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We find exact power-law stationary solutions of Boltzmann’s kinetic equation which describe particle
distributions with a flux from a source to a sink. We consider both direct and screened particle interactions
and also a relativistic kinetic equation. The exponents in the distributions obtained are determined by the
nature of the interaction and by the particle dispersion law. We study the locality of the obtained spectra.
We show that in the case of Coulomb interactions a distribution with a constant flux is local. We analyze
the dispersive properties of media with Coulomb interactions for the case of power-law distributions.
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1. INTRODUCTION

It is commonly assumed that interparticle collisions
lead to equilibrium distributions. This conclusion is
based upon the fact that the collision integral in the
Boltzmann kinetic equation vanishes for equilibrium
particle distributions and is a consequence of the de-
tailed balancing principle (equality of the probabilities
for direct and reverse transitions) and the conservation
laws.

We have shown in brief communications®’ that colli-
sions can also lead to non-equilibrium power-law par-
ticle distributions with a flux from a source to a sink
region. In fact, the exact power-law solutions which
we found make the Boltzmann collision integral vanish,
It is necessary for the existence of such solutions that
the dispersion law and the transition probability be
homogeneous. These solutions are in a well defined
sense analogous to the Kolmogorov spectrum in the in-
ertial range'?’ or, more precisely, to the weak-turbu-
lence distributions in a system of waves®™~%! or of
waves and particles. tel However, that is a formal,
methodological generality. The solutions found do not
assume the existence of wave turbulence. They are
established as the result of a direct interaction (colli-
sions) of particles.

Earlier®! we mainly paid attention to the applications
of the power-law distributions to different physical
problems, namely: the possibility to establish cosmic-
ray spectra due to the direct interaction between par-
ticles (in contrast to the usually invoked mechanism of
the interaction of the particles with waves in a turbulent
plasma""”), changes in such processes as Landau
damping and the escape of particles, or the possibility
of lowering the Lawson criterion. It is well known that
one quite often encounters power-law and quasi-power-
law distributions and that they may also be important
in other cases (see in that connection®®-12%),

We must note that stationary solutions of the kinetic
equation for particles that differ strongly from the Max-
well distribution have also been studied in the past (in
that connection see, e.g., 34! and the literature cited).
The basic difference between those works and™’ and the
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present paper is that in those papers we studied the re-
laxation of a small fraction of the particles on the back-
ground of an equilibrium distribution which corre-
sponded to a different physical situation and allowed the
linearization of the collision integral.

In the present paper we shall not touch upon applica-
tions but we obtain power-law distributions which have
been used earlier™’ from the Boltzmann equation, and
we discuss some general properties of such solutions.
These exact solutions of the non-linear Boltzmann in-
tegral equation can be found relatively easily thanks to
its symmetry properties which are used in an essential
way. The first to suggest symmetry transformations of
the collision integral, its inversion in particle space,
was Zakharov (see®)), We shall use more general vec-
tor transformations in p-space which are applied in
weak turbulence theory (see™! and the review by Ka-
domtsev and one of the authors™’) as these transforma-
tions enable us to deal directly with matrix elements
which are not averaged over angles which is very con-
venient, and also to obtain non-isotropic drift deviations
from isotropic distributions. On the basis of such an
approach we analyze in the present paper power-law
solutions of the Boltzmann, Landau, Lenard-Balescu,
Belyaev-Budker, and Klimontovich-Silin kinetic equa-
tions.

We have already noted above that the power-law solu-
tions have a “Kolmogorov character” and their proper-
ties are determined solely by the internal symmetry of
the non-linear collision integral while the particle (or
energy) flux in velocity space is conserved. We find
the distribution function for any interparticle interac-
tion law, which possesses a well defined degree of ho-
mogeneity (the exponent of the power-law distribution
depends on the degree of homogeneity of the interaction
law). The above mentioned problems are dealt with in
Secs. 2 to 4 of the present paper. We study in Sec. 5
locality problems, i.e., convergence problems of the
collision integral for power-law distributions. We
elucidate in Sec. 6 some characteristic peculiarities of
the dispersive properties of a medium with particle
power-law distributions for the case of Coulomb inter-
actions between them,
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2. POWER-LAW SOLUTIONS OF THE BOLTZMANN'
EQUATION

We write the Boltzmann equation in the form
iy=I{n}= [ dvw(pp.Ip.ps) f(pp:Ipaps). (2.1)

where n, is the particle distribution function (for the
sake of simplicity we consider for the present one kind

of particles), d7=dp,dp,dp;,

ww=U(pp:|P:ps) 8 (p+p,—p.—ps) 8(E+E,—E.—E;) (2.2)
is the scattering process probability,
fo=f(pp: |P2P:) =n.n;—nn,, n=n,, ny=n,, etc. -, (2. 3)

f» is a quantity which is quadratic in the distribution
functions and whose structure takes into account par-
ticle conservation during scattering, while momentum
and energy conservation is taken into account by the 6-
functions in the transition probability.

