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A theory of coherent parametric nonthreshold x-ray (y-ray) amplification is developed. It is shown, for
the first time, that exponential x-ray (y-ray) amplification with a high growth rate (~1 cm™") is possible
in a medium with nonlinear susceptibility and inversion at the idler-wave frequency in the optical region.
At the frequency of the amplified x-ray (y-ray) signal, this process is independent of dissipative
parameters of the medium, i.e., the absorption coefficient, linewidth, and so on. A theory is constructed
for the nonlinear parametric three-frequency interaction in a highly dispersive nonlinear medium (with
linear and nonlinear susceptibility dispersion) in the field of a spatially and temporally noncoherent pump.
It is shown that three-frequency nonthreshold parametric amplification is possible in a resonant three-level
optically inverted medium with electronic x-ray or nuclear Mossbauer transitions. When the Mossbauer y-
transitions are used, it is realistic to expect a gain of about 100 when the thickness of the nonlinear
medium is about 7-8 cm and the pump is in the form of a conventional isotropic laboratory source of

Mossbauer y-rays with an activity of about 1 Ci.

PACS numbers: 42.65.Bp

1. INTRODUCTION

The basic difficulties in developing the x-ray (y-ray)
laser (including the question of the active medium, the
resonating cavities, and the properties of x-ray and y-
ray kinetics'!=%) are associated in the first instance
with the necessity of satisfying at least the threshold
amplification condition in the active medium in which
inversion at the frequency of the resonance transition
has been produced, i.e., it is necessary to ensure that
the gain exceeds the losses at the frequency of the am-
plified high-frequency signal. Analysis shows that, to
satisfy this condition, one must use a high-frequency
pump, i.e., a flux of y rays or of thermal neutrons with
Ny, ~10%-10% sec™ - cm™ (for shortlived isomers with
T410°% sec), or look for methods whereby the y-ray
linewidths can be reduced by six to ten orders of mag-
nitude for reasonable values of the excitation parame-
ters (for longlived isomers with T210° sec). Analysis
of isomers with lifetimes lying between these limits re-
sults in the elimination of some of the difficulties and
in the appearance of other difficulties. 7 One of the
theoretically possible solutions is the usual parametric
amplification. However, the threshold condition

N> 5s5b/kska§LX:NLﬁwr

(where 5,, k,, XxX* are the absorption coefficient, wave
number, and nonlinear susceptibility at the frequencies
of the blank and signal waves) leads to still more strin-
gent conditions to be satisfied by the pump even in the
absence of absorption (5,=0).

None of the methods suggested in the literature for
producing the y laser (amplifier) is anywhere near ex-
perimental verification because of the unrealistic condi-
tions which they have to satisfy, and this, in turn, im-
pedes further development of the theory of the effect.

It is important to note that the high flux densities of ¥
rays or neutrons that are necessary to produce the in-
verted state are not directly related to the experimental
detection of the amplification effect, which can be
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achieved provided only the excitation parameters ex-
ceed their threshold values. The difference between the
applied excitation and the threshold determines the actu-
al growth of the signal along the amplifying medium, and
may be smaller than the threshold itself by several or-
ders of magnitude. It is clear that the above stringent
requirements imposed on the threshold conditions for
amplification are the result of the present state of the
theory in which existing traditional schemes, and meth-
ods of quantum electronics as applied to the optical and
microwave bands (the principle of the pulsed solid-state
laser), are directly transferred to the new region of x
rays and y rays.

We now propose a new and fundamentally different
method for the coherent amplification of x-ray (y-ray)
radiation which is distinguished by the nonthreshold
character (subject to the validity of the initial classical
equations) of the parameters of the high-frequency pump
and the amplified signal. In principle, this should re-
sult in the amplification of x-ray (y-ray) radiation under
the usual laboratory conditions in which the source of
the pump radiation is a conventional Méssbauer or other
source of about 1 Ci, i.e., the strength of the source
is lower by 13-15 orders of magnitude as compared
with the strength of the sources proposed previously.

In the new method, the amplification effect relies on
three-frequency parametric interaction in a nonlinear
medium in which inversion has been produced at the
frequency of the idler wave (for example, in the optical
band®). The problem is solved for the case of a real-
istic nonlinear dispersive medium in which the signal
and the pump radiation are spatially and temporally non-
coherent.

2. NONTHRESHOLD PARAMETRIC INTERACTION
(AMPLIFICATION) OF PLANE MONOCHROMATIC
WAVES

The standard set of equations for the three-frequency
parametric interaction in a nonlinear dispersive medi-
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um is as follows:

[V[VE::(I‘, t)]]+-s£iz'E1.z(rvt) '

4n 9* oo
NL
=c_z 6_t’ Py (r,2), (1)

[VIVEs(r,0) 1]+ E:—a—ZE,(r, £)=0,
c® ot

where P{3(r, t)=P{} (Ef (v, t)Es(r, t)) is the nonlinear
polarization vector,

Consider the nonlinear problem for a semiinfinite
medium (z>0). To simplify our analysis, we shall omit
the polarization indices which are unimportant in this
context, Transforming to the equations for slowly-
varying amplitudes

E.(r, t) =A.(z) exp [i(k.'rT—w0at) —6az]
and confining our attention to narrow-band parametric
pumping

A:((l);) =A;¢,5((o,—m:o)

in an isotropic medium, we obtain the following set of
equations:

04, (2) 2nes
9z = _ik,cz_cos—é..x‘- (01, 0:=03—0,)
XA A" (2) expl — (iAk—8,+6:+8,)z],
7 6Az(z\” 2n0,° L
9z = mzxi (0 =w3—0:, ©:)

X AsA, (z)exp[— (iAk+8,—6,+85)z],

where
kn=w.Ves/c, Ak=k, cos0,+k.’ cos 0.—ks’ cos 8;,
kJ/'=Rek., 6,=Imk./cos8,, 0,=<(k,, e,).

