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We use a diagram method to obtain an exact solution of the problem of the excitation spectrum of a
mixture of two Bose-liquids with a condensate in the long-wavelength limit at T =0.
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1. INTRODUCTION

The recently significantly increased probability for ob-
taining experimentally a mixture of superfluid liquids
has promoted an appreciably increased theoretical in-
terest in that system, !

To begin with, already in 1957 Khalatnikov, 1 apply-
ing a hydrodynamic approach, suggested the study of a
mixture of two superfluid liquids as a peculiar quantum
system. A microscopic approach was proposed in™’
which makes it possible to validate the stability of a state
with independently moving condensates of the compo-
nents of the mixture (the region of admissible velocities
was determined in the Bogolyubov approximation); an-
other specific feature of the system was also noted in
the same approximation—neither of the two sound
branches of its spectrum is described in the general
case at 7=0 by the formula for the classical elastic
continuum =23 P/5p.

Andreev and Bashkin!!! indicated an effect which is
not taken into account in Khalatnikov’s hydrodynamic
theory and which goes beyond the framework of the
Bogolyubov approximation: each superfluid motion is
accompanied by the transfer of a well-defined fraction
of mass of both components of the mixture (in the mi-
croscopic theory: the motion of the condensate of one
component drags along with it in a well-defined way the
particles of both components of the mixture which are
outside the condensate). Correspondingly, both ve-
locities of the superfluid motions are introduced in
Khalatnikov’s set of hydrodynamic equations in the ex-
pression for the mass fluxes:

fi= 2 PirVh . (1)

(the system of reference is given by the condition v,=0).
It is important that there is on the phenomenological
level no unique definition of the superfluid velocities (in
particular, a definition which masks the drag effect,

v; =1;/p, is permissible). The meaning and necessity
of the modification of the expression for j, are explained
in the microscopic approach: in the framework of a
BCS theory it was shown in'*! that the condition for po-
tential flow

rot v;=0 , (2)

which is taken into account in the set of hydrodynamic
equations is in agreement only with (1),
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There is, however, also another relation which is
included in the hydrodynamical equations and which
needs a microscopic basis:

FE/ovi=i.. (3)

It is impossible to obtain this relation by fixing the defi-
nition of the velocities v, merely by the requirement
(2)—the remaining ambiguity (the possibility of arbitrary
linear transformations of the v; with constant coeffi-
cients) is not permissible in (3). If we take (3) as a
phenomenological definition of the v;, there remains the
open question of them satisfying the condition (2).

The fact that (3) is not obvious is underlined by the
“drag effect.” One might even prove that the phenome-
nological expression for 8 E/3v, must be generalized
(like §,):

OE/Ov,= 2 -

Indeed, if, for instance, the equations j; =p,,v, and §,
=p,,V,, which describe a state with a moving condensate
of the first component, corresponded to a drift of the
classical particles (with pair interactions) with velocity
v,, instead of (3) the equation

would be satisfied.

Therefore, turning to the microscopic approach in the
case of a mixture of superfluid liquids is not only re-
quired to give a foundation for the possibility of intro-
ducing non-operator densities, fluxes, and so on, which
describe long-wavelength excitations (as in the case of
a single-component Bose-liquid) but also for the con-
struction itself of a correct set of hydrodynamic equa-
tions.

We give in the present paper a microscopic theory of
a mixture of two Bose-liquids with a condensate in the
long-wavelength limit at 7=0. We use a Green function,
determined from the Dyson equation using a method
analogous to the derivation of the Hugenholtz-Pines™’
relations, to find the excitation spectrum. The result
is exact, i.e., it is not connected with any assumptions
whatever about the relative concentrations in the mix-
ture or the weakness of the interactions. When the rela-
tive concentrations are not too different we confirm the
result obtained inf! in the framework of the Bogolyubov
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approximation: none of the sound velocities is connected
in the normal way with the compressibility. Equation

(3) is rigorously proven using the definition of the v, as
the velocities of the condensates. We note the role of
the density fluctuations as a source for the drag effect.
The result for the spectrum is the same as the one ob-
tained at T=0 from the set of hydrodynamic equations
used inf!),

‘2. THE GREEN FUNCTION EXPRESSED IN TERMS OF
FORMAL THERMODYNAMIC DERIVATIVES

A mixture of two Bose-liquids with pair interactions
is described by the Hamiltonian

H= 2 {‘P.*(r) (—%)\b;(r)dr-% %J' Bt (1) g (1)

i=1

X i (r—1") P (1) i (r) dr dr’} + (@) (D) v (e—r) ot (1) e (2') drdr’.