The transition probability w, and the function f,
possess the obvious symmetry properties:
w(pp: | P=ps) =w (P:P| Pps) =w (p-ps| pp1) .
(2.4)
1(pps| p:ps) =f(Pip | P-Ps) =—F(p:ps| pp,) .
We shall assume the particle energy E(p) and also the
matrix element U, and, thus the transition probability

w, to be homogeneous functions:
E(p)=ME(p),  U(Aprp:|Ap:Aps) =A"U (pp.|p:ps), (2.5)

and the system to be isotropic, as a result of which E
and w are invariant under any rotation g:

E(gp)=E(p), (2.6)

We shall show below that the kinetic Eq. (2.1) in that
case has not only the equilibrium but also two other
stationary solutions of the form

wgp =Wr-

s,=—(m+3d)/2p

~phaEr, =
e p v 8 {so=s,+‘/z

(2.7)
Here d is the dimensionality of momentum space.

The physical meaning of the power-law distributions
consists in the fact that they describe distributions with
a source (sink) at the origin, i.e., that they are solu-
tions of the inhomogeneous equation I{r}=- ¢,(p)5(p),
where s, corresponds to a constant energy flux along
the spectrum ¢, =J,E™}(p), and s, to a constant particle
flux @q(p) = Jy=const. (Here Jp and J; aretheparticle or
energy power density of the source.) By using the
structure of the collision integral and assuming that the
distributions are local"’ and isotropic we can easily
verify this, if we write the particle and energy conser-
vation laws down:

al,

—_— =—4§rtp’1{n}, -%: =—4np*E(p)I{n}.

% (2.8)

Hence, taking into account that I{r}o #® we can see that
np(‘)':alljll""Up—'h P"'/‘,

(2.9)

1" =ao|1o|%U, " E" (p) p~"r,  ai0<1.

The fluxes J; and J, are equal to the source power.
Comparing the exponents in (2.7) and (2.9) we see that
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FIG. 1. Similarity transformation
connected with the conservation laws for
the scattering of identical particles.

The transformations G; transfer the
vectors p; into the fixed vector p.

s; corresponds to a constant energy flux and s, to a
constant particle flux.

We change now to actually solving the integral equa-
tion (2.1) in the stationary case. To do this we con-
sider a symmetry transformation. To be precise, we
transfer in the quadrangle constructed on the vectors
P, P1, Pz, and p; the vector p, to p by means of a rota-
tion 2, and a dilatation by a factor X, =p/p,. The opera-
tion G, =)\ g; changes a quadrangle into a similar one
for a fixed side p corresponding to the external momen-
tum. Asp,, p,, and p; are integration variables, we
can consider this operation as a change of variables de-
termined by the relations (see Fig. 1; the original vari-
ables are indicated by primes)

p:'=G‘2p.. P:/=pr~.- p.~.'=G‘P: (G|p‘=p). (2. 10)

The Jacobian of the transition is then equal to?’ A} and

the scattering probability transforms as We,p =>\{’"B"’w,.

Indeed, both the matrix element and the 6-functions
are invariant under the simultaneous rotation of all
four momenta which is carried out under the transfor-
mation G;, whereas the dilatation, because of the homo-
geneity properties, gives a factor A" from the matrix
element, 2\{® from the energy conservation law, and A\
from the momentum conservation law.

As a result of the change in variables the integral
Hn} transforms thus to

I{n}= _[ dwpfo i,

fs,n=f(P612P||G|P:G1Pz), T=m+3d—ﬁ. (Z. 11)

We similarly introduce the transformations G, and G,
which transfer p, into p and p, into p, respectively.
The corresponding changes in variables are then given
by the relations

p./=G:ps, p.'=G:*p:, pJ’=G:p, (G:p=Pp),

(2.12)
p/=G:sp:, P'=G:p;, Pps’=Gs'ps (Gsps=p). .
Using all four transformations (the identical one and
G;, G;, G3) we can thus write the collision integral in
the symmetrical form:

4I{ny = [ dvwolfothfon A o ths o] (2.13)

We shall look for isotropic solutions in the form » =E*,
For such functions f;, =+ )\2"’fp where the minus sign oc-
curs for G, and G; which change the incoming to out-
going particles. For instance, after the transforma-
tion G, the function f, becomes
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IGIT‘Ef(pGZP:i[GZ?pZG"-'pl) Z/(GszGzPslazl'Gzpi) (2 14)

=ha" [ (paspP) =— (2/p2) ™[ (pP: | paps) =—Ds " fy.
Proceeding similarly for G, and G; we reduce the col-
lision integral to the form

Iy = [dw [ E+E BB, pv=rtas. (2.15)

While the equilibrium solution corresponds to the
vanishing of f,, the vanishing of the square bracket in
(2.15) leads to new solutions. To be precise, when v(s)
=0 (s =s,) the bracket vanishes because of the particle
number conservation law and when v(s)=-1 (s =s,) be-
cause of the energy conservation law. Just as the
equilibrium solutions are parametrized by the average
energy, the new solutions are parametrized by the en-
ergy (or particle number) fluxes. We find below (Sec.
4) solutions in which small fluxes of several conserved
quantities, such as the momentum when there is a small
drift present, are present.