The solution of the above set of equations must satisfy
the usual boundary conditions:

3
21[0)1.3

94,,
Al.z(z=0)=A(l.2)ﬂy — I

5z )(\;.IQA;@A(;.U;- (2)

= ik, 2c*cos 9,
Eliminating the amplitude A, from the above equations,
we obtain (for simplicity, we substitute x¥% —y,)

Z;Xz‘lAaolz
Kk, cos 8, cos 0,

9*A A 2 :
S k=8, ok, —t— (22 e:4,=0

a 0z [

If we now substitute exp(- 53z) = z, we obtain the Bessel
equation’?? with the solution

Ay=exp [—'/.(iAk—06,18,165) 2] {C\J (zoe=*%) +C:J - (z0e~%%) ).
where

_ iAk—8,+6.+8;

265 '
o an,m,( Kaxz' 1 Asol? )‘/’
¢ 6sc? kk, cos 6, cos 0,

To satisfy the boundary conditions given by (2), we
must have
4 expl—'/,(iAk—8,+6,765)2]

1

T Trn @ @) H oy (@) (20)

X{ Aol T vty (B) o (207%%) HT vty (20) T (20675) ]

o4, o ot
+a_z| U@ o) =1y (@) - (=) 1 — }

Zo0s

®)
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Since A, and A, appear in (1) in a completely symmetric
fashion, the solution for A, can be obtained from (3)
simply by interchanging the subscripts 1-——2, The solu-
tion given by (3) is the most general solution of the
above set of truncated equations for arbitrary amplifica-
tion coefficients 6,, velocities v,=c/ReV¢, of the inter-
acting waves, and pump amplitude A;,. This solution
seems to be unknown in traditional nonlinear optics
(there are solutions with §;=§,= 63, with §3=0 and ar-
bitrary 64,5, and with §,=0 and arbitrary velocities of
interacting waves, etc.'!!~'43), This has given rise to a
gap in the theory of parametric amplification and non-
linear transformations, especially in dispersive absorb-
ing media.

Analysis of (3) can be carried out quite simply in each
particular case. The problem can be formulated as
follows: suppose that the nonlinear medium under con-
sideration is inverted at the idler wave frequency w,
= w39 — wy, Which may be, for example, in the optical
band:

6:<0, Im Ve,<0.

A relatively weak pump wave E; of frequency w; propa-
gates in the direction of the positive z axis along the
wave vector k3 and is received by the crystal face in the
z=0 plane together with the input signal E,, (in the di-
rection of ki) which is to be amplified. The pump wave
is weak in the above sense, i.e., it is produced by a
laboratory y-ray source, but its amplitude is much
greater than the amplitudes of the waves E, ,. It is
readily verified that, for this particular pump, the argu-
ments of the Bessel function must satisfy the condition
|xol <1, and (3) can be expanded into a series in powers
of this argument with the aid of the expansion''”? for the
product J,(a)J,(b). Retaining only the first two terms in
the expansion, we obtain

h'm,’m,’x,x,‘m,,l’
" Tkykac* cos 6 cos0,
X[ 1— exp[— (iAk—6,+6,+6s)z]

A.(z)=.4..{1

__1—exp(—26s2) _
268, (iAk—8,16,—8s) }
L2n0 Ao [ 1 —exp[— (iAk—6,+6,16,) z)
ik [ iAK—5,+0,10, ] )

(iAk—6,16.]*-6,*

+ 4.,

Since
E,~A,(z)e™",

it is clear that, when the pump intensity is relatively
low, any nonlinearly transformed wave in a nonlinear
medium is a superposition of severai waves of the same
frequency w, but with different wave vectors (k; and k;,
+ e,Ak) and different attenuation coefficients (the former
depend on the spectral parameters of the nonlinear me-
dium at the given frequency, i.e., 5, and §,+ 63, and

‘the latter depend only on the analogous parameters at

the complementary frequencies-among the set of fre-
quencies satisfying the relation w; + wy=w;). An in-
crease in the pump intensity leads to the “mixing” of the
fields which thereby lose their individual characteristics
and the rate of development of each of them becomes a
function of all three spectral characteristics and the
pump field, so that the problem reduces to a situation
typical for traditional nonlinear optics. In its turn, the
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reduction in the pump intensity will, in the limit, lead
to linear optics.

If there are no strong resonance absorption lines in
the neighborhood of w; then, for the usual inversion den-
sities encountered in quantum electronics, we have |6,|
>b3, i.e., = (63+ 53)>0 for arbitrary 5,. The result is
that, for depths z> 83!, the field is given by

E, ={
) 21“‘01 Xian
kyc*(iAk — 8, + 6.+ 65) cos 0,

4@ @, Y uxe | Esol® -
*Eeykeoc [ (A — 6, + 6,)* — 652] cos B, cos 6;

)

+Ey

}»exp[z,(lnx1 r— m‘t)—(lAk + 6, + 8s) 2]

This formula leads to the condition for the nonthreshold
parametric amplification of y-radiation (in the case of
narrow-band pumping and inversion at the frequency of
the blank wave: &+ §3<0 or

0: Im Veoto; Im Ye,<0.

It is clear from the above solution that the proposed
model of the parametric y amplifier does have a solution
describing nonthreshold (i.e., independent of the ab-
sorption coefficient §, at the frequency w; of the ampli-
fied signal) coherent exponential amplification with a
very high growth rate — (5, + 63)21 cm™!, The first term
in (4) describes the direct amplification effect and the
second is nonzero for E¥, #0 and represents one-sided
parametric transformation.