Let T=0 and let the concentrations 7y of particles in
the condensate be non-vanishing. The Green function G
and the irreducible self-energy part £ form a 4x4 ma-
trix corresponding to the four possibilities for incoming
and outgoing lines: two directions and two kinds of
particle.

From the Dyson matrix equation (the upper indexes
characterize the number of the components and the low-
er ones the directions):

GH —g™ 4@l xtan

'mn — FTomn omréirs Usn

: Gm 0

omn (P) 0 ) P (e,p),

(e—e,"tp+id)—* 0 )
0 (—e—ep’+pitid) 1/’

i k...=,2),

& ()= (

ep’=p*/2m;,
we find
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W=t

__i(zn

___i:(iz) -1
gt _sm)
Ti=30),

5(p)=(

o (4)

(Gi=G®,
We can use the generalized Hugenholtz-Pines and
Gavoret-Nozidres relations? for a mixture (see Appen-
dix, Sec. 1 for a derivation) to determine the asymptotic
form of G(p) as p—~ 0. These relations establish a con-
nection between the terms of the expansion

S (0)=2(0)+AS+ASH ...

(the A,,Z‘ contain in general non-analyticities and are de-
termined by the conditions lim,.,A,2/p"!=0 and

lima ,£/p"#0) and the derivatives of the Hugenholtz-
Pines'! thermodynamic potential:

E’ (noi, iy, pi) =E (n;, Pi) —Bany’ —panz’ | (5)

(the volume Q=1; n; =n; - ny, are the concentrations of
particles outside the condensates, p,; the chemical po-
tentials, and p; the momenta of the particles in the con-
densates)!’;
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IO =ptraan, 257 (0)=noay, Sm(0)=[roune]" as,

o () ) G 1 ny’ ®)
AZy =8y, A =3 |= -( 82a23+p:-7) ,
2Ry, my
' ‘e
AZutm [ (22) (2 ) au],
2 oy N2
2 2
A1212l2=_e— [(ﬂ) ay3— (ﬂ‘) au] 3
2 Ty Moz
1 (7)
Az[zuu—znzu]—_— _.(s’au+p’a);
Ny Moz
an=0E"/0x.0z), Z1,3=Ng(1,2), T24==hy2. (8)

The constants #; and a can be expressed in terms of the
derivatives of the energy of the system with respect to
the condensate velocities v; (or the momenta p; = m,v, of
the condensate particles, see Appendix, Sec. 1). The
formulae for = ®(0), a,z%®, 2?1(0), and A ,3%! are ob-
tained from (6) and (7) directly through the substitutions
1,2= 3,4 and ny =ng, in the ay,.

We can construct the quantity E’ as follows. If the
condensate and the system of particles outside the con-
densate did not exchange particles, their concentrations
should be considered to be independent variables so that

dE (noi,ni') = Z (Rodnoitp/dn),

r)E) o (6E) o
(07;\,,» o \Ge) T

in another thermodynamic representation

E’ (noi, n")=E— Z w'nd, dE'= Z (oidnoi—n;" dus’),

IE’ 9E’ ©)
— ) =H (—-) =—n,.
( 5”.,, )u, ° 0}1,-’ no;

We can retain the function E'(n;, ) as a special ther-
modynamic characteristic of the system and when ex-
change of particles is present between the condensate and
the system outside the condensate we need only introduce
the additional requirement

IE oE 0E dn/
(——) =0, ie., (—) }+( ) o = poi—pi'=0.

