated graphically in Figs. 4c and
4d in the case of equilibrium and inverted populations
on the transition /j, respectively. The generation region
in the case of the degenerate pump with equilibrium
populations is determined by the following inequalities:

2 Il
Io<Io( )= 4_
v4r-¢*

Parametric generation has an upper bound only when

Ig < 0 in the region I, > I, If the populations on the

lj transition are inverted, then, as I, increase, genera-
tion does not terminate (Fig. 4c). The presence of a
submillimeter transition can be used to reduce substan-
tially the threshold intensity through a reduction in

§2j. Absorption at the frequency w, then becomes quite
small. If the submillimeter transition corresponds to
the transition ml, then according to (4.1) this possibil-
ity of reducing the threshold is no longer available. The
above discussion of the solutions for the threshold

(4.8) enables us to go over to the analysis of specific
conditions for frequency conversion.

10<1§”=L1, if 1,>0,
T

. i L<0. (4.17)

Consider the possible transformation of frequencies
w, and w, for a given degenerate pump frequency
(wpq1 = wpy). Figure 5 shows the variation in the genera-
tion threshold with simultaneous variation in w, and
w, when w, lies in the infrared. With the chosen values
of the parameters, the nonlinear resonance does not
appear and I = I,. By passing from one intermediate
level to another, it is possible to achieve frequency
conversion in the optical and infrared bands under
quasiresonance conditions. Since for certain pump in-
tensities all the particle may be concentrated on the
level I, and this process is difficult to control numeric-
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10" 102 197 19"
Ky, sec”
FIG. 5. Tuning of uv and ir frequencies for fixed degenerate pump
frequencies. (1) \p = 62804, A, ~ 31404, \; * 10.6 u (n < 1), (a) Qpj
=1.8 X 107 sec’!, &2, =10" sec’!, (b) Qg = 1014 sec",Qmj =5 X 1012
sec’l; (2) Ap = 25124, A, = 1256A,\; =10.6 u, (a) Q,j=5X 1012 sec™,
Qmj = 10" sec™?, (b) pj = 10", Qpyj = 10" sec™, For curves (a): N
=N=5X10"cm3, (b) Nj = N—curve 2, Fig. 1, Dp = <0.01. For curves
(1a") and (1b") N; = N—curve S, Fig. |; remaining parameters as for la,
1b and 2a, 2b, respectively.
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r1a7

108 /

107 //
/
2b
LY //// 2a
/

14 L L L
,070 I”” ]”72 Ioﬂ
fyj, sec

(] I L TN
__]07!7 _7012_7”" '7,0’”

FIG. 6. Tuning of ir and submillimeter radiation for fixed degenerate
ir pump frequencies. Ap = 10.6 4, \; = 100 p, A, = 5.3 , (1) Qpj = 2.8
X 107 sec’!, Qpj=-2.8 X 10° sec™?, (2) 2yj =-10"" sec”!, Qpj =6
X 10% sec™, (3) Spj =-10"2 sec™, Qpyj =-10'" sec™!. Curves a—equili-
brium populations. (1a) N=3.2 X 1012 cm™, (2a) N=1.3 X 10" cm3,
(3a) N=1.3 X 10'S cm™. Curves b—N; = N, curve 3, Fig. 1.

ally, the transformation conditions in the case involving
population inversion have been considered separately
(curves a’ and b’). We have chosen those cases which
are consistent with (4.4) and (4.10) and illustrate the
possibilities of reaching low thresholds or large tuning
ranges. The rapid reduction in the threshold intensity

in the case of inversion for Qm7 > 0 is explained by

the resonance on the transition j, and for Q,,; < 0 by
resonance on the forbidden transition nl. The break on
the curves 1b and 2b in the region of the /j resonance

is explained by the violation of (4.10) in this region. All
the curves begin with values of Qp,; for which inhomog-
eneous broadening can be neglected. The break on curves
la and 2a is connected with the violation of (4.4). The re-
maining curves break off when [Q ;| ~w, ~2 x 10"
sec’ .