The transition from the general solution given by (3)
to the approximation with |x,| <1 corresponds physical-
ly to the situation with only one nonlinear transformation
of each of the waves E;(w; — w;— wy) and Ey(w3 — wy—~ wy),

, the input signal E,, is transformed in the nonlinear
medium into the wave E, of frequency w, which is ampli-
fied with a growth rate - §,>0 (the medium is inverted
at w,), and by interacting with the pump wave Ej is
transformed into B, of frequency w;. Since the amplifi-
cation of the wave E, can be very large, the resulting
amplitude of the parametrically amplified wave E; at the
exit from the system may exceed the amplitude of the
input wave E;, despite the fact that the nonlinear trans-
formation coefficient is small. The subsequent terms
in the expansion of (3) represent a large number of
transformations, and the general solution describes the
dynamics of the process, including all the transforma-
tions.

The difference between the above expressions for a
nonlinear amplifying medium and the solution for the
usual parametric amplifier is that the growth rate at the
frequency w; is independent of both §; and of the syn-
chronization parameter Ak, which are present only in
the amplitude factor. This is so because the parame-
ters of the medium (including the dissipative parame-
ters) at the frequency of the incoming signal do not in-
fluence the amplification coefficient at the idler frequen-
¢y w, (and, in the case of the second, reverse, trans-
formation, the resulting amplification at w,; is also in-
dependent of these parameters), and determine only the
efficiency of the transformation. This remark also ap-
plies to Ak because the parametric amplification itself
is connected not only with the accumulation of the re-
sults of nonlinear interactions, just as in ordinary non-
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linear optics, but also (and this is most important) with
amplification in the inverted medium at the idler-wave
frequency. Nevertheless, it is important to note the
very strong dependence of the transformation amplitude
on the synchronization parameter [E,~ (aAk)™? for | Ak|
> 5,]. The latter ensures that the maximum amplifica-
tion and transformation occur for Ak=0. We also note
that the interaction that we are considering is essential-
ly different from the usual parametric interaction in
which the total number of quanta is always conserved
(in a nonabsorbing medium) or reduced (in an absorbing
medium), In fact, the number of quanta increases sub-
stantially (due to the idler wave), i.e., the Manley-
‘Rowe relation is not satisfied.

3. NONTHRESHOLD PARAMETRIC v
AMPLIFICATION IN THE SPATIALLY
NONCOHERENT FIELD OF A v PUMP

It is shown above that the case of amplification in the
field of a plane x-ray (y-ray) pump wave can be used to
obtain the complete solution and to provide a physical
interpretation of the problem. The formulation of the
problem is, however, somewhat idealized. This is so
because most y-ray sources are spatially noncoherent,

-and have a large angular divergence, whereas x-ray

pump sources are characterized by temporal noncoher-
ence. We shall now analyze the conditions for amplifi-
cation in the field of a spatially noncoherent'pump. For
the sake of simplicity, we shall neglect spatial disper-
sion of the nonlinear susceptibility and, bearing in mind
the amplification problem, we shall suppose that Ey,=0.

~ Expanding E,(r, {) over transverse waves, we obtain
En (5,0)=[ Ex' (kni, 2) expli (knur. — 0at) Jdkns,

where i -

E, (Kaz, 2) =4, (kny, 2) exp (ika2),

kn=woenlc, kn=(k—kq?)" b =eb.teb, E.=(ES}. .

Passing now to the equations for the slowly-varying am-
plitudes A}, we can readily show that

fou o A5

X A3’ (ku)A;:' (ks "expli(ky, + ko’ — ko) E :
—i(ky; + ky” — ks;) z,)dk, dks, . (5)

4n® (n‘ (9

S A (ks — ks, tkyy,
TR cos B, (ks —ksy Ty, E)

A (ky,2)=

The statistical characteristics of the spatially nonco-
herent spontaneous emission of real macroscopic Moss-
bauer y-ray sources can be represented with a high de-
gree of accuracy by the spectral correlation function

G (koy, ks, ) = (A (ko i) Astt (ksy')> =218 (ky,) 8 (ks —ks,”) . (6)

It was shown above that, when experiments with real
laboratory sources are considered, it is sufficient to
confine our attention to the first terms in the expansion
of the general solution (3), and it is readily verified that
this is equivalent to the substitution

Ad (ki §)~Eio'(kyy)

i.e., the replacement of A, by the input signal in the in-
tegrand in (5). This follows from the second equation in
(1) because, in this particular approximation, the
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source of the polarization P) at the frequency of the
idler wave w, is the input signal E,, together with the
pump. This and the previous approximation mean that
the weakening of the input signal E;, due to absorption in
the medium (dissipation) with the growth rate 6,=Imk,,
is much more important than its reduction resulting
from the transformation into the idler wave. This situa-
tion is a direct consequence of the fact that the trans-
formation coefficient which is connected with the non-
linear susceptibility and the pump is small. If we take
the solution given by (5) subject to this assumption as
the first approximation, we can obtain the second and
higher-order approximations by iteration.