7
ANy INnoi In' /o, dng

(10)

By virtue of (10) we can not distinguish p,; and y;, and
we denote them by ;. We construct a simple diagram
technique for

H=H— 2 win’

('1®)=E'|&)) (formally, as for the Hamiltonian of the
system of particles outside the condensate; the ny play

the role of parameters); the quantity E’ corresponds to

the sum of the vacuum diagrams. ™’

Equations (6) to (8) determine the asymptotic form of
the matrices occurring in (4):

(1)

Sh=1 3y 1 nnlau—(1—a12)8+AzE::)+8mo§ Noa 422, )
Go -2 _(_ )( nola,,-l-AzZﬂ“; n01a11+(17a12)8+A22ﬂ +5pl“
,/ ,/ (11)
n 2 noi \
E,:‘”: (nmnoz)ll’a13+ (_1)Ai [(_02) dzs+ (_1)1 ( - ) au]+A22ihu’
2 Noy Noz
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while

AT P=AT AL AT
for G®™' = £@ and $?! the relations differ only in the
replacements 1,2= 3,4 and ny = ng in the ay.

Substituting (11) in (4) and after that evaluating the in-
verse 4x4 matrix up to terms of lowest order in p and
¢ we get

b.l.C,nn
Grin (P)—mw (12)
b — (nol[M’e”—L‘pz], Tnmna:[J\vt‘z'*’lRP:])
s Vnone[Ne*+aRp®]. ne.lM.e'=L.p*]/’
1 -1 2
emn = ), Li=—SR L=—"R,
-1 1 m.’ my’
R=a,an—a,, M.=M, (ﬂif.u,z:_-r...))y
B="A,+ )00y, C= ( L cc) R =l
m, m,’ my"m, m; m; m
Mi=—a, (a,a..—a. )+ (1—a;)a,+2(1—a,)aa;:+a, aq.

N=a..(a,a;:—-a,;°) T (1—a..)ana,+ (1—a:.)a, a0
~—ayu) (l—a,)a,.+a, a. .
d=(a,0.—a,7) (ana, —a.) [ (1—a,.) (1—a.)

@ =20 a0 (daa, ., —a,:a,.a.:)
=2(]=ay) (@008~ a,0200,) =2 (1—a.) (1=as) aa..
_(l‘atﬁ)ia&«a-»"(l”at.):“l;".‘.‘"auf’;;“;:""(lzv,az;’luz“zaAa(I:wal;a;..

We draw attention to the multiplicative character of the
way the G, depend on the indexes. It is important that
in G only such combinations of the A,Z entered as are
contained in Egs. (6) to (8), i.e., they have an analytical
form and can be expressed in terms of a;,, m¥, and a.

3. TRANSITION TO PHYSICAL DERIVATIVES

We show now that the combinations of formal deriva-
tives a,, in G in (12) have a simple physical meaning.
To do this we express the physical derivatives 8 u, /o,
(p; =3m;) in terms of the formal a,,. It follows from (8)
to (10) that

dpy=a, dn.~adprasdneTandus,
dye=a.dn, ~a..dp,+a;dng+a di..
dn,=(1—a.)dn,—a.dp,—andn,.—adu.,
dn,=—a;,dn.;—a.dp,+ (l—ais)dne—a,.du.,

i.e.,

A (1([=§ dn., ﬁrzlfz\osdﬁf(:'dlﬁ. (13)

Qe ( l—a: —au ) B ( (g )'
—a,;  l—as, Wy Ay
~ 22 24 ~ d 1 ~ dn,
C=(a ¢ ), du=( " ), duo=( m).
\ @y A dte dng.

Eliminating d#, from (13) we find

di=Ddfi, D=-C+ATB-'A.

The evaluation of D leads to the following equations
(see (12), (13)):

D.=M,/det B, Dwu=M,/det B,
(14)

D,=Dy——N/det B, detD=A/detB.