The solutions are very similar to those which occur
in the weak turbulence theory for waves. ! But, how-
ever deep the analogy is, in the case of the Boltzmann
equation we are dealing with a physical effect of a prin-
cipally different nature which occurs in a system of par-
ticles. In fact, the solutions discussed occur when
there is no particle-wave interaction,

3. EXAMPLES OF POWER-LAW DISTRIBUTIONS

The simplest example of a system in which the solu-
tion found above can be realized is provided by a sys-
tem of particles with a power-law interaction law, de-
scribed by a potential V() =Vyr™®. The scattering
cross section do/d for a power-law potential is (in the
three-dimensional case) a homogeneous function of p of
degree —2p/a. (Indeed, the characteristic distances »
defined by the condition V(r)~E leads to the cross sec-
tion''®? go/dQ e 2 (V,/E)?'®.) Hence it follows for
the transition probability that

. s do B (Vg e

12 »“‘L’I’_‘E(P)E ~ 7( E‘) .
The exponent of the degree of homogeneity of the square
of the matrix element is thus equal to

m=—4+28(1—a™"). (3.1)

The most important particular cases are the van der
Waals interaction (¢ =6, m = ~%) which leads to dis-
tributions with exponents si?¥=-19/12, s¥¥¥=_25/12,
and the Coulomb interaction (¢=1, m = -4) thanks to
which there appear distributions with s§°' = -3 and
s§° =—_ %, The latter distributions can also be obtained

directly from the Landau equation (see Sec. 6).

It is convenient to use in the Coulomb case the Born
approximation. The matrix element depends then only
on the modulus of the transferred momentum 7Zk =p,
-p; (and must be symmetrized according to (24.)):

U(pp.|pzp;)=2—:[V(k) %, V(k)=[ drV (r)e’™, (3.2)
whence it is clear that U, is a homogeneous function of
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degree m =2(a—d)=-4.. The Coulomb interaction
makes it necessary to take into account the polarization
of the medium which leads to screening.

The Lenard-Balescu equation which takes dynamical
screening into account has the form (2.1) where the ef-
fective matrix element V(k, w) in contrast to (3.2) de-
pends both on the momentum transferred and on the en-
ergy transferred. In the non-relativistic case we have

Vau(k, 0) =e.er/kkiei;(o, k), Hho=E,—E,, 3.3)

where ¢;; is the permittivity tensor of the medium, tak-
ing into account the temporal and spatial dispersion.

. The longitudinal permittivity

4ne? kdn/dp
far

e’(m,k)=1+—kz— —_—

(3.4)

o—kv ’

is thus important. In that case we have in the region of
static screening (kr, <1, k*%> w?)e' o (krp)?, where

7p is the effective Debye radius and v® the mean squared
velocity. The matrix element V,, < e e,7%, which leads
tom =0 and s§ =-7, s?=-1.

We now consider the relativistic case restricting our-
selves only to scattering processes in which particles
are conserved and neglecting pair creation and annihila-
tion. The kinetic equation has in that case again the
form (2.1) with a matrix element V which can be ex-
pressed in terms of the Fourier component of the Green
function & of the Maxwell equations™®’;

(3.5)

Here v is the three-dimensional particle velocity, c¢ the
velocity of light, and w,k are as before connected with
the transfer of energy and momentum in the collision,
In the isotropic case ¥ can be expressed in terms of
the longitudinal €’ and the transverse &'* parts of the
permittivity &, ;:

Va(k, 0) =4ne.e, v (o, k) /e

8i—keikes/ K n kik; ct

9:1 = . g .
(w/c)*e'" (0. k) —k* K o' (0,k)

If we neglect retardation ¢’ =¢'* =1, whence follows
(in three-dimensional notation) the Belyaev-Budker
equation, '8 The derivation proposed in the preceding
section refers thus completely also to the relativistic
case in the region where the dispersion law and the
transition probabilities are homogeneous. The latter
means a restriction to the ultra-relativistic condition
B=1 (E=cp). The homogeneity exponent m for the case
of a Coulomb interaction and when the Debye screening
dominates remains the same as in the non-relativistic
limit. We are thus led to the distributions

n( 1)Coul ~E_s/,, n (0)Coul ~E_2,

(3.6)

n““’~E"”, n(o)DNE—s_

These distributions turn out, however, to be non-local
(see Sec. 5).