Using (5) and the spectral correlation function for the '
input signal G, %), we obtain the following expres-
sion for the average bilinear combination:

(E;‘,(k,b 2)E," (%1y. 2) =G (k1. %4y 2).
Assuming that the source of spatially noncoherent pump

radiation is Gaussian, and using the equation

{@,8,0,a> = (a,ap{arar,

infrehot !

we finally obtain (omitting, for simplicity, the obvious
polarization indices)

expli(ky: — %i:)z]

2 2 2.2
G‘(ku_. “u.z)___ ( 210,03 ) |X|l I‘X,ll 4

¢ R0

exp[_i(ku'*'kn‘ "‘kn)z]S:(ku) dk *
(ko ko — k') (eyu+ kai” — Ks)cosO,co80,

S, (ku.) Ss (“u.) (7)
cos® 0, cos® 0,

X {Gn (kyy.%y)

+ I IGm (o5 — K5y + Ky, 25, —hgy +%4y)

X oxpl— ik — ki." + ky,” — ko — ks + ki) 2] kg dits }
(ku + k:x' - %::.) (ku + ku. - ku) (Nu. + k:: - ”:x) (%u. +k,, — kh.) ’

The total intensity of the amplified signal is
I, (z) = (27) j' j' Gy (kyy. %,,.2)dk, dx,,.

The terms retained in (7), whose dependence on z is
of the form exp[— 2(5,+ 63)z], ensure the amplification
effect. It follows from (7) that part of the spectral cor-
relation function G;(k,,, %, 2) of the amplified signal co-
incides with the correlation function for the input signal
(first component and the second for the diagonal terms
with ki, = %3,) and corresponds to the nonthreshold am-
plification without change in the spatial characteristics
in the nonlinear medium with the pump given by (6). The
other part is very different and describes amplification
with a change in these characteristics.
clear from Fig. 1 that, for the usual input signal,

Gio(kiy. %,)) =28, (k)6 (ki —2..),

each spectral component S;(k,,) interacts (i.e., is pa-
rametrically amplified) without change in direction with
a large spatial set of spectral pump components S;(ks,)
distributed uniformly near the direction of synchronism
within the solid angle Q,= (¢,/k3)?, and may be amplified
by taking up quanta from this “spatial pump reservoir.”
The system that we are considering is, in principle,
very efficient because amplification in a given direction
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Moreover, it is’

in an infinitely small spatial interval occurs because of
the removal of quanta from a finite interval (the low ef-
ficiency in the present problem is connected with the
fact that the particular parameters are small). The
amplification mechanism is parametric, as before.
Each component S;(k,,) interacts with the set S;(ks,) and
excites a set of waves of nonlinear polarization at fre-
quency w;, and these waves are sources of idler waves
distributed over all directions in the left hemisphere.
The idler waves are amplified in the inverted medium
with a growth rate - §,>0 and interact with the spatially
distributed pump, transforming it into the amplified sig-
nal for the same fixed value of k;,. The second part of
the spectral correlation function G,(k,,, »,, z) of the am-
plified signal in (7) is connected with the “nondiagonal”
interaction (the direct and converse transformations take
place with the participation of different k;,) and leads to
the spreading of the angular spectrum of the amplified
signal.

As an example, we take the special form of (7) corre-
sponding to a plane-wave input signal incident on a non-
linear medium at angle 6,=¥ (,, e,):

Guo(kis. %1.)=2788(k, —Ky10)8(kyi—%,.).
Since for 6,<7/2 we can always write
k,“=k,.,l+i6,,,,

it is readily shown that, for k;,,lle,,
1,(z)=I,0| Kx(2) |* exp (—2(8.18)z),

where

I 1 '
PATR] k,’AQ\z’(G,—{S,)‘+1\\I' (8)

2 .
Ky (z) = (Zntz:m,) 2nlga’l  Is

The first term in this expression corresponds to ampli-
fication without a change in the spatial properties, and
the second with a change in these properties. It is as-
sumed in the solution that the spectrum G;(k;,) is dis-
tributed uniformly within the solid angle AQ, symmet-
rically relative to the direction of synchronism. We
note that, for real nuclear and optical parameters, the

FIG. 1.

Paramagnetic interaction of a spectral component of
the amplified signal with the spatially noncoherent pump Ss(kg,):
a—scalar synchronism, b—vector synchronism.
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directional spreading [second term in (7) and (8)] is no
more than a few minutes of arc.

4. BROAD-BAND PARAMETRIC PUMP

The case of a monochromatic pump corresponds ap-
proximately to the amplification of M6ssbauer y radia-
tion (provided the spectral width of the y pump is small
in comparison with the characteristic spectral widths of
the dispersion curves of the nonlinear susceptibilities
x¥% or, which amounts to the same, for negligible dis-
persion of x"* within the limits of the spectral width of
I3). 1t is useful to note that there is practically no in-
formation in the literature on the effects of nonlinear
optics for random fields in dispersive media (including
the dispersion of nonlinear susceptibility, and not mere-
ly that due to the linear response''®?). This is under-
standable in the case of the optical band, where the
spectral width of the dispersion curves of nonlinear sus-
ceptibilities is usually much greater than the bandwidth
of the interacting radiation (usually laser radiation) ex-
cluding, possibly, picosecond pulses which have not
been extensively investigated. However, it becomes a
serious impediment to the study of problems in nonlin-
ear y-ray optics where the very presence of the Mdss-
bauer effect leads to dispersion curves of natural width
in linear and nonlinear susceptibilities and equally nar-
row-band spontaneous emission of the pump source as
well as a possible variation within certain limits of the
ratio between them. %6 There is considerable interest
in this connection in the analysis of the problem of am-
plification in a broad-band parametric x-ray and y-ray
pump in an inverted, highly dispersive, nonlinear real
medium,

We shall confine our attention to the case where the
spectrum of the random broad-band pump is broader
than the width of the dispersion curves of the nonlinear
susceptibilities. This condition is satisfied in the case
of x-ray (bremsstrahlung and characteristic) pump radi-
ation, ordinary (non-Mbossbauer) y radiation, and, in a
number of cases (depending on the particular ratio of
parameters), the Mossbauer y radiation. A pump of
this kind can be approximately described as delta-cor-
related in time:

G (t.1)= A (1) 43 (') =2a8T 8 (¢ — 1), ®)

provided the width Aw of the pump spectrum is greater

than the width T of the dispersion curves. At the same
time, S3;=I3/Aw, where S; is the spectral density and I3
the intensity of the pump. Transforming from (1) to the
equations for the slowly-varying amplitudes

E,(r.t) =j A, (0n-2)expli(k,r—wa.t) ldo,
and omitting the polarization indices, we obtain

04,(0,.2) . 270/
’ 9z ik.c*cos 0,

jj‘ %1 ((A)x(l)z(l)a) 6((‘)1+0):"(1)3)A:o ((l)s)Azo'((l)z) .

e
xexpl—i (ku ko k) 21do; dost m dg”” %1 (0,0,05)

X X2 (B00:85) 8 (0,F0;—@3) 8 (B, 02— @s) A, (B1. E) Aso (03) Aso” (B3)

@
d®, dw, do; d@ds,
X

Xexp[“i(ku_"kzx‘—ku) Z+i(E\z+k2z.—klx.) E]
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where &, =%(q,).

In analyzing the amplification problem, we shall as-
sume that E,y=0, Let us confine our attention to the
approximation of a moderately weak pump source and
substitute A;(®q, £) = E(®;) is the integrand in the last
expression. Using (9), this leads to the equation for the

mean amplitudes (A,)=A, for scalar synchronism and

k. lle,:

94, (0,.2) 4t0,2Ss ¢
—— = 3' : dgj' % (@4, 02, @, F@:) %" (@1, 0, m,+mz)&
0z ck, : ny'

0+,

X exp [—(m—'n‘-+m—znz'— na’) (z—E)
c c

00 k| Butoddon

where n,= Ve, =ny+in,, n,=nlw,).

We now introduce the natural assumption that there
are no strong resonance absorption lines within the
bandwidth Ay of the pump, i.e., resonance absorption
at the frequency w;+ w, is small in comparison with the
nonresonance absorption which can be arbitrary. The
problem can be solved even without this assumption, but
the solution is then very unwieldy. The validity and
usefulness of this assumption will be examined below,

To calculate the inner integral in (10), let us extend
the limits of integration with respect to w, to + © and
close the contour of integration. Since, as |wyl =«
(i.e., at frequencies much greater than the resonance
frequencies),

n,’—ny’=Re (" (0:) —" (0,+0,) ) >0,

the condition of Jordan’s lemma is satisfied in the low-
er half-plane of the complex values of w,. Near reso-
nance

e2=€51Po/ (02— +ils),

where €y, is the nonresonance part of €5, and py= = |p,l
corresponds to absorption or amplification of the idler
wave. The singularities of »} lie in the upper half-plane
of w;. Hence, it follows that nontrivial solutions of the
problem are possible only when the product

X1 (01, @2, 0,T0,)%" (0, 02 0F©,)

has poles in the lower half-plane. Moreover, since we
are interested in solutions corresponding to a rapid in-
crease in the idler-wave amplitude (i.e., in the ampli-
fied signal E;, as well) for p,=— |p,|, such singulari-
ties should occur for Rew,= wyy, i.e., for the same val-
ues as they occur in the case of €,.

In accordance with the foregoing, we shall write the
product of the nonlinear susceptibilities in the form

p £ ((‘)h @, ﬂ)x+(l)z) X2 ((Dh @2, (01+0)z)

B0, 0y 0t @s) o ot (11)

@, — 0oy Filsy

where B4 2(w1, wg, wi + wy) has no siﬂgularities in the
lower half-plane, and w,, and Iy, are not, in general,
equal to g and I',, We shall show below that (11) is
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the only possible representation for real two- and three-
level quantum systems.

We now find the residue at w,=w,, —iI'y, and, by eval-
uating the space integrals, we finally obtain

E,=—E,K.exp { [i(k,'—AE + %—n“") ;52—8, ] z—m.t} (12)

where .
K. = intelon’ By 21T, S5

Fiac® T (IAR—0,+35)°—0y

Nax=Ny ((ﬂn—ir‘zk) y ﬂsx=ﬂ3((01+0)zh—irn) )
§:=[Ta (n:ul_nsx’) toana’’l/e, 8= (0yF0n)nan “/e.

Ak=[o:n/+0unn’— (@ F02) na'—Tuns” 1/e.
The results given by (12) can be rewritten in the form

T =
Ea=—Em exp [i { ( kl,_AE - —c—. nu” )z—ﬁ)it} - (52+5;) (Z“l) ] .
The real expanential condition begins for z>1' when
IE‘/E“)I > 1, where

exp [ (3:+3;) 1] =K. (13)

Despite the fact that the representation of the real pump
by a delta-correlated process formally leads to an in-
finite integrated pump intensity

L~ j' Sidas,

the solution of the problem for a highly dispersive, non-
linear, real medium removes this defect because the
solution shows that the process of parametric amplifica-
tion involves the participation of only photons from a
spectral interval of width ~ Iy, <Aw, and the effective
integrated pump intensity is 27I',S;. This point was
noted in*!™ in the case of the ordinary parametric trans-
formation.

