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We evaluate the probabilities for the Compton effect and electron-positron pair production by two
transverse quanta in an isotropic plasma. We obtain in the ultra-quantal limit an expression for the
Compton energy loss of an electron in the case when the frequency of the initial quantum is close to the
plasma frequency. We show that the plasma alters significantly the nature of the emission. We find the
spectral power of the radiation by a system of ultra-relativistic electrons. We obtain an expression for the

y-quantum energy loss due to pair production.

PACS numbers: 52.25.Ps, 52.20.Fs

1. Recently there has been an extensive discussion
of the problems of the effect of a medium on various
quantum radiation processes: bremsstrahlung, the
synchrotron mechanism, Compton effect, and so on.

If one is dealing with high-frequency emission, any
medium can be considered as a plasma, i.e., one can
in practice neglect the interaction between the particles.
The presence of a medium reduces not merely to ef-
fects due to the refractive index, but also leads to new
emission mechanisms, !

The aim of the present paper is to study the Compton
effect and the electron-positron pair production in the
limit of ultra-relativistic particle energies, when it is
well known that quantum effects are important. If the
low frequency wave in the Compton effect has a fre-
quency close to the plasma frequency, the influence of
the plasma is clearly of the utmost importance in that
case. We shall show below that in the ultra-quantal
limit the energy losses of a parti¢le in this case turn
out to be proportional to its energy € (in contrast to the
dependence « In¢ for the normal Compton effect). In
that sense the effect discovered below indicates a new
qualitative change in the nature of the radiation, where
the plasma significantly amplifies the emission pro-
cesses in contrast to the well known inhibitive effects
due to the influence of the refractive index. The in-
fluence of the medium on pair production turns out to
be important only at very high densities zw,,~ 2mc?
(wpe is the plasma frequency).

In a medium there are possible not only spontaneous
processes, but also induced processes which are non-
linear processes with the same probability. It is there-
fore convenient to compute the probabilities for the in-
duced processes and to obtain simultaneously the non-
linear equations. We shall therefore first construct the
non-linear theory. The effects of interest to us can be
considered once we have worked out the theory of non-
linear interactions in a relativistic plasma in the quan-
tum limit, We therefore precede the consideration of
the effect of the plasma on the Compton effect with a
general theoretical discussion of non-linear processes
in a quantal relativistic plasma. It enables us to study
not only the processes studied in this paper, but also
a broad class of processesfor which the medium plays
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an essential role, These include transition radiation,®’
which was studied earlier in the classical limit, plasma
bremsstrahlung, ©®! which also has been studied only in
the classical limit, and so on.

2. Non-linear interactions of waves and particles in
a plasma are completely described by the probabilities
of the corresponding processes. To obtain those it is
necessary to find the non-linear currents of the plasma.
We shall start from the kinetic equation for the density
matrix p,4(r’, r, ¢) in the coordinate representation®’t*]

i0pas (1, ¥, £)/0t=Hppay (1. 1, t)
—H.u"ow(r', 1, t), (1)

H=a(p -—eA)+Bm +ey is the Hamiltonian operator of a
relativistic electron in an external electromagnetic
field acting on the unprimed variables; H’ is the same
operator acting on the primed variables, and the aster-
isk indicates the complex conjugate.

Aiming at a quantum-mechanical description which is
closest to the classical one, we follow#] and introduce
the density matrix f,4(p, r, ¢) in the Wigner representa-
tion which plays the role of a quantal distribution func-
tion

(' - 7 ' ’Z >
r —1— r’ )
Using Egs. (2) we get from Eq. (1) a kinetic equation

for f,4(p, 1, ¢), which is the analog of the collisionless
Boltzmann equation in the classical theory:

Sdte

P,p(Fs T, 1) = Sdp ) f (

flﬁ P, Ty t)
(2)

u]ma(;);l‘,t) (‘)n)° j‘d'[dp dndr’ exp{i[t(p’—p) tn(r'—1)]}

x{[(a. (p'+1/2) —eA (r'—1/2)) +eq(r'—7/2) +Bm]pfar (P', ¥', 1)
—[ (& — (p'—1/2) +eA (r'+1/2) ) —eq (r' +1/2) —Bm) fue (@', ¥, )} (3)

In’ this equation was used to study the static magnetic
susceptibility of a relativistic electron gas. We shall
assume the electromagnetic field to be strong (classi-
cal). In that case Eq. (3) together with the Maxwell
equations forms a set of equations with a self-consistent
field for a quantal relativistic plasma. Changing in (3)
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to the Fourier components f,,(p, 2), A(k), and ¢(k) we
get
—ifas(p, k) +{iBliy(p+k/2) +m]}aifrs (P, k)
—far (P, k) {[—i¥ (p—Kk/2) +m]i}

= | dk, kb (k—ki—k) [ja, (p +%,k.) (BAw)

-~ kz
~ (A wi(p= k)] (4)
k={k. io}, dk=dkdo, §(k)=06 (k)6 (w), A=Ysdaq,

where 4, ={A, i@} and v,(7, B) are the Dirac matrices.
Further we use the expansion'®’

fas (p, k) = Z, u:?nﬂ/zu;t‘p’f;/z A (p, k), (5)

' AAY

where the u‘;’:p are four linearly independent bispinors
which describe states with well-defined values of the
spin component along the direction of motion (u=13)
and a well-defined energy law (A=+1). Substituting the
expansion (5) into (4) and using the well known rela-
tions!®’

(iypt+m)upy=pepup™,  up™ (—iyptm)=pAepu,™,
Yluuer = (B Y w T == (B 6

n 3

we get the equation

Bay* + Bas

©tepie2—Epkp2

fas (P k) =iej dk, dk:6 (k—k,—ks) {

O—€psx/2TEp-ky2

+= -+
_ Bqy _ Bqy } (7)

)
O—Epik/2—Ep-k/2  OFTEprk/aTEp-is2

where

By =[Pl (pke/2, ) BAwAs /b= Askyduef (P—ka/2, k) Asta B las,

g="t(p*tm?)",  \F=(m—ip*)/2¢,, ;’t'—"YuPatv pa*={p, Fiep}.

Equation (7) will play a fundamental role in the study of
non-linear effects in a quantal plasma.

The equation for the Fourier components j, ; of the
plasma current has the form?

7k..-=2 e,j Sp{a:f.(p, k)} dp. (8)

The summation is here over the kinds of particles and
e, is the charge of particles of kind s. We shall find
the quantal distribution functions f /(p, k) from Eq. (7).
To do this we write f,(p, k) as a power series in the
Fourier component E, of the electrical field:

L k=Y "0k, £ @ k) ~E (9

n=0

The first term f{?(p, k) is independent of the electro-
magnetic field and thus corresponds to the unperturbed
equilibrium state of the plasma. We shall assume that
F(p, k) is given. Substituting the expansion (9) into
Eq. (7) and equating terms with the same powers of E,
we get a set of coupled equations for the non-equilibrium
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parts f¢ (p, k) which are perturbed by the electromag-
netic field:

10 k) =T (a2, k), 17 0—ko/2, k)], n=1,2,...,  (10)

Jf(p+3ky, k), f(p—3k,, k)] is a symbolical way of
writing down the right-hand side of Eq. (7). The first
equation of this chain corresponds to the linear theory
of the oscillations of a relativistic plasma, and the
following ones are connected with non-linear effects.
Using (9) we canrewrite Eq. (8) in the form

= Y0 iD= Y e Splad® (0,40} db. (1)

n=1

We restrict ourselves to finding the first three terms
of the series (11) in the case of an isotropic electron
plasma (the positrons can be taken into account simi-
larly). Assuming that the unperturbed equilibrium
state of the plasma is stationary and uniform we get,
using (6), from Eq. (5)

1O (p, k) ="72A5*B8 (k) 1 (e5), (12)

where f{°(g,) is the usual electron distribution func-
tion, while the factor 3 is introduced for convenience
of normalization.