Above we considered collisions between only one kind
of particles, e.g., between ions on a compensating
electron background, assuming that the ion subsystem
relaxes quasi-independently of the electron subsystem.
Such a situation exists practically always for ions in a
system with comparable ion and electron temperatures
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(I;;» I,). For electrons, on the other hand, a relaxa-
tion which is independent of the ions is possible, as
follows from an analysis of the relaxation times, ™" if
T,<m,T;/m;. Inthe case of quasi-independence of the
subsystems the second component is important in the
sense that it plays the role of a background guarantee-
ing the quasi-neutrality of the medium and affecting its
dispersive properties, the screening, and thereby the
homogeneity exponent of the scattering probability.

In concluding the present section we estimate the
characteristic times for establishing stationary dis-
tributions with a flux. We find 7;! as the functional
derivative 6I{z}/6n whénce, assuming locality and using
(2.7), we get

- { 1" Up"E~* (p) p*

" T Ve ) @®.7

respectively, for the solution with an energy and a par-
ticle number flux. In particular, it follows from this
for a local Coulomb distribution (with an energy flux)
(US°™ =2m(4me?/p?)?

(T;I)Coul~ |J‘ ' '«’:mezp_s/x'

3.8)

where m is the particle mass. If the electrons are

relativistic we have

W=
(Te—l)Coul~ |]‘|nm' /’ezc—v,_

3.9)

With power-law particle distributions there is con-
nected the possibility, mentioned earlier, ™! to explain
the power-law spectra of cosmic rays“‘” and corre-
spondingly of the cosmic radio-emission of discrete
sources without invoking for this ideas about “turbulent
reactors. "8 The index y of the differential flux den-
sity I(E) =vn,g(E)< E™ (v =08E/8p, g(E)=d*p/dE) is then
connected with the exponent of the distribution accord-
ing to Y™™ =— (1 +s), Y™ == (2+s).

The condition that over the characteristic dimen-
sions of the system L Coulomb relaxation can take
place ! =y7,< L leads according to (3. 8) to the condi-
tion |J; | L2>> m®e™%". Estimating the flux along the
spectrum J, using the total power W of the source
through J; ~ W/L® we are led to the inequality
w mA* v\
7> () () rovtcasen,
which can be satisfied in powerful and compact cosmic
objects.

4. MULTIPLE-FLUX DRIFT-TYPE DISTRIBUTIONS

The solutions describing the occurrence of small
fluxes close to an equilibrium or a stationary distribu-
tion are, apparently, realized more often than the pure-
ly single-flux power-law solutions. Since the equilib-
rium Maxwell distribution is not self-similar, we re-
strict ourselves below to determining drift deviations
from the above found single flux solutions, and also
from a plateau which clearly possesses self-similarity
properties. It is most important that these deviations
can in the general case not be obtained by a Galileo
change E—~E -p- 6u - 6u because the initial distribu-
tions are non-equilibrium ones. This fact has already
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been discussed earlier™! for the weak turbulence case
for waves.

We look for the solution of the Boltzmann equation
(2.1) in the form

ne=ng[1+E'Sp+E*(pdu)], ne=E*

4.1)

and we shall restrict ourselves to terms linear in 6
and 6u. It is convenient to write the linearized colli-
sion integral and the function f, in the form
- P 0
I=I,+1,6u+1, (7 6u), fomt, 41 2Ou+, bu, (4.2)

where I; and f, have been considered earlier (see (2.15))
while the quantities f; and f, are equal to

Jrt=ngng,(ES+Ey') —negng, (E'+E),
(4.3)
f,=nc,ng, (ELptElp;) —neng, (E°p+E,%p,).

We use the symmetry transformations introduced

above. The integrals I, and I, then factor. For the

factoring of I, the vector nature of the transformations

used is essential. Finally, completely as in the case

of waves, ! we get

E
I, =— [dvuw,j [E-HE—E 7 —E7),

Evﬂ_nlﬂ
l.=

J.dr w,f,,[E“‘p+E"l"‘p,—E‘z‘ P—E77ps]. (4.4)

4

ve=v(s)+t, v,=v(s)+6+2/3.

We used essentially in the factoring the power-law
character of the isotropic unperturbed solution. It is
clear from the expression for I; that such solutions are
flux (s =s,, S =s;) and plateau (s =0) solutions. Linear
deviations from these solutions describe the appear-
ance of other small fluxes of conserved quantities. We
consider them separately.

