Spin waves in quantum crystals
P. S. Kondratenko

All-Union Research Institute for Physical Optical Measurements

(Submitted April 8, 1975)
Zh. Eksp. Teor. Fiz. 69, 1275-1288 (October 1975)

Quantum theory methods are used to obtain a set of disperison equations for the spin wave spectrum in a
magnetically ordered quantum crystal. The dynamical magnetic susceptibility is evaluated. It is assumed
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1. INTRODUCTION

In preceding papers by Dzyaloshinskii, Levchenkov,
and the present author('»?) we considered the spectrum
of spinless boson excitations in a Fermi-type quantum
crystal, assuming that the ground state was non-mag-
netic.

Recently experimental data have been published(®!
indicating that at a temperature of ~1 mK solid *He
changes into a magnetic phase. In this connection a
theoretical study of the properties of magnetically
ordered quantum crystals has become timely. The
present paper is devoted to a consideration of the spin
wave spectrum of a magnetic quantum crystal. We
shall be interested in the long-wavelength and low-fre-
quency parts of the spectrum. Since we shall show be-
low that in that case its structure can be expressed in
terms of the general characteristics of the system, we
shall not make any definite assumptions about the con-
crete form of the magnetic ordering. We shall merely
assume that it is the result of an exchange interaction.

When there are no interactions leading to the non-
conservation of the total spin, the existence of low-
frequency spin wave branches follows from Goldstone’s
theorem!*] on systems with broken symmetry. This
conclusion remains valid also in the case when there
are acting in the crystal also forces on a magnetic
nature, provided they are weak compared to the ex-
change forces. The inclusion of magnetic interactions
leads to the formation of gaps in the spin wave Gold-
stone mode spectrum.,

As in'?], we shall assume that in the crystal con-
sidered there exist gapless Fermi excitations. In that
situation there can, apart from the Goldstone modes,
exist in the crystal also zero-sound-type spin waves.
Of course, interactions lead to a mixing up of the two
kinds of spin waves. We shall assume that an external
magnetic field acts upon the system, which is such that
the energy of the interaction with it ey is appreciably
smaller than the characteristic magnitude of the ex-
change energy eo(€H <« €o). At the same time, while
assuming that the condition that the characteristic mag-
netic anisotropy energy ea be small (eg < €o) is satis-
fied, we shall not introduce any restrictions on the
ratio of the quantities ey and 5.

In the next section we shall briefly consider the
properties of the one-particle Green function of a mag-
netic crystal. In the third section we find a set of dis-
persion equations for the spin wave spectrum. The spec-
trum determined by it consists of a group of Goldstone
modes and connected with their interaction a family of
zero-sound type spin waves. The maximum number of
Goldstone modes equals three in an antiferromagnetic
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and two in a ferromagnetic. For frequencies large com-
pared to the characteristic frequencies of the magnetic
interactions (w > €H, €a) all three branches in an anti-
ferromagnetic have a linear spectrum, while in a ferro-
magnetic the longitudinal mode has a linear and the
transverse mode a quadratic spectrum. In the fourth
section we calculate the dynamic susceptibility of a
magnetically ordered crystal.

In the Appendix we prove a relation, used in the text,
for the variation of the thermodynamic potential of the
crystal with respect of its angular orientation in the
spin subspace.

The results will be obtained by quantum field theo-
retical methods for the zero-temperature case. To fix
the ideas we shall assume that the crystal consists of
spin-7; particles.

2. GREEN FUNCTION

One of the basic quantities characterizing the proper-
ties of the crystal is the single-particle Green func-
tionl®

G (2, ) =—KT ($a (@) ¥ (2)), 2.1)

1y (x) and v};é(x’) are Heisenberg particle annihilation
and creation operators, T is the time-ordering opera-
tor, (... ) indicates averaging over the ground state at
T =0, and x = {r, t} is the space-time coordinate.

Similarly to the case of a nonmagnetic crystalt?] the
function GaB(x» x') can be expanded in terms of a com-
plete orthonormal set of functions ynp(x, a)
= ¢%p(r)e'PX:

¢np .

d(
Gua(2,2)= [ Con Db’ @ ) (). (B2)

Here and henceforth we use the convention of summa-
tion over repeated indices, p = {p, €} is the quasimo-
mentum four-vector, px =p-r — et, d'p = dpde, the
integration over ¢ is to infinite limits and that over the
quasimomentum is restricted to the first Brillouin zone.
The functions <p%p(r) are periodic relative to the crystal
lattice. We shall assume that they are chosen such that
the matrix Gpm(p) is diagonal at € = 0.