We find first the current j{!). Using the 6-function

to integrate over dk,dk, in the first of the set of Egs.
(10) and using the matrix relations

AptBAS =Ap*, Ay BAL=0, A,*BA,=0,

A BAT=—A,", (13)

we get for the matrix f‘(p, %) an equation that describes
the linear properties of a relativistic plasma,

+ -
Npxs2 Apx/2

1 (B K) =] (eperss) Asaada - ]e

O—€psx2tEpx2  O—Epik/2—Ep-ks2

+
Aw—k/z

otepinatepne O~ EprptTEpkp

An+k/2

] ANy B

14
The linear collective oscillations of a relativistic quz(m-)
tal plasma were studied in detail in'®, A number of
effects in such a plasma were studied inf"l, Substituting
(14) into the first term of the series (11) and evaluating
the trace of the Dirac matrices by the standard rules®’
we get the current j{!). As expected, the expression ob-
tained is the same as the one obtained by one of us®

using the Green functions method, and

+ief® (ep-x/2) [

19 (£5) =2n,/ (27)°, (15)

where 7, is the average number of electrons with energy
€p. Moreover, using the set (10) and the series (11) and

transformations similar to the above-mentioned ones we

get the non-linear currents j {3} and j§):

38 = [ Sut (b, o, ) BusBu AP, @9 =dk, dhsd (k=)

g =j Zisim (By Ky oy Ks) EsBEriBrm A, dA =dk, dke, dks (k—ki—ky—ks).
(16)
The expressions for the quantities S;;; and Z; 4, in (16)
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are very cumbersome and we are not able to give them
here.

3. We consider the Compton scattering and the elec-
tron-positron pair production by two transverse quanta
in an isotropic plasma. It is well known!’? that the ma-
trix elements for these processes can be obtained from
one another. We turn first of all to the pair production
process. Following™’ we obtain the non-linear equation
describing this process:

oN
. ’T;“—Nkj. ?k,k.thkly \
o* @
= Re{SunmntSnn
ek a0 Re {ZuunntZuna-n} 0 (w%) /0w 0(0,°e)/00, lv=o®), si=ei(k)
(17

.
Zinernr=2iiim (K, 1y K2y Ks) €04€50€118mnse

Here N; and N, are the numbers of transverse quanta
per unit wavevector space volume, e, the polarization
vectors, and €f the transverse permittivity of the plas-
ma. As compared to™! we have neglected in the quan-
tity vy ,, the contribution from the current S which, as
is shown by estimates, is possible under the conditions
when the electron plasma frequency w,, is appreciably
less than |k | or |k;|. To fix the ideas we shall further
assume that the condition w,, « |k, | is satisfied.

We turn to finding the probability of the process con-
sidered. To do this we get from obvious balance con-
siderations the appropriate kinetic equation. In the case
considered of an electron plasma it has the form

AN
ot

dk, dp,
(2n)®

== N[ wll iy ) (1-mp) Vo, (18)

where w(k, k,, p,) is the probability for the creation of
a pair p,, =p; and Pyos = — P, = K+K; —=p; by quanta with
momenta k and k,, respectively, while the 1 inside the
round brackets takes into account the contribution from
the electron-positron vacuum. Moreover, using ac-
cording to (17) only the imaginary parts in the denomi-
nators:

Im (0+oi—ep—ep—k-x,) "
=—n6(0+o,—ep—ep-r-1), ’ (19)

using the relations

3-‘..qu ,,='/z(6,»j—k,-k,-/k2), e;,,,em,,‘,=‘/z(G,m—k“k.m/k,z) (20)
to averaging over the polarizations of the quanta and
evaluating the contraction of Z,;;, with the tensors (20),
we find the quantity v,y . After that we determine the
probability w(k, k;, p,) by comparing (17) and (18). Per-
forming the calculations indicated we get