Substituting (14) into (12) and using the obvious relations

%= D, ‘7llz= Dy, %

= (15)
on, detD un,

detD on, on,
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enables us to eliminate the quantities a,, from G in (12):

s n ’
"'*}'ou{p”], nc-z[ "e:~—l—dp:]/

an, m,

1 -1 a a é
o= (1T g (e e o )

1 m,' dn, m. In. on,
nyn, s
4.—/}'(—71—’—1'—7"1,)(1 (dEdet—,i).
m, m.' IR,

Apart from the usual thermodynamic derivatives 82E/
9n,;9n, there occur in the expression for the long-wave-
length spectrum derivatives of the energy (see (A2)) with
respect to the velocities of the superfluid motion (which
can be expressed in terms of a single “drag parameter”
a—see below). The velocities of the superfluid motions
play the role of peculiar additional thermodynamic vari-
ables, the occurrence of which is connected with the sta-
bility of the relative superfluid motion.

The possibility to connect the long-wavelength spec-
trum with the thermodynamic potential E(r;,v,) (although
through the enlarged inclusion of the variables v,) is not
self-evident for a quantum system; for instance, for a
Fermi-system (zero sound) or for a quantum (coherent)
crystalt® one needs a more detailed characteristic of
the system than that given by E(x).

When there is no interaction between the components
of the mixture Eq. (15) would for each of the liquids lead
to the well-known expression'®?

'"2)_1(;1 _11)

4. CONNECTION BETWEEN THE DERIVATIVES OF
THE ENERGY WITH RESPECT TO THE CONDENSATE
VELOCITIES

Using the diagram technique for a system of two Bose-
liquids with moving condensates™! we can easily evalu-
ate the derivatives 3 E(v,,v,)/8v,. Differentiation of the
contribution E’ of any of the vacuum diagrams with re-
spect to v; leads to a set of diagrams which differ from
the original one by the replacement of one of the zero-
order Green functions of the i-th component G§’(p)
=(¢=p.v;—ed+pu,)" by the expression

n Op

~ 7 N
G"J= . (
" m 9n,

b —
an;

060(” (P)/aviszom (p)*.

Hence it follows that

oE" o G d'p

St plel -6 o

ot (9P &p
=l"‘pG§1 2 2n)¢ =J.P”I(P)'W=Ji

(3] is the mass flux of the i-th component particles out-
side the condensate), Using (A1) and also the equations
p; =m;Vv; we have

myn,’ L, mlny
W = vitamymev,, j. =
my 2

Vo tamymv,.
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For the total mass fluxes we get (see (A2))

oE
fi=nemv, i/ = ‘v‘+am,m,vz = o,
my v,
m,*n, JE (16)

jz="o:mz":"'j:’ =

vatam m.v, =
A

Using the law for the transformation of the j; when
we change to another inertial frame of reference, we
find

my»n,.»

N S amamy =m,an, .. (17)
ml.z
whence
* mx.z
m,=———
M Camg iy (18)

Substitution of (18) into the equation for the spectrum
(see (15)) gives

e'—[pbyFpebo—amma. (b, +b..—2b,:) Je*p* (19)
+(p.p2—am map) (bib—b.*) p*=0.
au’ , 9E
p=nim;, bx= y W=——=—. o0=p"0
7o doi  m

or, after some transformations

o= [(F) #Heumo- =} (52) e

2 9% P _
+{c<1—c>—”m""2}(_”~) (_) =0, (20)
P de /o \ 00 /.
=w'—w e=0/p,

where (see (A2), (17))
amm, 1 [ *E O°E FE \7_
c(1=c)— =—[ _( 91:1«_191;1_‘.) ] =0

P 0?
(stability condition), It is clear that as
(50) - (5) = (3). /() =0

none of the sound velocities is in the general case de-
scribed by the formula for a classical elastic continu-
um %= (0 P/3p),. For weak mixtures (c « 1) we find

(0P T \? P
" (%)ﬁ“’*‘“’""”ﬂp (a)c /(X)
: ot
u, = (p,—am,ms) (—éc_)p/p'
One verifies easily that the same result for the spec-
trum follows from a set of hydrodynamic equations®!’ at
T=0:

dv,* duv,*

peFdiv ji=0, ¥ +Vp/=0, (21)
dE oE 1
ji=—, }li’ =—, AE =—(91|U12+2912V1Vz+Pzzvzz)-
v, ap; 2