When there are gapless Fermi excitations present,
as we assume, in the limit as ¢ — 0 and for values of
the quasimomentum _p lying in the vicinity of the Fermi
surface the matrix G(p) has a form with a pole:

(2.3)

6 —~ +0. Here E(p) is the energy of the Fermi quasi-
particles, reckoned from the chemical potential, G(p)

is a function which is finite as ¢ — 0. The renormaliza-
tion constant a(p) as a matrix in the Jnp(X, a) function

G (p) =& (p) [e—s (p) +ib sign e]-'+G (p),
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space is nonvanishing only for those values of the index
n which correspond to bands with a Fermi surface.

We shall assume in what follows for the sake of
simplicity that there are only two such bands, which
change into one another under time reversal. When
there is no magnetic ordering and there are no magnetic
forces, such a pair of bands corresponds to two possi-
ble quasiparticle spin projections on a chosen direction
and is degenerate. In a magnetic crystal the degeneracy
is in general lifted. In the case when the corresponding
energy splitting is small compared with the width of the
whole band it is expedient to consider them together,
The values of the matrix elements a(p) for the two
bands will theil be assumed to be the same within the
limits of accuracy of Eq. (2.3).

3. SPIN WAVE SPECTRUM

The spin wave spectrum, like the other branches of
Bose excitations of Fermi systems, is determined by the
poles of the two-particle vertex part ['(pi, pz; k) with
respect to the quasimomentum transfer k = {k, w}. The
function (I'(p1, Pz; k))nmiq is the result of expanding
the vertex part Fan5(xh X2; X3, X4), defined in the
usual way(®l, in terms of the set of functions ynp(x, a).
The variables p. + Kk, pz; pi, p2 + k of the function
I'(p1, pz; k) correspond to the variables x,, Xz; Xs, X4 Of
the function FaB)’é(xl: X2z; X3, X4), respectively. In the
case K — 0 in which we are interested there are no
Umklapp processes and the law of conservation of
quasimomentum has the same form as for momentum
in free space. For the sake of simplicity we shall omit
in what follows the band indices and the signs of sum-
mation over them,

The existence of low-frequency poles of I caused by
magnetic ordering follows from the following simple
consideration: We perform an infinitesimal rotation of
the system of reference through an angle ¢ in the spin
subspace. The particle annihilation and creation opera-
tors then transform according to the formulae

Vo’ (2) =¥ (2) +ib9Sariy (),

. - R (3.1)
P'* (2) =Pt (2) —ithe* () Serbp,

8y is a spin matrix. This transformation entails a

change in the Green function Gyg(x, x’) and in the ir-

reducible self-energy part EaB X, x'). Since the func-

tion T can be obtained by using block diagrams, we can

regard it as a functional of the exact Green function and

the bare interaction in the system.!®] Therefore, any

infinitesimal change in T can be written in the form

6Zaﬁ (xv z )

3.2
8Gw(zy, 2,") ( )

82up(2,2") = [ das dr’ 8G1s (21, 2,') + (83 (2, 27) ) .
The second term indicates here the variation of 5 when

the quantity G is fixed.

_ Since the functional derivative of £ with respect to
G is determined by the irreducible vertex part I*9(%]
it follows that Eq. (3.2) becomes, after changing to the
representation with the ;bnp(x, a) as base

azmk)——»j PiR)OG (P )+ (62 (k). (3.3)

(
The variables p +k and p of the functions 6G(p k) and
6% (p, k) correspond to the arguments x and x’ of the
function 6Gyg(x, x') and 5Z4g(X, X'). The function o
is ct)snnected with the total vertex part through the rela-
tionl®]
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6G~'(p, k)

P Fr (g, ps k)G (pAR)E (0 Fpu '3 B).