Figure 6 illustrates the generation of frequency-
tuned submillimeter radiation using an infrared pump,
which means that a higher quantum conversion coeffic-
ient can be achieved than for the optical pump. These
curves were constructed subject to the same conditions
as in Fig. 5. The sharp maxima on curves 3a and 2a
for 2jj < 0 in Fig. 6 are due to the population of the
level lJ The contributions of the states ! and j to the par-
ametric susceptibility (these levels are populated in
accordance with the Boltzmann distribution) are mut-
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FIG. 7. Variation in uv frequency due to non-degenerate pump fre-
quency variation (wp, ). The frequencies wp; and w, are fixed. A\; = 100 4,
n=0.63, [l = 10" sec”, Nj + Ny = N =103 ecm™. (1) Ap; = Ap;
~ 62804, \, ~ 31404, Qnj=10" sec’!, I, = 10° W/cm?. (2) Apy = Ap2
~ 25124, )\, = 12564, Qpj=6X 10" sec™?, I, = 101! W/cm?. (3) Ap,
~ \py =~ 62804, )\, ~ 31404, Qpj = 10" sec™, I, = 10° W/em?. (4) Ap,
~ \py = 25124, \, = 12564, Qpj=6X 10" sec’!, I, = 10! W/cm?.
For curves 1, 2', 3', 4' the parameters are the same as for 1, 2, 3, 4, re-
spectively, but N;=N. (a) s> 0 (Q{j >0); (b) Is <0 (24 <0).

FIG. 8. Variation in the uv frequency for varying degenerate-pump
frequency. The frequency w; is fixed. Ap = 25124, \, = 12564, 7,
=100 p,n=0.63, 845 =-1.6 X 10° sec’!. (1) N = 10" cm™3, Wmn—Wnj
=4 X 10 sec™!, (2) N=10" cm™, wmp—wyj =4 X 10" sec™?. For
curves 1’ and 2' the parameters are the same as for N; = N. In the
figure read (-I).

ually compensated in the immediate neighborhood of
the ml resonance. This leads to a sharp increase in
the threshold intensity and a possible end of generation.

We now consider the transformation of radiation of
frequency w; by tuning the pump frequency w o with
fixed wp1 and w,. In this case, the splitting of the level
j in a strong pump field becomes important for large
frequency changes. In the absence of inversion, we can
use (4.14) and (4.9) together with the condition
1275 | < 12njl, 92mil to show the following inequality
which defines the range of variation of Qn,;

32x°d* (1—n) *N°I,
CALALR KA (1) 21 Q0 Q] [E£2TE

The positive sign corresponds to Ig > 0 and the lower
sign to Ig < 0. Figure 7 illustrates the tuning of the fre-
quency w with the optimum ratio of the parameters and
different intensities of the tunable pump. It is clear that,
for equilibrium populations the tuning range for Ig < 0
will be greater by an order of magnitude than for Ig > 0,
As I, increases, the relative retuning of w; increases
from a few percent up to several tens of percent.

Q< (thz)crit‘= (4.18)

If under the action of the pump field there is a pop-
ulation inversion on the j transition, generation will
not cease during frequency retuning due to the splitting
of the level j when Ig < 0 (curves 1’a—4’a). When
Is > 0, the quantity QST is given by (4.18) with 7 = 0,

In the case of a degenerate pump, the conversion of
w; at a low fixed value of Qy; satisfies the condition
2ml ~ Qnj + Qmn- According to (4.17) and (4.9), the
tuning range depends on N and QJj as follows:

) o 16x‘d* (1—n)* . [ 4[E—874]-, if I.<o,
Qi <(le )crit~ Xlx'zA’oAzohz(i_*_n)z {c—l, if 1,>0. (4.19)
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Figure 8 illustrates the conversion of radiation in the
far uv. The curves were plotted for the optimum situ-
ation when the maximum possible tuning range [accor-
ding to (4.19)] corresponded to the nj resonance. The
break on curve 1 is due to the change in the sign of
Qn; during the tuning process, so that Ig < 0 for

Qmi > STt For the remaining curves, Qy; and I
change sign for Q7 < lel . As before, (4.4) and
(4.10) were satisfied for these graphs.

We may thus conclude that the above analysis and il-
lustrations show that, when spatial synchronism can be
achieved, gases can be effectively employed for the vac-
uum uv and far ir in the case of four-photon parametric
generation under quasiresonance conditions.

5. CONDITIONS FOR PHASE SYNCHRONISM

We shall now consider the conditions for precise
phase matching (Ak = 0). Synchronous interaction be-
tween waves may be ensured either by specifying the
angles between the vectors k;, or with the aid of a
synchronizing buffer gas. The refractive indices at
the frequency wj have the form

n~1+2n Re y, (05),
where xg(wj) is the susceptibility at frequency wj
which, in general, is a function of both |Gp|® and
|G1,2/%. The terms which depend on |G,,,|* determine
the stationary generation states and, since we are con-
cerned with the analysis of only the generation threshold,
they will not be considered. For I < Ig, the refractive
indices are determined by linear dispersion.