The condition for nonthreshold parametric amplifica-
tion in the case of a broad-band x-ray or y-ray noise

pump follows from (12):
(8:185) =[@ann”+Tu(na'—nw’) + (0 0u) na” 1/c<0, (14)

and this can, of course, be satisfied only for nj;<0.
Let us compare (14) with the amplification condition for
the monochromatic pump

(6:+6:)=(0)zn1”+((1)|+0):) n:”)/0<0., (1 5)

Since the average attenuation (growth) of the wave at
distgnce A is very small, i.e.,

Re}’e_,.>lm V;o. Im [P:/((Du"@:o"i(rz+rn) ) ]./’!

we have, by expanding V¢,

— p2/2 ReVey, —
$1 l 0 R S — 2 { 3)
[o) " ( mVe, + m..—m,.—t(l‘,+r,,.)) 4T Re(Veso—Ves)
— 71 :
+ (@ + o) ImYen] c_< 0, (14a)
ou 1mie +2220T00) (4 1) Imien| >-<0. '(152)
I, le

Comparison of the last two expressions will show that
the maximum possible amplification growth rate in the
field of the broad-band noise pump (for wy,= ws) in the
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limiting case when I'y, <TI'y is equal to the resonance
value of the coherent amplification growth rate in the
case of the monochromatic pump. We note that this is
accompanied by a sharp reduction in the effectively uti-
lized part of the pump 27I',,S; and, as a consequence,
by a reduction in the coefficient of nonlinear transfor-
mation K,., When I'y,=T'y, the maximum value is

(82185) inas="7/2(8218s)

and corresponds to small values of I',., The quantity p,
can easily be obtained from the identity

| Ores-] = | p2] @20/ Tc.

where # and T are, respectively, the inversion popula-
tion and the lifetime of atoms excited at the frequency
of the idler wave, o,,, is the resonance value of the
cross section for stimulated emission, and g is the de-
generacy factor for the transition. The final expression
is

| p2| =c*|7i| g/4m*@20’T.

As shown below, it is sometimes more convenient to
use a pump at the frequency w;= w3 - w,. The analytic
singularities of the product

Y2 (05— @2, 02, ©3)%s(0s— 2, @1, ),
Al

which appears in the course of solution of the problem,
now lie in the upper half-plane of w, at the point w,,
+ily,, and the singularities of n,= V¢, lie in the lower
half-plane. By closing the contour of integration in the
upper half-plane, we obtain, after the appropriate eval-
uations,

— 4ﬂzmzuzﬁ)sz ax

Ey——E,, 2nlaS8,
kanksct

il (IAE—38:18,)*—8,*

)(exp{[i(k,'-f-AE——rginm”) —S,—Sz] z—m,t}, (16)

where
(A (t) A’ (t')>=2n8,6(t—t').

np=n(0:—wi—ilu), na=n.(0x+ils).

8= {sz—(ozk) nule,  §e=[—Tu(ns'—nu’) toans”1/ec.

AT=[ (@:—0un) ny’ +Ounn’—0sn +Tana” 1/e.

5. THE PROBLEM OF NONLINEAR
SUSCEPTIBILITY AND NUMERICAL
ESTIMATES

The final analysis of the conditions for the realization
of a nonthreshold parametric amplification of x-ray or
v-ray radiation must take into account the particular
expressions for the nonlinear susceptibilities. Since
the final aim is to obtain the conditions for the maximi-
zation of ¥ for given amplification (this is obvious be-
cause Y’ increases sharply near the resonances, but
there is an attendant increase in absorption), we shall
consider the resonance susceptibility. The nonlinear
susceptibility of the three-level system for a real, i.e.,
relatively weak (without saturation effects) intensity of
the interacting waves, is given by'!'®! (V is the volume
of the nonlinear medium and N is the number of reso-
nance centers)
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Xrv= (N/V) dyoBum@shoms, /72,

A';‘:)E}”(Z) — Pss—P11 + Q11— P22
((x),—(u,.,'*‘il‘,,) (= +ils) (0)2—0)20+in1) (ﬂ)s—mao+irxz) )
kz(f] =27 = Pss—P11 + P3s— P22 (1 7)'
(ﬁ)z_ﬁ)zo+lT21) (ﬁ’a‘ﬁ)ao+iru) ((ﬂz“ﬁ)zo‘*:irz,) (m,——(ﬂw—ir,,z)
AP == P11—P2 n P22—Ps3
(mz_(‘)20+irzl) ((1)3_(030+i1‘31) ((l)|—(1),o+iraz) (m,—m,ﬁ-i[‘,‘)
where
1",..”=F,.,+F.., W1 =03>, W=z, W30=03.

I W, — wno > Iy, (17) becomes identical with the expres-
sion for the two-level system. Using the explicit ex-
pressions for x,,=x, Wwe can readily verify that the
product x;x5 in (10) has only one pole in the lower half-
plane of complex w,;, namely,

@1 =m30—0;—Iil;,,
and, in the case of pumping at the frequency w;= w;
— wy, the product x,x; has a pole at

@2:=03—® T ils,
i.e., (11) is, in fact, valid and

ﬁdizdcadu )z
v

P11—Pss
(ﬁ)t"mm"’iru) (mz—m”—il",.)

8. (0,0:) = (

[ P11—Ps3 _ P22—Pas
((D;+ﬁ)2_(1)m“irlxn) ((1)1_(010+irx:') ] ’

P22—Pas
(ﬁ)z_ﬂ)zu"—iru) (ma_ﬁ)so'+irxl)

Edlzdzsdu )2

Bulasas) =( Vo®m

% [ P11~ P22 _ P2z Pss
(mz—ﬁ’zo+iF21) ((l)s“(ﬁz_mlo_*'irsz) ’

Let us now consider some concrete models of reso-
nance nonlinear systems suitable for nonthreshold pa-
rametric amplification.