@)
(3.4)

We assume now that there is no external magnetic
field acting on the crystal and that in the crystal itself
there are no magnetic interactions. In that case its
Hamiltonian is invariant under un;lform rotations in the
spin subspace and the quantity (6% (p, 0)/6¢ji)G vanishes.
Usmg this fact and also using the connection between
85 and 6G which follows from the Dyson equation(®]

T(p,p's k)=T® (p, p’; k) —i

(3.5)

and the fact that the Green function of the non-interact-
ing system Go remains unchanged under a rotation over
a constant angle we are, on the basis of Eq. (3.3), led to
the conclusion that when w, k = 0 the equation corre-
sponding to (3.4), which is homogeneous in T, has a non-
trivial solution proportional to §G™*(p, 0y 6<p1 This fact
indicates that as w, k— 0 the function L'(p, p’; k) has

a pole with residue ~8G" Y(p, 0)/6¢i. Indeed, in v1ew of
the vector nature of the residue the functmn F(p, p'; k)
has; in general, three poles.

é—'=Gu_’—21

We note that the singularities we have found are not
of the zero-sound type, since the latter are absent in
the limiting cases w =0, k— 0 and k =0, w — 0. When
there is no magnetic ordermg GaB(x X )Oc Gaﬁ and
hence 6G” (p, 0)/6¢i = 0 and the above conclusion about
the poles of I' loses its validity. The singularities we
found for I" are thus the result of magnetic ordering
when the interaction is of an exchange nature.

It is perfectly obvious that the switching on of a mag-
netic field and of magnetic interactions does not change
the conclusion about the low-frequency poles of f‘, pro-
vided that ej, €a <« €o. We write the function [' in the
following form;

L(p,p's k) =F(p, p's k) +&:(p, k) Do (k) ;" (p, k). (3.6)

The function Dij(k) contains explicitly the singularity of
the vertex I' caused by the magnetic ordering. The

~

quantities T', gj, and g do not have such a singularity.
The quantity Djj(k) can be called the spin wave Green
function and the functions gj(p, k) and M(p k) corre-
spond to the amplitudes for the emlssmn and absorption
of spin waves by the Fermi quasi-particles.

Turning to the definition of the functions Dj; k), gi(p, k),
(p’, k) we perform an infinitesimal rotation of the
system of reference in the spin subspace through an
angle that depends on the coordinates and the time as
o¢ elkx (kx = kr — wt). The corresponding changes in
the functions G and £ are connected by Egs. (3.3) and
(3.5). Ehmmatmg from them the quantity 5 (p, k), we
get for 6G™!(p, k)/5¢j the equation

(+)

BB g iy (22 o6 (e S B G )
Og: (2n) GCP.- (3 7)
The function ¢j(p, k) is defined by the equation
S 8G (k) (85 (p, k)
Ep W) =g = () (3.8)

We eliminate the function T from (3.7) by using Eq.
(3.4) and for the function T we substitute its expression
(3.6):

=&(p, k)—i 0 DGR E (WG

6(}[);‘
i3 (2, F) D (k) Sp [ -2

(2 )‘
& (0 G (& k)G, (3.9)

(2m)*
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The trace symbol here and henceforth indicates a trace
over the band indexes which number the basis functions

dnpx, a).

In the sense of Eq. (3.6), the function gj, g‘ and
Dij are determined, accurate to the transformatlon

£, ) ~Ep, W hk), &7 R) > fm(—R)gn " (07 K),
Dy (k) —fu=" (k) Dim (k) fms™* (=),

in which fjj(k) is arbitrary. We fix its choice by the
condition

—zD,m(k)Spj PP 5 (G (R WG () =6, (3.10)
Substituting this equation into (3.9) we get the following
expression for gj(p, k):

6G-*(p, k)
8

g:(p, k)= ~&(p,k)

d'p’ - - -
+i [T, G R E (' GG, (3.11)
(27)
By virtue of the obvious symmetry of the function r
in the coordinate representation

upvo(zh Za; I3, I‘) =rwsv(12, Ziy Zsy 13)

the functions g1 and g‘*’ are connected through the rela-
tion

&M (. k)= (ptk, —F). (3.12)
Using this and Egs. (3.11) and (3.8) we get from (3.10)

d‘p aG<p+k —k) 8Gy'(p, k)
Oes Sep;

u (k) =—i S
e (3.13)

¢ d'p 6C(ptE,—k) [ 62(nK)\ .. &
| (Zp)‘ p&pe ( :q»- )+S J (21))‘

X G(p+k) [ (0, k) zj( P G EHRE W, HEE) .