In the two-level system, where the main saturation
effect is the saturation of the population difference, the
conditions for synchronism for I > Ig are merely less
stringent. Using (3.2) and (3.6), we have for the col-
linear interaction

4N |dI*IA® I\t
8kl = (kytke—2ky) l=— —————— —
( P AR Q2 Qp (1+ 1.)
Qp A? I\
=D
I Qp—A? (H 1,) ’
For fixed Qy, and pump absorption D°, the quantity 5k!
increases as A approaches Q,. Precise synchronism
(Ak =k, + ke — 2kp = 0) can be ensured for the noncol-
linear interaction when 6k! > 0. The latter occurs when

(5.1)

Q,<0 for A<|Qp|; Q>0 for A>Q,. (5.2)
In this case, the angles 0,,. between k,,, and in the
region of small values 0,,, < 1 are given by
Ay 2N Okl '
v (T T+A/hs ) (5.3)

Assuming that A = 10'® sec”’ in the case corresponding
to curve 2 in Fig. 2, and A = 10"® sec! in the case of
curve 4, we have 6kl = 0.14 and 6kl = 4 x 107%, respec-
tively. In both cases, 6k! < 7/2, which allows collinear
interaction.

We must now consider the possible application of the
synchronizing gas as a mgans of ensuring collinear in-
teraction when |6kI| > /2. The synchronizing impurity
dky! is given by

4Ny dZIA? I\t QP A I\
- —) =—DEr_— _(1+ )\ ,
Okl rzx,,fz,hszmpb( * I.b) T, Qf—A® ( I."\
(5.4)
where Qb =Ww; n —Wy, Wy is the frequency of the res-

onance transition in the buffer gas, which is closest to
the frequency wp,and Ny, is the density of the synchron-
izing impurity. It is clear from (5.1) and (5.4) that the
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synchronizing condition 6k =— 6k can be satisfieg for
19! ~ [2pl, Df, < D°. The ratio of the signs of 2p and
Qp depends on A (for A < IQpl, @p/Qp < 0). The para-
metric susceptibility due to the interaction between the
fields and both subsystems is given by the expression

4 - 4 -1
(1) e (1+L)
Qp(Qp—A?) 1, QP(QP—AY) 1>
and does not vanish when d # dp.

Fare

Let us now consider phase synchronism for paramet-
ric conversion in the case of the four-level system. For
the degenerate pump, and with (4.4) satisfied, we have

Ok=—

2m l Amt | *r,
[ 6.9

|di;%(ri—r) I\ | dns?r;
o ( ) -2
AL %.Qum

14+— .
0, I, Ap Qs

For a nondegenerate pump, the factor 2 in front of the

last term is replaced by unity. The contribution of the

submillimeter transition /j to 6k for equilibrium popu-

lations exceeds the contribution of the pump only for
[Qu(1-+1/1,) | <10-*|Quy].

Therefore, for the cases considered in Figs. 7 and 8,
the main contribution to 6k is due to the pump, and

|81 %1/,D° | Qs | /T n~110.

Analysis of the cases illustrated in Figs. 5 and 6 also
shows that, except for some individual and very narrow
frequency regions, the main contribution to 6k in the ab-
sence of population inversion on the /j transition is due
to the pump, whilst in the case of inversion this is due
to radiation at frequency w.. In both cases, |6kl| = 1 — 20.
According to (5.3), this detuning can be compensated
when ;> 0 (27 < 0 in the case of inversion) for
angles 8, ~ 0.1 when A, = 100 i and 6, < 0.01 when

A, = 10 . Another possibility is to use a buffer gas,

the main contribution of which to the refractive index
—_D.0 QPb

=Dy %

Synchronism is ensured during absorption in the buffer
gas, which is not greater than in the nonlinear medium,
provided

dp 2 TN Q7

doi |* N Qp°
da; | NT,QF

“dy | Ny Qs

~1, | <1.

When collisional broadening in both media exceeds radi-
ative broadening, i.e., I ~ 22.8Nd°/h, the last two equa-
tions are satisfied simultaneously.

Thus, phase synchronism during parametric interac-
tion of the above type can be achieved, and the specific
synchronism conditions are determined by each partic-
ular situation.

Analysis of time-independent generation in the case
of an internal pump, based on the assumption that syn-
chronism is accurately maintained during.the genera-
tion process,[lz] shows that this is possible and the re-
sults are analogous to those obtained in"'"1, The genera-
ted power may then reach a few tens of percent of the
pump power.