A. Coherent transformation of x radiation. As the
nonlinear system for the x-ray band, it is convenient to
take the idealized three-level system from the atomic
spectrum, comprising the zeroth level 1, the excited
level 2 corresponding to the optical transition of fre-
quency wsy;= wsy), and one of the x-ray levels of the same
atom. The transition matrix element d,, can be related
to the known lifetime T of the given level for radiative
decay:

A= (AC/ 1670 * T ) ™.
Since, in the x-ray band,

Tl T, TunTymTs  pos0.  puspu~'s
(bﬁt P2z — P11 > 0), the resonance values of the nonlinear
susceptibilities (17) are given by

(N/V) (¢ 0,0,05)*
2V (4n) * (TsuT s T21) Ty (Tot Ts)

h et
(18)
~ (N/V) (¢ 010,05) "
* 7 VR (47) (ToaT o T2) "TaTs

When ¢/w3=x3~1;~10"8 cm, 2,~10"* cm, N/V=10%
em™, T3l= Ty =Ty~ 107" sec, Ty~107 sec, I~ 10"
sec™!, we have y;~10"!! cgsesu, x,~10"% cgsesu, and,
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when A3~ 2;~ 10" cm, we obtain x,=10"!® cgsesu and y,
~10°% cgsesu. The integrated pump intensity

2l S=|E ) g I*

is given by
|E peit| =[4nfi0,Ni1.6-10-*/¢[* (cgsesu/cm) |

where Nj is the integrated flux of pump photons in the
spectral interval ~ I'y; (the quantities 7w; and N; are ex-
pressed in electron volts and cm™ . sec™!, respectively).
When 23~2;~10"® cm and N3=3%10" cm™%. sec”! (~1Ci),
we have 27Ty~ 107" (cgsesu/cm)?, and at A3~a;~10"°
cm we have 2703,S=10"% (cgsesu/cm)?.  For the above
parameter values, the nonlinear transformation coeffi-
cient K, given by (13) in the direction of synchronism is
equal to 10" in the first case and 10"!® in the second.
An actual increase in the pump intensity by three or
four orders of magnitude results in an increase in K,
by a comparable factor.

The problem is solved on the assumption that reso-
nance absorption at the frequency w; is small in com- |
parison with the nonresonance absorption. This is nec-
essary for the development of real devices. This condi-
tion can be achieved in practice for a low concentration
of absorbing centers, which corresponds to the typical
situation in experimental quantum electronics in which
the centers form an impurity. As an example, we con-
sider nonlinear parametric amplification in crystals
containing uranium ions with a concentration of 0. 1-
1.0% in a suitable nonlinear host (for example, optical
amplifiers using CaFe: V*). For typical optical transi-
tion parameters of uranium x,= 10" cm, I,=10!! sec”),
T,=10" sec, n=N(py —p11)/V=10% cm™3, p,~10° cgs
cgsesu, and resultant absorption coefficient from (14a)
of the order of 1 cm™!, amplification is possible for I'y
10" sec™, which is difficult to achieve at present
(there are no data on such narrow-band x-ray transi-
tions). The amplification condition can be satisfied by
increasing the concentration of active centers and the
degree of inversion of the latter, or by choosing a me-
dium with better parameters.

B. Coherent transformation of Mossbauer y radia-
tion. The three-level system necessary for increasing
the efficiency of coherent transformation in the y band
can be simulated with the aid of resonance optical and
y transitions, as follows. It is known'!®? that the inter-
action between y rays and nuclei (i.e., with atoms and
molecules) is accompanied both by purely nuclear tran-
sitions and by mixed electron-nuclear transitions due
to, for example, the recoil effect (motion of the nucleus
in the center-of-mass system of the atom or molecule
leads to transitions in the electron subsytem). The ma-
trix element of such a nondiagonal (in nuclear and elec-
tron quantum numbers) transition is

d %dnucl del (memY/Mec) ’

where d,.1,e; is the matrix element for purely nuclear
or purely electron transitions, m,, e, M, and w, are,
respectively, the mass of the electron, the charge of

.the electron, the mass of the atom (molecule), and the

frequency of the y-radiation. For typical parameters
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in the Mdssbauer range and intermediate atomic weights

m.w,/Mec~10*,

Typically, d,,~10"!" cgsesu. In that case,

(19)

Out of the set of nuclear, electron, and mixed transi-
tions, it is practically always possible to select an ap-
propriate three-level system suitable for efficient non-
linear transformation. This choice can be made on the
basis of the following considerations. Since the coeffi-
cient of nonlinear parametric y-amplification is inde-.
pendent of the absorption coefficient at the frequency w,
of the amplified signal, and depends on the correspond-
ing quantity at the pump frequency w,, it is reasonable
to choose the frequency w, to be equal to the frequency
of the purely nuclear transition, and take the frequency
of the pump signal equal to the frequency of the nuclear-
electron transition [i.e., take d=d;; in (19)]. Because
of (19), resonance absorption at the pump frequency is
then strongly suppressed. If we suppose that the 1+ 2
transition is optical with frequency w,, and the 13
and 2+ 3 transitions lie in the y-band and are such that
w31 = w3z + Wy, then it is more convenient in the achieve-
ment of our aim to use pump frequency w;= w3 — w; and
the solution given by (16) or, in the case of a nonplane
pump wave, the solution given by (6) with the substitu-
tion Fy— F3;. In fact, it turns out that the resonance ab-
sorption coefficient at the frequency w,= w; depends on
the matrix element (19), which facilitates the suppres-
sion of resonance absorption at this frequency without a
change in the nonlinear transformation coefficient. The
frequency w; should coincide with the optical transition
frequency of the Mdssbauer atom and be equal to the
frequency at which the optical amplification takes place
(i.e., the atom should have a Mdssbauer nucleus and
electron transitions suitable for optical amplification).

d =ndnucl z1O—l'dm_u:l .