C(@) & (p+k, ~F)

We now transform the right-hand side of the obtained
equation, We explain below that in the limit » = 0,
k — 0 the function Di.‘(k) can be expressed in terms of
the equilibrium characteristics of the crystal. As to
that part of it which vanishes with k, we can establish
for it the analytical structure and give an expression in
terms of phenomenological quantities, Using the rela-
tions

8G (p, k)
S¢:
8Gy~(p, k)
bg;
GePK))an= [ e () sas'gma? (6)

Ve

=il5(p, k) G (p) G (p+)5, (B, W) ], (3.14)

= —ios;(p,k) to(k); (3.15)

(ve is the volume of the elementary lattice cell), which
follow from Eq. (1) and from the expression for the
Green function G, of the non-interacting system when
there is no magnetic field (the interaction in it is as-
sumed to be completely taken into account by the self-
energy part Z), the first term on the right-hand side of
(3.13) (we denote it by Y“’(k)) is transformed to the
form

Y5 (k) =ie0s,40 (k?), (3.16)

where ejj/ is the completely antisymmetric unit tensor.
Here

s;=—11lims- 4o SpI d'p e“°s((p,0)é(p) (3.17)

(2n)

is the macroscopically averaged magnitude of the spin
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moment per unit volume of the crystal. We shall as-
sume that if the crystal is ferromagnetic its sample
takes the form of the ellipsoid so that the macroscopic
density distribution of the spontaneous spin moment
over it is uniform,

When evaluating the second term on the right-hand
side of Eq. (3.13), we must bear in mind that the ex-
change contribution corresponding to it is proportional
to k® by virtue of which we can, within the required ac-
curacy, put w = 0, As far as the contribution from the
magnetic forces is concerned, owing to the long-range
nature of the magnetic dipole interaction, it has a non-
analytical structure in K.

The only block diagram for % in which the long-range
magnetic forces are important is shown in the figure.
The solid line depicts the G-function and the wavy line
the potential of the magnetic dipole interaction

a8 (t —t,)

or, ey, Ir-r,!

o is the magnetic moment of an isclated atom of the
crystal. Using the analytical expression for the above-
mentioned diagram we can write the function Zyg(x, x')
in the form

Zan(a, I’) =23l (v) 8 (2—") + 20y’ (2, 27),,

a 8(t— t,)
H,(r)=H, —2uoa jdx,a

ry o lr—ry

Here Hj(r) is the strength of the macroscopically aver-
aged effective magnetic field, H the external field
strength; (Gé.,(xl, x; + 0)) is the macroscopically aver-
aged expression for the function GGY(’* 1, Xz) for coinci-
dent values of the arguments, r;=r;, tz =t, + 0. The
quantity Ea (x, x') is determined by the set of block dia-
grams for Z in which the long-wavelength part of the
magnetic interaction is unimportant. In partlcular to-
gether with all other diagrams for %, ¥’ includes the
short-wavelength contribution of the diagram, a contri-
bution obtained by replacing the function Gy, (x4, x, +0)
by the quantity Ggy(x1, X1 + 0) = (Ggp (X4, X1 + 0)).

Substituting Eqs. (3.18) and (3.19) into the second
term on the right-hand side of (3.13) (we denote it by
Y(fj‘ (k)) and using (3.14) and the cyclic property of the

aau(x -T:) = (zuo) Sar

By

(3.18)
( L?Y,;(Gay(zuzl I"O)>) (3 19)

trace we get

m _ 56 (p)
v =i [Spj G I
165 o CitmSm€ierm' Sm' kiky +o(k?). (3.20)

kZ
Here Z(p) is the contribution to the function Z(p)
caused by the magnetic forces; §[.. ]H/5<p$ denotes
the derivative for fixed vector H, determmed by Eq.
(3.19), taking into account only the dependence on the
angle ¢ which follows through the function G,

8G (p)/5p:=0G.(p, 0) /6.
Substituting in (3.20) Eq. (A.1) which is proved in the
Appendix

8G(p) (3.21)

5% "j@ e
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(9 is the thermodynamic potential per unit volume of
the system), we get

N 5Q R )

Y (k)= (W) H+16ﬂll-a. €itmSm€jt'm'Sm
In deriving this formula we neglected the effects of the
retardation of the magnetic interaction. We thereby
neglected the coupling between the spin and the electro-
magnetic waves.