We are indebted to S. A. Akhmanov for valuable ad-
vice and useful discussions.

S. A. Akhmanov and R. V. Khokhlov, Usp. Fiz. Nauk

88, 439 (1966) [Sov. Phys.-Usp. 9, 210 (1966)].

®Yu. M. Kirin, S. G. Rautian, A. E. Semenov, and B. M.
Chernobrod, ZhETF Pis’ma Red. 11, 340 (1970) [JETP
Lett. 11, 226 (1970)].

*Yu. M. Kirin, S. G. Rautian, A. E. Semenov, and B. M.

V. I. Barantsov et al. 455



Chernobrod, Zh. Eksp. Teor. Fiz. 62, 466 (1972) [Sov.
Phys.-JETP 35, 248 (1972)].

‘A. M. Bonch-Bruevich, N. N, Kostin, S. G. Przhibel’ski{,
V. A. Khodovoi, V. V. Khromov, and N. A. Chigir’, V
sb. ‘“Nelineinye protsessy v optike’’ (collection: Non-
linear Processes in Optics), No. 2, Novosibirsk, 1972,
p. 75.

*A. Ya. Litvinenki, A. K. Popov, and G. Kh. Tartakovskif,
Trudy Vsesoyuznogo simpoziuma po fizicheskim osno-
vam upravleniya chastotol vynuzhdennogo izlucheniya
(All-Union Symposium on Basic Principles of Frequency
Control in the Case of Stimulated Emission), Kiev, 1972,

°A. B. Budnitskif and A. K. Popov, Opt. Spektrosk. 29,
1032 (1970) [Opt. Spectrosc. 29 550 (1970)].

V. 1. Barantsov, A. K. Popov, and G. Kh. Tartakovskii,
Trudy Ural’skoi konferentsii po spektroskopii, Sverd-
lovsk (Proceedings of the Ural Conference on Spectros-
copy, Sverdlovsk), No. 1, 1971, p. 151 and No. 3, 1971,
p. 49. Tezisy dokladov na sbezde po spektroskopii
(Abstracts of Papers read to the Spectroscopy Con-
ference, Minsk), 1971.

®A. K. Popov, V. I. Barantsov, G. Kh. Tartakovsky, A.
Ya. Litvinenko and L. T. Volotskikh, Abstracts of
Contributed Papers. Conference on Interaction of El-
ectrons with Strong Electromagnetic Fields, Balaton-
fiired, Hungary, 1972.
°J. F. Yang, G. C. Bjorklund, A. H. Kung, R. B. Miles,

456 Sov. Phys.-JETP, Vol. 40, No. 3

and S. E. Harris, Phys. Rev. Lett. 23, 1551 (1971).

°A. H. Kung, J. F. Yang, G. C. Bjorklund, and S. E.
Harris, Phys. Rev. Lett. 29, 985 (1972).

!'S. A. Akhmanov and R. B. Khokhlov, Problemy
nelineinoi optiki (Problems in Nonlinear Optics), Fiz-
matgiz, 1964.

2y, 1. Barantsov, A, K. Popov, and G. Kh. Tartakovskif,
Tezisy i trudy Vsesoyuznogo simpoziuma po fiziches-
kim osnovam upravleniya chastotoi vynuzhdennogo
izlucheniya (Abstracts of Proceedings of the All-Union
Symposium on Physical Foundations of Frequency
Control in the Case of Stimulated Emission), Kiev,
1972; Preprint IFSO, No. 15-F, 1974,

3T, Ya. Popova, A. K. Popov, S. G. Rautian, and A. A.
Feoktistov, Zh. Eksp. Teor. Fiz. 57, 444 (1969) [Sov.
Phys.-JETP 30, 243 (1970)].

A. M. Bonch-Bruevich and V. A. Khodovof, Usp. Fiz.
Nauk 93, 71 (1967) [Sov. Phys.-Usp. 10, 637 (1968)].

1%y, Bennett, Gas Lasers (Russ. Transl. Mir, 1964).

[, M. Beterov, Yu. A. Matyugin, S. G. Rautian, and V.
P. Chebotaev, Zh. Eksp. Teor. Fiz. 58, 1243 (1970)
[Sov. Phys.-JETP 31, 668 (1970)].

'"M. K. Oshman and S. E. Harris, IEEE J. Quantum
Electron. QE-4, 491 (1968).

Translated by S, Chomet.
103

V. |. Barantsov et al. 456