Indeed, from (21) follows the dispersion equation for
u=w/k:

ll‘_(P11b|1+92:bz:+2p|:b12)UZ+ (Pupzz_Plzz) (bllb‘J:—bll:) =0,

which is equivalent to (19) (here py; =n,m%/m¥, ps,
= nym2/m¥, piz= amymy, see (18), (17)).
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5. DRAG EFFECT

The effect of dragging by the superfluid motion of a
well-defined fraction of the mass of both components of
the mixture from the point of view of a microscopic
theory means the following: if the condensate of one of
the components is “put into a state of motion,” the par-
ticles of both components outside the condensates obtain
a non-vanishing average velocity. In the diagram lan-
guage the necessity of this effect is clear from the fact
that when a moving congensate is present the diagram
for the Green function G“’ (p), and hence also the dis-
tribution functions #,(p) of both components become
anisotropic. [*!

In a microscopic approach the drag effect (a quantita-
tive expression for which is given by Eq. (16)) emerges
as the consequence of the appearance of a “cross” term
in the energy of the state with a moving condensate (A2),
i.e., of the non-additivity of the contributions to the en-
ergy of the superfluid motions. This is a quantum ef-
fect: although the interaction Hamiltonian can be ex-
pressed only in terms of the particle number density op-
erators while the average densities are not changed in a
uniform superfluid motion, the average value of the in-
teraction energy depends on |v, - V;| —an important con-
tribution to it comes from the density fluctuations which
depend on the excitation spectrum and hence also on the
relative velocity of the condensates, It is noteworthy
that the constant @ in the “cross” term serves as an
exhaustive characteristic of all manifestations of the
drag effect—in the expression (16) for the mass fluxes
i;» in Eq. (20) for the spectrum, in the difference (18)
between the “effective” masses m¥ and the “bare” ones
m, (the constants m¥ play the role of their own kind of
“effective” masses of particles when there is superfluid
motion if we use Eq. (A2) for the energy, but not if we
use Eq. (16) for the mass fluxes).

It is interesting to note that in the limit of a strong
rarefraction of one of the components of the mixture (let
it be number 1) the constant m¥ acquires the role of an
effective quasi-particle mass in the usual sense. To
wit, using the generalization of equations of the Hugen-
holtz-Pines and Gavoret-Noziéres type we can show
(see Appendix, Sec. 2) that as ny —~ 0 one of the branches
of the spectrum of the mixture tends to the behavior

2
o)

—
€, = ZZrn.‘TO“m')p'
Neglecting the drag effect (a=0) leads to agreement of
the spectrum with the results of the theory in®! and to
the absence of a renormalization of the particle mass of
the rarefied impurity m¥ = m;.

We express our deep gratitude to A. F. Andreev for
discussing this paper and for important hints,

APPENDIX

1. The Hugenholtz-Pines kind of formulae (6) for the
mixture are derived by complete analogy with the one
Bose-liquid case. ™! The generalization (7) of the
Gavoret-Noziéres relations needs some additional re-
marks which we give below.
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If we change in the vacuum diagram E' the “energy
factor” of one pair of entry-exit condensate lines of any
of the mixture components (1 - ¢* ¢¢) the changes affect
the internal Green functions of both components, How-
ever, when summing the contributions from the set of
diagrams Z$)(0, €) constructed on the base of some vac-
uum diagram E' we get by means of a discussion simi-
lar to the one given in'*! a result which is larger by a
well-defined factor than the change in the contribution of
the diagram E’ when simultaneously we make the change
1- €%t in all condensate lines of the given component
of the mixture, which is equivalent to changing the
chemical potential y; = u; + ¢ in the internal Green func-
tions of only that component, This leads to equations

for %)(0,¢) which are analogous to the ones obtained
s 14]
in™!,

When deriving the relations for a,32(0,¢) we assume
that the change 1- ¢*#*f simultaneously affects the con-
densate lines of both components; after that we subtract
from the total sum

Vad [ (0, ) F10eS00 (0, €) 3 nies (54

—[e—>—¢]}=¢ (n\..—a—*”.u

M 7

#(0.e)+T,2(0.¢)) ]
J JE"  oE’
)

du, o

the change in =}’ and =%’ .