The deviation from the distribution with a constant
energy flux has the form?®

np=E“[1+E8u+E'~*"*pdu]. (4.5)

Here 6u has the meaning of a small particle number
flux and u that of a momentum flux along the spectrum.
We check this somewhat later by using dimensionality
considerations. In particular, for non-relativistic par-
ticles (B=2)

np=E"[ 1+Edp+pou]. (4.6)
and in the ultra-relativistic case
ny=E*[1+E8u+E-'pbu] (4.7)

(we remind ourselves that we have here dropped con-
stants with dimensions). The impossibility of the sub-
stitution is clear: (E-6u-p- 6u)®t does not make the
collision integral vanish.

The deviation from the solution with a constant par-
ticle flux nz = E% has the form
ny=E*[1+E-'Sp+E-**pbu], (4.8)

where 6 has here the meaning of an energy flux. In
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TABLE I.

iations fi .
Deviations from Deviations from

Divergence of Iooy for a powerdaw distribution

Unp Distribution n=E®, the power-aw
E = pB|_,my | Particle flux in distributi the plateau Icon{E®} ~ | dpA...
" e lB)=ET. | @y | @) con{=% ~

Interactions .

8=23 8= gy 8==8 8 =38y 8=8; s:=8

B m fy to 8
8y ¥ 8 Yol t 8 t 8 A Ay Ay A" A Ay Ay AT
Non-relativistic systems
van der Waals 2 | =23 | =B/ —19/ 1] 1] 01—t
interaction
Coulomb 2 | —4 | —S/a [Ya|—3/a [—Yo[ 1| O[—1[—2|—B/oj—3/2] —8/a "/2 Y | =Yoo | —5/2 3/2 3/e 1/g ¥|—8/s
interaction .
Debye ) 0 /4 | 5ja|—7/a ETARY 0 | | =1 | —¥/e—7/2| —9/o|—3/2%] 872 | —5/| —1/2 —i/2 % 7y |38 1p®
screening
Relativistic systems

Coulomb 1 —4 —8/2 | 1/a] —2 04|11 —=2] =5 | —4| —6| /2 |—V/2% Ya¥—3/. 1 0 1% —1
interaction
Debye 1 0 [ 0|80 —4 | 2|1 |—t]|—1|—2| —9| =8| —10]|—0/2% 35 |70 | 1u¥| —t%| 2 | —1 | f=
screening

*Non-ocal distributions.

the non-relativistic limit we get

ny=E®[ |+E~*(6p+pbu) ], 4.9)

which in this case indeed corresponds to the first term
of the expansion of (E — 6y —p+ 6u)% in terms of the ad-
ditional drift term. This is connected with the singu-
larity of the quadratic dispersion law and the solution
with a constant particle flux. In the ultra-relativistic
case

ny=E~[1+E-'6p+E-*pbul. (4.10)

The deviation from the three-dimensional plateau
n, =1 (the solution corresponding to a zero flux) has the
form

=1+ Ed+psu+E—m+30/3[ §u, +ESp,+E'~**péu]. (4.11)

The first three terms in (4.11) make f, vanish in the ap-
proximation which is linear in the drift parameter. The
solution », =1 +ES[i+p - 0l is not connected with the
presence of self-similarity. The last terms in (4,11)
make the factorizing factors in (4.4) vanish where 6y,
is proportional to the particle flux and 6y, to the en-
ergy flux.

We give in Table I the values of the exponents for the
distributions (4.1) and for the deviations from the
plateau, taken in the form

np=1-+E"dp,+E“dp,+E"pdu. (4.11")

To elucidate the physical meaning of the additional
terms we can use considerations similar to those given
earlier.™? We use then the differential form of the
conservation laws (2.8). We restrict ourselves here
to the simplest consideration, using the local nature
and dimensionality arguments. Indeed, we can write
the multiple-flux particle distribution in terms of a di-
mensionless function of the ratio of the fluxes F:

pén
J.p* ) ’
(4.12)

E8], Epéa

Jy J,p*

J
) , np=|Jo|V’E’°Fo(6—i|

np=|J,|“"E"F | TE

npy=n,F (8J,/z, ESJ,/z, Epbn/p*z),
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where 6w is the momentum flux, and x the magnitude
of the dimensionality of the energy flux, expressed in
terms of the “equilibrium” distribution ng=n/p3 (n the
number of particles per unit volume, pp=(2mmT)}?, T
the “temperature”) and the transition probability x
=p3 Unl.

In the approximation which is linear in the small
fluxes we get from (4.12)

E Epé Epé
np=|1,4"-Eh[1+ 80 +-F f']:l]il"’E"[1+E6u.,+ pzu],
. Jy J.p* 4
8J, pém . pou 7 (4.13)
Ry= T, B |1+ — ]= J "E'v[1+E-‘6 +—_],
p=lilhE [1 el M

np=ne[1+6J,/z+Eb8]/z+Epdn/p*x].