We note that the effective field H, defined by Eq.
(3.19) is the same as the magnetic field strength in
macroscopic electrodynamics. !

In contrast to Y‘i‘j’ (k) and Y‘iz.’ (k), the third term on
the right-hand side of (3.13) contains poles caused by
the phonon excitations and Fermi-liquid singularities.
One can take the phonon poles into account using a con-
sideration similar to one used earlier.t?] It is well
known!"! that the coupling between spin waves and
elastic waves is determined by the ratio of the magnetic
dipole interaction energy (~eg) to the elastic energy
(€el)- In the case of solid *He the ratio ea/cg) ~ 10°°
and the magnon-phonon interaction is anomalously
small, so that we shall neglect it. Because of this we
replace the quantity T which occurs in the right-hand
side of (3.13) by the function T in which apart from the
poles contained in the D-function also the phonon poles
have been eliminated.

. kl;f" +o(k?). (3.22)

The quantity T (p, p’; k) as function of the quasimo-
mentum transfer k contains only the Fermi-liquid
singularities. It is well known!®) that they arise thanks
to the fact that the poles of the single-particle Green
functions with arguments p and p + k approach each
other. We can separate them off by analogy with the
case of a nonmagnetic crystal by formally splitting the
product G(p + k)G(p) into singular and regular terms
which has the form, using Eq. (2.3)

A

G(p+k) G (p) =2nic* (p)8()5.(2(p)) B (b, B) +G (HH)G (p). (3.23)
As k —0_the term f}(p +k)G(p) remains regular. The
function &(p, k) has the form

2(p) —&m(p) +vik
ea(p) —&m(p) v -

(3.24)
@—&n(p) +em(p)—val

(é (P, k) )nmn'm' =

Here v = 3¢(p)/op is the velocity of the quasiparticles
on the Fermi surface. Because of the meaning of the
Fermi-liquid singularities Eq. (3.24) for the off-diagonal
matrix elements of the function &(p, k) is valid only
when the quasiparticle energy splitting is small com-
pared to the band width. In that case we must assume
the velocity v(p)to be the same for both bands and
neglect the energy splitting in the argument of the §-
function in Eq. (3.23). If, however, the splitting is not
small we must put the off- dlagonal matrix elements
equal to zero.

For the further_development it is convenient to intro-
duce the function 7

T (B, 23 k) =a () T(psy pi; K)@(P2) |emer. (3.25)

Proceeding in the same way as in the corresponding
derivation in'®) and using Eqs. (3.4) and (3.6) and the
foregoing definition of the function T, we get an equa-
tion for 7 (pi, pz; K):

T 0w 0o k)= 7 (o o) + § 47 (01, 0) B0, 1) T (', pos ). (3-26)

We have introduced here the notation
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jds= 8(e(p)).

5_‘19_
(2n)*
The quantity f(p, p’) has the meaning of the Landau
function which describes the interaction between the
quasiparticles. It follows from Eq. (3.26), if we use
(3.24) that the function f(p, P ') is connected thh the
limiting value 7¥(p, p’) of the function ?(p, p’; k) for
w = 0, k — 0 through the equation

Fop) =T @p)+ $d8F . p) T 0w p).

Turning to the evaluation of the third term on the
right-hand side in Eq. (3.13) (we denote it by Y‘laj’ (k))
we note that according to the definition (3.8) the ‘dia-
grams for €i(p, k) do not contain intersections such as
G(p + k)G(p) so that this quantity has no Fermi-liquid
singularities. Up to terms caused by the magnetic
anisotropy we can write the function &j(p, k), using
(3.8), (3.15), and (3.18) in the form

&.(p, k)y=—isi(p) Fu(®) —ibu(p) ki,
Fij(0) =0d;—ieq2pnH,, si(p)=s:i(p,0).