The derivation of the equations for a,512(0, ¢) requires
a change in the energy factors of the condensate lines
which is equivalent to the transformations p,—= yu; +e¢,
lz= My —¢. From the total sum of contributions of en-
try-exit pairs for the condensate lines of one kind and
the entry-entry, exit-exit pairs for different kinds,

Lo [10iZ1y (0, €) TS (0, —&) +V ny g, (20 (0, €) +2,.2 (0, —¢)) ]
P 9 AE' OE
—[e—=-—-e]}=e (m.—— /L:ﬂ—a> ( <—————)

Ina, DN T

we subtract the change in Z{’ and ={’,

We easily obtain the equation for a,[Z}(0,e) - Z12(0,¢)]
through the substitution 1~ ¢**** in all condensate lmes;
we must from the total sum

(2)

Vaflra (5470, )= 22 (0, 8) =) T (£ (0.€) =42 (0, 8) —ps)
+2Vnoin (2,,'2(0, &) —Z,2'2(0.€) ) ] +[e——¢]}
_ e E L OE
__( _0;”9;1:)

9

r}pl': //p_.: '
subtract the terms connected with Z{’, 2.

When deriving the equations for Z!* (p, 0) we establish,
similar to the preceding, a connectmn between these
quantities and the change in E£'—in this case when each
of the condensates of the mixture start separately to
move (with an infinitesimal velocity):

na 24" (p.0) 21 (p, 0) — i | =AE’ (p,0).
Noa n (P 0)-% 12 (P:O) l‘z] AE’ (0 F)

Yrona:[21 (2, 0)—S1 (p, 0)1="7.[AE"(p, p)—AE’(p, 0)—AE'(0, p) ].

It is clear from symmetry (isotropy of the initial state
when the condensates are not moving) that the expansion
of AE'(p;,p,) (p, are the particle momenta in the con-
densate) must start with second-order terms:

AE’ (py,

n, n,’
p:)=--:-lﬁ;lp,2 +2—fﬁ2p:’+oap.p2 (A1)
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(see Sec. 5 for the necessity of the inequality m, +m,).
When calculating G in terms =} $°/2m, occur only in
combination with g, p?/2m;:
S Ly np?
r (W+ BITz.na,) Comyng,
(see (12)). The physical meaning of m} follows from the

expression for the total energy of a system with moving
condensates:

Moy n,’ Nz nz'
AE( .)2)=(_ ._) +(_+_) 2t
Pr-t om, 2w P T \om " 2w P AR
P’ Pt
TG R AR (a2)

2. Let the concentration of one of the components of
the mixture tend to zero: ng5 — 0. Using the equations
(see (1), (8))

JE’ 9*E’

<0 -S4 (0) = _ o _
= (0= 0)= an., Mo A s/?)zo.r?p,,'

and using the fact that 3’ = 0(ng,), 2 =0 1ny,), we
find

exe =t I (e, p) me — I (e, p) — 20 (e, p)
)
=gt e ——————.
Inay Iy 2n0, O,

As ngy, ~ 0 the contribution to terms with derivatives of
E' come only from diagrams E’ with 2 minimum two
non-vanishing number of condensate lines of the 1-st
components (diagrams E’ without these lines either do
not contain either outside-condensate lines of the 1-st
component G{"’ = (e~ ¢+ u, +i6)"!, or they contain loops
of Gé” which give zero when integrated over the fre-
quency). As each condensate line introduces a factor

Vg We find

I*E’
one dp,

| OE

so that

) P’ —
€p =W+ 0 (Yny,)p.

D An analysis of the divergences, similar to the analysis in'®,

for a mixture of Bose-liquids will be given separately.
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