Hence we can easily establish the coefficients which
have dimensions in the exact solutions of the integral
equations obtained above.

5. STUDY OF THE CONVERGENCE OF THE
COLLISION INTEGRAL

We study the convergence of the collision integral
for the power-law distributions (4.1) which we have:
found, restricting ourselves to the case, which is im- -
portant for applications, where the matrix element of
the scattering probability depends on the transferred
momentum and energy. The conservation laws in (2. 2)
allow one or simultaneously two of the momentum vari-
ables (e.g., p; and p;) to vanish and correspondingly
three (py, ps, p3) Or two (py, p3) from them to become
infinite. Because of the symmetry of the integrand it
is sufficient to study the convergence in the regions

1) p,—~0, II) py, ps—0, III) p,, ps—~oo, IV) p,, P, ps—>oo.

We need then the asymptotic behavior of the transition
probability U, in the indicated regions while their sym-
metry properties which, when taken into account, lead
to an improvement of the convergence (cf.™’), are im-
portant.

In the case of interest to us the matrix element V(k,w)
in (3.2) depends solely on the momentum (and energy)
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transfer. This enables us to find the general form of
the asymptotic behavior without turning to the explicit
expression for V(k, w). Let p; <p,p,, ps. We can then
drop p, both in the conservation laws and in the momen-
tum transfer and, hence,

U(pp.lp,p.)=—2hi%[ [V (p.) 11+1V (—py) *+2=3] [.1+o (_1;_)]

E, ) (5.1)

P »
V=V (4, 3
The asymptotic behavior of U, in the region of two small
(large) momenta depends on the sign of the degree of
homogeneity m of that function as we can for m >0 drop
in U, terms with a small momentum transfer, while
for m <0 we can drop those with a large transfer. Us-
ing this we easily obtain the asymptotic behavior of U,
which we write in a form which is convenient for what
follows

U(pp: | p:ps) = (| pllps| ) ™2 (| pllp2] )™ *u(p+p2| ps, Ps)s

m.=(m+|m|)/2. - (6.2)

m.=(m—|m|)/2, D1y P3P, p.

The function u(p|p,, p;) is of order unity and possesses
the following symmetry properties:

u(p|pi, Ps) =u(P|ps p)=u(P|—Ps —P:)-

Its explicit form can be established by comparing (5. 2),
e.g., form>0: ‘

- .
(1Bl 1P.1)™" (0 Balpr ) =~ o1V (p) 1V () [+ p=p]

x[1+0(%)].

We consider the convergence of the collision integral
in region I. If n,~« as p—0, the dangerous term in
Hn} is proportional to nn,. (As n,~0 the collision in-
tegral certainly converges in region I.) Taking initially
only the main term of the asymptotic Eq. (5.1) into ac-
count we find that the collision integral converges as
p1— 0 simultaneously with integrals such as

j dping, Pi<p.

Hence we get the condition for the convergence for iso-
tropic power-law distributions »,=E*:
A'=d+ps>0. (5.3)

We get by the substitution s —s +¢ from (5.3) the condi-
tion for the convergence to zero for a small isotropic
addition to the distribution, proportional to an addi-
tional flux 6 u:
A’+pt>0.
For distributions with small momentum fluxes o éu

n,=E*(1+E’pbu)

the main term of the asymptotic behavior of w, does
not contribute to the integral of the anisotropic part of
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n,. Taking the next term of the expansion of w, into
account we are led to the condition for the integral of
the anisotropic addition to converge to zero:

| AHBE+2>0. (5.4)

Using the same asymptotic behavior (5.1) with the sub-

stitution p, — p and dropping p in the conservation laws

» we get similarly to the preceding the conditions for the

convergence of the collision integral in the region IV
(D15 D25 D3> P):

A"<0, A"+Bt<0, A”+6<0, A”=m+2d—p+ps. (5.5)
The three inequalities (5.5) correspond, respectively,

to the convergence of each of the three terms of the
distribution (4.1).

The study of the convergence of the collision integral
in the region II is somewhat more complicated. This
is caused by the mutual cancelling of the contributions
from two dangerous terms in f,. As before assuming
that n,~~ as p—0 we expand f, in terms of the small
momentum transfer q =p; —p;, P,=p +q:

(5.6)

d
fp=nzn3—nm=n(na—n.)+q—a’1n3+0(naqz)-
P ,
Restricting ourselves to the main term in the asymp-
totic expression for w, and integrating over p,, using

momentum conservation, we are led to an integral of
the form

. . OE
J;,, dp,dps(p.ps)™*p -u(plpl,pa)é(E.—E:—q—”T)- q=p:—Ps.
(5.7)
By virtue of the symmetry of u(p|p;, p;) under the
substitution 1= 3 the first term of the expansion of f,
in (5.6) does not contribute to the integral which we
have written down. The integral of the second term
also vanishes as it is odd in q and the remaining part
of the integrand does not change under the substitution
Pi— =D, Ps— —P;(@—~ —q). It is thus necessary to re-
tain the next term in the transition probability, in par-
ticular, to expand the argument of the 6-function of the
energy conservation law up to terms which are quad-
ratic inq:
1 9’E

JE
E+E'—E2—EJNE’_E3_(I-9_p- Y q.q,—m .