We further introduce the following quantities:

(3.27)

B =-i) [20)—1 [ 5T 0. DEEHDREER) |

(3.28)
- ~ Tz ap 4 ~ a
Eup k) =i(p) [bu0) i [ G B MG +RBa GG ]|
(3.29)
1B =i8p | -G EEHY)
. d'p’ 2 . . A
<[40 -1 [ forimée+nieée) | (3.30)

Using_ (3.23), (3.25), and (3.26) and the substitution
T' — T" we then get the following equation for the third
term on the right-hand side of Eq. (3.13):

Y (k) =F 1y (0) L imbims (@) —P:; (k) +o (K2, (3.31)
Pus(k) =—5p [ dS (Fu(0) 7, (p)~2u (P 1)
X® (, k) (i (B, k) s (0) —Zsn (p, k) Ein). (3.32)

As in Egs. (3.16) and (3.22) the term ¢ (k) is ana-
lytical in nature. The functions Xj(p), ci/(p), and the
tensor Ijj are connected with the quantities X;(p, k),
ciz(p, k), and Ijj(k) through the equations

Z(p k) =z (p)+ [ S (p.p) O (@, W)Z(p,K),  (3.33)
Cu(p, k) =Cu () [ AST (0, ) D (', )cu (0, K),  (3.34)
Ly (k) =1,—Sp | dS:(p)® (p, k)3, (p, F). (3.35)

Indeed, it is convenient to assume that the functions
xi(p), E:il(p), and the tensor Ijj are given phenomeno-
logically. Equations (3.33)to (3.35) will then serve to
define the quantities Xi(p, k), ¢i;(p, k), and Ijj(k).

Substituting now Egs. (3.16), (3.22), (3.31), and (3.32)
into Eq. (3.13) we get the final expression for the spin
wave Green function:

Dy (k) =Dy (k) — P4 (), (3.36)
D (k) =iveusHF (@) [imF mi( )
=By (H) +16n 85 umSme 1 mrSmo Kk [K2—Yim Ko e, (3.37)
The quantity gj; (H) is defined by the equation
6*Q
Buy(H) = (W) ) (3.38)
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Since at equilibrium
59Q/8¢,=0,
the tensor gjj(H) is symmetric, Bij = Bji-

The last term in Eq. (3.37) is the sum of the ana-
lytical contributions «(k®) in the expressions for

2 s i
Y‘ﬁ’ (k), Y(ij (k), and Y‘ij’ (k). The tensor yj{, has the sym-

i .
metry property Yl'iln = 7"1111!'

The spin wave spectrum is determined by the condi-
tion that the set of homogeneous equations

3.39
Dy (k) 6p,=0 ( )

has a non-trivial solution. As the function Qij (k) in
(3.36) according to (3.32) to (3.34) has poles of a Fermi-
liquid origin, the set (3.39) determines the spectrum of
a family of two interacting groups of spin excitations.
On the one hand, this includes the group of Goldstone
modes defined by the set

D~ (k) 89i=0, (3.40)

which would occur in a magnetically ordered crystal
when there are no Fermi excitations. On the other hand,
this includes the spin waves which would occur in the
subsystem of Fermi quasiparticles when there is no
magnetic ordering. By virtue of the linear connection
between #j;(k) and T'(p, p’; k) which follows from (3.37)
and (3.18) tile poles of 2jj(k) and, hence, the spin wave
spectrum in the subsystem of the Fermi quasiparticles
are determined by Eq. (3.26).

The maximum number of Goldstone modes described
by the set (3.40) is equal to three. These modes corre-
spond to the usual spin waves of a solid state kind. The
properties of their spectrum in the region of frequen-
cies large compared to the frequencies determined by
the energies of the interaction with the magnetic field
and of the magnetic anisotropy (w > €H, €a; €H = 2uoH)
depend on whether the crystal possesses a spontaneous
spin moment s°. In an antiferromagnetic (s° = 0) for
frequencies w > ey, (eaco)V? (eo is characteristic
for the magnitude of the exchange energy) all three
branches have a linear spectrum. If, however, the
crystal is a strong ferromagnetic (s° x N, N is the
number of atoms per unit volume) the presence of a
term in (3.37) which is linear in the frequency and pro-
portional to s° leads to a lowering of the number of
low-frequency branches to two, one of which (transverse
with respect to the direction of 8°) has a quadratic
spectrum for w > €p, €3, while the second (longitudinal)
is linear when w > €}, (eaeo)w. The lowering of the
number of branches is connected with the fact that when
s’ # 0 the frequency of one of them becomes of the order
of the exchange energy and because of this such a
branch, if it exists at all, goes beyond the framework of
our considerations. The necessary condition for the
existence of a longitudinal branch in a ferromagnetic is
that the longitudinal component of the tensor Ijj, which
we shall show in the next section to be connected with
the longitudinal susceptibility, is non-vanishing. As
k — 0 the modes described by the set (3.40) have a gap
determined by the anisotropy and the magnetic field.