(k, Ky, p) = 4e* O (k, ki, p) 6(0+ @, —ep—ep) (271)°
w(k ki p)=—r d(w’") /00 d(w’e")/do,

’
I o= (k), or=oi(k)

(21)
a»,,z]. (22)

[x,'+x;2—x1xz(m+%z) ]

2 2 k kzkz
m [0+ Ot 5 Ot o

O (k, ki, pi) = K e

EpBp Xi'%2
' 2 (k*+k,?
0u=—4(x,+xz)’+4x.xz(x,+xz)+—£—z—')

kk‘ (k*+k,)*
m'

(%" )+'))<|X + nixa (%2 +%,%),
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Q=

Hy% K k* (k*+k 2
- z(x|z+xzz)__(un+xz) +—M,A2(X.+Mz) —%yX2 g
mt

2

451:‘5;: k2

(v,‘+,< 3 —

[( %) ? (l———-\ xR —,

e,
—%[—x, (% F+x2)

485,00 k. k*
_1_"_1!__1[ Za (x1+7 )___.‘7-22 + Xxy-z]
m* 2m* 2m?

ky K

) 2ep5,0 k.
xS — %1% .+-— M‘Xz — = %%z
m? 2m* m* m?

The quantity ®, is obtained from &, by the replacements
k#k; and g, #¢,, in all quantities bar w, and x,.
Moreover,

ka 2
20, = X (%t Hx,") —%,* %o — l (% %" —2%,%0)
2 2mt
2€p.Eps k*+k: 2e5,0
+ Zonlr [/m,xz(xd-xz)-— : (-,:.+y.,)']+—L2—‘
m m
k. 2€p,0 Kk k?
X[—ZM’K: +_%2+_%:’Kz]— - [27(0(2 - % z'——ll)h%z]
m m

2 K k2
+—-Em—m[—2ulzug+—;mz+—17xnxz]
m? m* m’
k, k* 8epErs
+M[ 2%;%,2+—7|2+——X17¢2] +’28—P[ (0) 3'1)%24'((1’1“%:)7‘1] .
m m? m'

In the quantities &, ®,, ®,, ®,, we have written k2
=k?-w?, ki=k?-w? while the invariants , and %,
have the form

[ 2,:"[ (0—k,V))+ ] = = [(&) I\V,)‘*‘—k—‘—‘-] ' (23)

£p| m*

where V, =p1/t:,,1 is the velocity of the electron. The
quantities %, and %, can also be expressed in terms of
the energy and the velocity of the positron. In the limit
k%=k2=0 we get from (21) the well known expression for
the pair creation by two photons. %!

Using a similar approach we can obtain an expression
for the probability for Compton scattering. However,
we can obtain it more simply, obtaining at once the ma-
trix element for that for pair creation putting in the lat-
ter —p,=p1, py=pi+k,—ky, k=Fky, k =k, and changing
the sign of the quantity ¢ into the opposite one.

4. We consider the Compton scattering of transverse
quanta of frequency w;= w,, < m (%, , =w,/1k; |>1) by
ultra-relativistic electrons (s,,1 >>m) which may be the
source of energetic x-ray- and vy quanta. In this pro-
cess quantum effects begin to play a part when the en-
ergy of the secondary quantum becomes of the order of
the initial electron energy w~¢g, (€, =¢). Multiplying
the probability for the Compton effect by the energy w
of the secondary quantum and the number of quanta N,
and averaging over the collision angle between k, and p,
we get the spectral distribution of the emission:

(1)3

Py=——F—uwW?,
8n*c*wpe

(24)
2(2n)%e'c

e ———[42 (g—1)+2

(0*+gc%e?) ]
WDpe®'E e

which is the probability for the process averaged over
angles,
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2e0 - _ o 1

w17 6(e—0) (110) One/0—0

Here wpe =£(1+1/0) is the maximum emitted frequen-
cy, and W? is the energy density of quanta with |k, |

<< Wpe. In the non-quantal region (0« 1) Eq. (24) cor-
responds to a well known result. 11 By integrating we
find the total emission by an electron in the ultra-quan-
tal (0>>1) case®

o,
16z 2

P= j P,do=4n (';:‘:T) —_—cWe, (25)

The energy losses of a particle are in this case propor-
tional to its energy € and not to Ine, as is the case for
the normal Compton effect occurring with the participa-
tion of photons. This difference is connected with the
difference in the nature of the dispersion of the quanta
w, = w,, > |K; | and of the photons. It is interesting to
note that in this case the plasma appreciably amplifies
the emission in contrast to the known inhibitive effects
due to the influence of the refractive index!®! The ef-
fect obtained can have important applications both for
cosmic and for laboratory plasmas. An elucidation of
its role for the Compton scattering by the relict radia-
tion and also for processes occurring with the participa-
tion of quanta from laser rzdiation in a dense plasma is
of interest. We note also that in the ultra-quantal case
Pce lne when electrons, scattered by longitudinal quan-
ta with |k, | > w,,, radiate. '’

We compare the mechanism considered with other
emission mechanisms in the conditions when (15) is ap-
plicable. Comparing (25) with the bremsstrahlung P,
by an electron®®:

P

et \? 2e

( — ) aZnceln—-,
me* mc

we find the condition for the dominance of the Compton
process in the form

Wo> ' aZn ko pe, (26)
Z is the nuclear charge, »; the concentration of nuclei,
and « the fine-structure constant.

It is also of interest to compare (25) with the synchro-
tron losses for £,> 1101

P=2°T(/)POE /9,

2 [ e \* 3 7

o _ 2 H? ) )
P 3 ( mc’) ¢ (mcz

Hy,=mc®/ek is the Schwinger magnetic field. One should
draw attention to the fact that in contrast to the classi-
cal case the Compton and synchrotron losses are non-
equivalent (P g, Py, &?/%). Comparing (25) and (27)
we find

@

{H|I e
H, mc’

_3
T2

P/Pgyn=9nW? (mmc*) Z/Hzeﬁw,,‘éo—‘h (28)
We find further the spectral power of the radiation
Q. of a system of ultra-relativistic electrons:

we jwf(e)de (29)

Q.=

8n*c*wpe
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Using here the decreasing part of the distribution func-
tion f(g) U2

f&)=1(r'—1)n.e.” e¥/2(e.+e) ™, (30)
we get in the case 0> 1 (¢! = iw +5(mEV¥/mw,)
oum2mrr-0) (=) (55) —=w" (31)

In the ultra-quantal case the spectral index of the radia-
tion v=y -1 (in contrast to the classical one, where

=3(y~1)) in view of the fact that the maximum fre-
quency of the radiation w,,,, is proportional to the first
power of the electron energy.

In conclusion we dwell briefly upon the process of the
creation of an electron-positron pair by a transverse
quantum w, = w,, and a hard ¥ quantum w as a possible
mechanism for the energy loss of ¥ quanta. It may be
of interest in a number of astrophysical applications. 12
Using the pair production probability and a method simi-
lar to the one used for considering the Compton effect
we get an expression for the energy loss of a ¥ quantum:

(32)

eZ 2
Pt (—) oW
mc

This formula is obtained under the conditions ¢’ =(2w,/

w) (e3/(mc?)?) > 1.

DEverywhere in what follows k=c=1; a, B, v, 6=1,2, 3, 4;
i, j, I, m=1, 2, 3.

Dwe shall drop the spinor indexes in what follows.

3We shall use in what follows the normal system of units.
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