The first terms in £, then give a non-vanishing contribu-
tion to the collision integral and the corresponding in-
tegrals converge more slowly than the integral of
O(nsq?) in (5.6). The convergence conditions can be
established by calculating the powers, and this leads to
the following inequalities for distributions such as (4.1):

A>0, A+Bt>0, A,+p6+2—B>0, A=m,+2d+f—1+fs,

my=(m—|m|)/2.

(5.8)

In region III (p,, p3 > p, p;) there occurs no cancella-
tion in £, and the symmetry of w, under a change in sign
of all arguments improves the convergence of the in-
tegral of the anisotropic part of the distribution by one
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power of p. The convergence conditions are given by
the inequalities

A:<0, ArtPt<0, A;+BO<0, A=mot+d+1-B+Bs, mo—(m+|m|)/2.
(5.9)

We note that we have not discussed the region of

small momentum transfers in which the Coulomb matrix

element is singular. The presence of this singularity

is not connected with the form of the distribution func-

tion and can be removed, e.g., by changing to the

Landau collision integral (6.1).

We apply the convergence criteria which we have
found to the stationary particle distributions obtained
above. One usually calls a distribution local which is
such that the convergence of the collision integral is
guaranteed in all regions I to IV. The main contribu-~
tion to the integral comes for a local distribution from
integration over the region py, p,, p3~p. According to
(5.3), (5.4), (5.5), (5.8), and (5.9) the distribution with
a constant energy flux in a non-relativistic Coulomb
plasma (m =—-4, s=-3) is local in that sense.™? The
addition to it which is produced by a small momentum
flux is also local, and thereby also the distribution n,
=E®/*(1+p- 6u). The distribution with a constant par-
ticle flux in the non-relativistic case for m =-2 also
has the property of being local (together with aniso-
tropic terms). The other distributions are non-local,
of course, within the framework of the Born approxi-
mation used here. The degrees of divergence are equal
to the appropriate values of A (see the table).

Non-local distributions, being formal solutions of the
kinetic equation, nevertheless require an additional
study because to discover them we must operate with
divergent expressions and the problem of their exis-
tence remains open. The difference between local and
non-local solutions is very clear from the example of
the Landau kinetic equation.

6. LANDAU COLLISION INTEGRAL. DISPERSIVE
PROPERTIES OF A SYSTEM OF PARTICLES WITH
POWER-LAW ENERGY DISTRIBUTIONS

Systems of charged particles with Coulomb interac-
tions possess singularities which are connected with the
divergence of the scattering cross section for small
momentum transfers. This leads to the fact that one
can restrict oneself to the diffusion approximation and
write the collision integral in the Landau form®é!

o . i u, iy an,
e s (B 52) 20, 22,
(3 (3

1 1E\®
=i (55)
where u=v —v’, A is the Coulomb logarithm, and j the

particle flux density in momentum space. For a power-
law distribution function n, =Ap% we find easily that

(6.1)

(4s+3) (4s+3)
(25+2) (25+3) (25+5)

2s+3 2s+2
s 2s (pi) +2s+1(&) ]}Y
2s+2\ p

Bl \p
where p, and p, are the maximum and minimum mo-

[{n}=16me'mAA>p* {

(6.2)
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menta of the power-law distribution. It is clear from
Eq. (6.1) that for the case of Coulomb interactions the
distribution function with s = -} is local (i.e., the col-
lision integral remains finite as p, =0, p,—=) as was

shown in Sec. 5.

Solving Eq. (2.5) and using Eq. (6.2) for the collision
integral we get the energy flux in momentum space J;:
_ 32ne*)
(25+2) (25+3)
4s+3 i —p_‘- 2543 _EL 2342
x{23+5+ 3 [zs(p ) T2+l (_p ) ]}’

Ji=

20845
4

(6.3)

.whence it is clear that the energy flux is in the direc-

tion of small momenta, while the constant A in the lo-
cal distribution (s = —%) is given in terms of the flux as
follows (as p; =0, p,—~o):

1 0018

NE ek

(6.4)

, 5 A
A=l ", a= [W]

The normalization factor in (2.9) is correspondingly
equal to a,~0.57/2'’2 while the appearance of the Cou-
lomb logarithm in the estimate for a; is connected with
the Coulomb divergence.