In the case of a strong splitting of the bands the off-
diagonal elements of the quantity &(p, k) given in (3.24)
are not present and Eq. (3.26) for the function .7 takes
the form which is standard for the Fermi-liquid theory
and, hence, describes zero-sound type spin waves. The
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same situation also arises for w > Ae when the band
splitting Ae¢ is small. The presence of off-diagonal
components of & when Ae # 0 in the case k — 0 leads
to the formation of a gap in the sound-like mode spec-
trum.

Moreover, when |v||k| < Ae additional vibrational
branches may exist with frequencies which decrease
with increasing |k|. Their spectrum cannot be extended
into the region |v| |k| > A€ because of strong Landau
damping.

When we include the interaction between the groups
of Goldstone and Fermi-liquid vibrational modes which
are present in the set (3.39) their above formulated
asymptotic properties remain unchanged in the large
and small frequency ranges. Their nature in the inter-
mediate frequency range is to a large extent determined
by the principle of non-intersection of terms of the
same symmetry.[®]

In concluding this section we note that by virtue of
the fact that when evaluating the function £ j(p, k) we
neglected the contribution of the magnetic anisotropy
and in the case of the quantity Y‘iz.’ we neglected the
dependence of that contribution on the frequency and on
the magnetic field, the spectrum of the longitudinal
Goldstone mode in a ferromagnetic and all three modes
in an antiferromagnetic can be evaluated with a relative
accuracy «(eg/€o)Y? while the spectrum of the trans-
verse mode in a ferromagnetic is calculated with ac-
curacy up to quantities o« €3/ €o.

4. DYNAMICAL SUSCEPTIBILITY

We evaluate the dynamical magnetic susceptibility
Xij (k) of a crystal describing the linear response of the
macroscopically averaged magnetic moment density to
an external field of strength h(x) = hel®™ (kx =k -r
- wt).

The Hamiltonian of the interaction of the crystal with
the magnetic field h(x) has the form

Hon=— [ deMi(2)hi(2), @.1)

Mi(2) =—2p0ba* (2) s Bo (@), (4.2)

Mi(x) is the magnetic moment density operator. In ac-
cordance with the general rules of the diagram tech-
nique, using (4.1) and (4.2) the quantity Xij (k) has the
form

k) =120 {80 [~ 2 D, WG ()
. &y - . . .
x[a@0-i [ FE-Fernée+nie wEe |} @.9)

In the long-wavelength and low-frequency approxima-
tion in which we are interested the quantities sij(p +Kk,
-k) and si(p, k) must be replaced by %i(p) = 5i(p, 0),
and for the function [(p, p’; k) we must substitute its
expression (3.6). Neglecting as in the derivation of the
spectrum,the magnon-phonon interaction we replace the
function T by T and use Eq. (3.30). As a result we ob-
tain

%13 (k) = (2p0) {I 5 (k) —A s (k) Dim (k) A (K) }, (4.4)
Ep nn s

Ay (k)==i8p | (Z—Ti’)‘a(p)s.-(p)c<p+k>g,(p, k),
A (B)=Ay (k). (4.5)

Substituting then (3.11) and (3.27) to (3.30) we will get
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A, (k) =e;58,—lu (k) Fii(o)—t Sp, _[ de,- (p) (B . k)ca(p, k) K. (4 '6)

According to Egs. (4.4) to (4.6) the static suscepti-
bility of an anti-ferromagnet in zero field (s =0, H = 0)
is equal to

Fit=x(0=0, H=0, k—0) = (2pa) *I.,

4.7
I.t=I..(0=0, k—0). (4.7)

The same derivation also refers to the longitudinal
susceptibility of a ferromagnet. According to (3.35) and
(3.24) the tensor Ili‘j is given by the equation

I¢=1,+8p [ dS2.(p)2 (),

z}(p)= lim z(p,k).

=0, k0

@.8)

It follows from (3.33) and (3.24) that the function XX(p)
satisfies the equation

20 @)=2:)~ [ aS'f(p p)EA (). (4.9)

We note that as the response of the quantity 66}"(p,
k) to the magnetic field is connected linearly with the
vertex part I'(p, p’; k), the most singular part of
6G !(p, k) is by virtue of Egs. (3.6), (3.11), and (4.5) in
the limit k — 0 equal to

G~ (p, k)

Dy, (k) ASP (k)b
G‘Pi

This means that the product D-lj(k)Ag*z (k)hy gives the
response of the angular orientation of the system in the
spin subspace S¢j to the magnetic field helkX, Hence
it also follows that the spin waves whose spectrum is
determined by the poles of the function Dij(k) corre-
spond to oscillations of the crystal orientation in the
spin subspace. However, the quantity (2po)? Iij (k) is ac-
cording to (4.4) the response of the magnetic moment
density to the external magnetic field for a fixed orien-
tation ¢:

(4.10)

1509 = @ (P2 .

One can show similarly that the quantity if(p) can
be expressed in terms of the response of the quasi~-
particle energy € (p) to the static magnetic field for a
fixed orientation ¢:

£ ) = ot (2]

S

(4.11)

In conclusion we note that as there are at the pres-
ent moment no data on the properties of solid %He in
its magnetic phase it is premature to talk about a com-
parison of the results with experimental data.

The author expresses his deep gratitude to I, E.
Dzyaloshinskii for his constant interest in this work
and for discussing the results

APPENDIX

We prove here the relation (3.21) which we used in
the text:

6_Q_=_L A...( )GG(p) (A.1)

d; (2 )

To do this we use the formula
8Q,/8G" (p) =—i%,, (p). (A.2)

Here Qy, is the contribution to the thermodynamic
potential per unit volume of the system caused by the
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magnetic interactions, b m(p) is the contribution of the
magnetic forces to the reducible self-energy part, and
G'(p) is the Green function calculated neglecting the
magnetic forces. The quantities Zm(p) and G'(p) are
connected with T (p) and G(p) through the following
equations which follow from their definition:

S () =5, (D +2.(0) 6 (0) 20 (1), (A.3)
G(p)=G"())+G' (P) E.(p) G (p). (A.4)

Equation (A.2) is a consequence of the diagram ex-
pansion of the thermodynamic potential.l®] Indeed, if we
take as the unperturbed system the crystal considered
without the magnetic forces, the magnetic contribution
Qm to the thermodynamic potential of the crystal is de-
termined by all connected diagrams containing magnetic
interactions. Each diagram will then correspond to a
factor 1/n which in an essential way depends on its
order (n is the order of the diagram with respect to the
magnetic interaction Hamiltonian). The situation is here
analogous to the one met with in the paper by Dzyalosh-~
inskii and Pitaevskii(*°! (see also!®) when they calcu-
lated the contribution from the long-wavelength fluctua-
tions of the electromagnetic field to the free energy of
a dielectric. As for each n-th order connected diagram
there are n topologically equivalent ways to split off
the G’ line when varymg the quantity Qm with respect
to the function G’(p)the factor 1/n cancels. The
sequence of diagrams which then occurs corresponds to
all possible diagrams with one entrance and one exit
for the G'-lines without any restrictions as to their
reducibility with respect to the internal line.i. But such
a sequence just corresponds to the function % ,(p). The
general factor ~i is established by considering the low-
est approximation diagrams.

It follows from Eq. (A.2) that the change in the ther-
modynamic potential under an infinitesimal uniform
rotation of the spins of the system is given by the
formula

00 pdp - 86 (p)

— = —i8p |-, .

R A LS
We used here the fact that thanks to the invariance of
the exchange forces under uniform rotations in the spin
subspace

(A.5)

5Q  8Q.
dpi  Ogi

Substituting now Z)m(p) from (A.3) into (A.5) and
also the expression for 5G’(p)/6¢j which follows from
(3.14) we can use the cyclic properties of the trace, Eq.
(A.4), and once again Eq. (3.14). As a result we are led
to Eq. (A.1) which we had to prove.
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