Power-law particle distributions show up first of all
in those properties of the medium which are sensitive
to the presence of particles in the “tail.” For instance,
the dielectric properties of a system of charged par-
ticles depends strongly on the particle velocity distribu-
tion function, As an example we consider the longitu-
dinal permittivity (3.4) for the case of an isotropic
power-law particle distribution corresponding to a non-
vanishing flux in momentum space. We have studied
earlier™’ the damping of Langmuir waves under such
conditions when the number of particles in the region of
the power-law distribution is small compared to the
total number of particles but they determine the imagi-
nary part of the permittivity. The expression for the
imaginary part of the frequency then has the following

form®?;

el J1™ »

N 2643 ! ©
m=*u," " w, Im 0 <w,, v,<u4,=—k< v, .

Im o= —
(6.5)

The particle number density » and the frequency w, are
determined by the equilibrium part of the distribution, .
We note that for s >-3 (which includes both Coulomb
power-laws) the damping increases with increasing
phase velocity (in contrast to the usual Landau damping
in an equilibrium system). The problem of the effect
of this fact on the stability and also on the collisionless
non-linear relaxation of the Langmuir waves requires
special attention.

Here we wanted to draw attention to the possibility to
evaluate the dielectric permittivity for particle power-
law distributions without making the assumption that the
number of particles in the power-law region is small.
This is caused by convergence of the appropriate inte-
grals (see (3.4)) for the power-law functions n,. Be-
cause of the absence of a characteristic velocity scale
parameter in the power-law distribution the imaginary
and real parts of the permittivity will be of the same
order of magnitude in that frequency and wavelength re-
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gion where the dispersive properties of the medium and
the damping of the oscillations are determined by the
interaction with the particles which obey the power-law
distribution,

As the power-law distribution can be realized only in
a limited velocity range v, <v<wv, while the dielectric
permittivity (3.4) contains an integration over the whole
of p-space, it is for the evaluation of &(w,k) in general
necessary to know the complete distribution, including
also the source (v2v,) and sink (vSv,) regions. How-
ever, if the integral in (3.4) converges for the power-
law distribution n, =Ap®® both as p~0 and as p—« the
contribution to e(w, k) can be found without a detailed
knowledge of the complete distribution function. Below
we restrict ourselves to considering just such a situa-
tion which, as one can easily verify, corresponds to
-3$<s<-1 and, in particular, includes the case of the
Coulomb distribution with an energy flux, s =—-3.

For an isotropic distribution n, we are after integrat-
ing over the transverse momentum led to the following
form for de=€e =1 (n(v)=0)

16n%e* ¢
v i

pon(p)
ul—p? '

’ (6.6)

8e” (0, k)=8n’e*m*k~*un(mu),

e’ (0, k)= —

u=aw/k.

whence we get, in particular the above given conver-
gence conditions for n o p?,

We consider the phase velocity region v; Ky <<v,. To
find the contribution from the power-law part of the dis-
tribution to 6e we can in this case replace the integra-
tion over the region p, <p <p, by an integration over the
semi-axis because the integral converges for —3 <s
<=1%. Inthis case the real part of 6¢ will be of the
same order of magnitude as the imaginary part. In par-
ticular, for n=Ap?¢, s=-%, -} the principal value in-
tegral can easily be evaluated and we get for ¢

8n’e? o \ ' 1 .
war A7) (F )

where the upper sign refers to a particle flux (s =—3)

and the lower one to an energy flux (s = —g). For Cou-
lomb distributions the dispersion equation &(w, k) thus
leads to Im w~ Re w and there are no branches such as
Langmuir waves.

oe(w, k)= 6.7)

In conclusion we must note that as in nature, and re-
cently also in experiments, power-law distributions or
at least power-law tails of distributions are very often
encountered, one may think that they are formed by a
unique and very common mechanism. In the present
paper we have shown that when there is a source pres-
ent such a mechanism may be provided by the direct
collisional interactions between particles taking their
screening by a self-consistent field into account. The
exact power-law solutions of the Boltzmann kinetic
equation with a source may thus serve as a basis to ex-
plain power-law distributions in different systems from
unique and rather general positions.
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Dindeed (see Sec. 5), it turns out that only the distribution
corresponding to an energy flux for the Coulomb interaction
of non-relativistic particles, including also the case when
there is a small momentum flux, superimposed upon the basic
solution (see section 4), is local. Nonetheless all formal
solutions correspond to the structure (2.9).

2)We can establish that the Jacobian is independent of the angles
by direct calculations. Indeed, this property becomes clear
after going over to integration over the internal angles of the
polygon which do not change under the similarity transforma-
tions G;.

in the corresponding formula of our earlier paper!!! there is
an error.,
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