There is a large number of such atoms (Sm!4’, Eu'd!,
Eu'®, Dy'® Dy!!), and many Mdssbauer experiments
have been carried out on the nuclei of these atoms.
Their electron transitions have been used to produce
amplification and generation in the optical band. More-
over, a similar situation can be realized for a much
broader class of materials if we recall that the nucleus-
electron interaction effect can be realized not only be-
tween the nucleus and electrons in a given atom, but
also between the nucleus and the electrons of different
atoms comprising a molecule, i.e., the molecule can
contain a Méssbauer atom and an atom with an inverted
optical transition. The efficiency of such transitions
can be of the same order as for intraatomic transitions.
For typical Méssbauer y-transitions, we have 106 sec
> Ty, 32> 1078 sec. It follows from (17) that the reso-
nance values of those parts of the nonlinear susceptibil -
ities that enter into the expression for 8; (we shall de-
note them by ¥,) are given by

P22 Pss3

P11—Pss 1%lea, P11—Pss
Xalu 0o T.(T,4Ts)

_PuT0Ps Ll 20
Is(FATs) | I,Ts (20)

Ii:lmzao

for pump radiation at frequency w3= w;+ w; and, corre-
spondingly,
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.and amplification.

- P22 Pss ~ Pn—Pzz Pz.—P:s
o= L . (P ' (21
el a0 1‘2(1‘2+r,)| Welo~ao | T 5=+ 5 Fy )
for pump frequency wi= w3~ wy, Where
N (Aihahs) ™
Q=1 —

For a typical linewidth of an optical transition in a
Solid, F2~ 1011 - 1010 sec and P11~ P22~ 1/2 (but P22 — P11
>0), p3=0, T3=T3= T3, Ty=Ty, Ty~ all the I,
are equal to

1%nlons NN (Aihaho) ¥/2V VR (430) *T,, T (22)

For a~23~ 1078 cm, 2,~ 10" cm, N/V=10* em™, Ty
~10"* sec, and I',~ 10" sec‘l, we have |¥,| =10 cgs esu
and B/Tp,~ 107 "18 cgs esu?, whereas, for A~ )\ ~10% cm,
we have |, = 10""! cgs esu and B,/Ty,~ 10" egs esu2

The typical value of the resonance absorption coeffi-
cient in a host material with a moderate atomic number
is 6,~1 cm™. "7 Exponential y-amplification is then
possible for a narrow-band y-pump if the growth rate of
the optical system is —§,>6,, which can be achieved for
lasers or Q-switched optical amplifiers. The transfor-
mation coefficient K,(z) given by (8) for a;~x3~10"% cm,
6, $10% cm™! (concentration of nonlinear Méssbauer
atoms ~1%), 1,~0.6 yu, and pump intensity ~1 Ci is

Ky (2) 210~ (14+10-*27%) /AQ.

Under these conditions, for example, with —§,~8 cm™!

(which, evidently, does not yet produce superradiance)
and, in the case of an isotropic y-source (AQ=4r) and
2~"7-8 cm, the amplification is I,/I;y= 10%. Analysis of
(22) then shows that, to increase x"*, we can use, in
addition to the well-known recombinations (increase in

‘Ap» N/V), the following interesting result: the product

TY2I', must be reduced and the increase in I';! gives a
more important effect than the use of transitions with
lower Ty. This result is essentially different from the
requirement of minimum I'T in the theory of the “usual”
laser, '1=%1 and this product cannot, of course, be less
than unity. The reduction in T“ 21"2 is not, at least in
principle, limited prov1ded Ay~ T and T,> T3, In
the ideal limit with T',= T3}, we have T3{’I',=1/T}/,
i.e., the above product decreases monotonically with
increasing T,;, so that we can increase x** and hence
rapidly increase the overall efficiency of transformation
When I',<TI'3;, analysis of (20) and
(21) leads to a requirement for I'; to be reduced. The
more efficient transformation then corresponds to pump
frequency w;= w3 — wy (21). We note that, when the in-
version (pyy —py1) is increased, pumping at frequency
w, is also more effective. '

The above brief discussion of the problem of nonlinear
susceptibilities in the y band shows that it is, in prin-
ciple, possible to achieve x*X~10"° cgsesu (by reducing
the luminescence linewidtht?!?), The corresponding non-
linear transformation coefficient for an isotropic source
of ~1 Ci is K,~10"!* and the amplification length is I
~4-5 cm. When a more anisotropic pump is employed
(AQ~10%), the amplification length is I~ 3 cm.

It is important to note that the increase in %, the
attainment of the highest possible growth rates for the
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idler wave, and spatial concentration of the pump radia-
tion make the problem physically more realistic and
rigorous because the achievement of high y amplification
over small thicknesses justifies the above approximation
of given amplitude (which should not be too low) and the
validity of the classical equations in the present con-
text, which may not be correct in the case of large
thicknesses for the real pump-wave absorption coeffi-
cients §,.

In the case of the noise pump, the growth rate of the
y wave is described by (14a). Since, in the case of the
Mdssbauer y rays and the usual solid-state medium T’y
> Ty, =T, the true growth rate for pumpmg at frequen-
cy ws is

80 =8,—Ts Re (e —e2 )/c,
i.e., amplification is possible if

. Re (e —&5 )/e<1 cm-!

which can always be satisfied for M6ssbauer radiation.
When the pump frequency is wy, the quantity I'y,=T}
+ I'y and the maximum growth rate are lower by a factor
of two as compared with the last case, and the following
condition must be satisfied:
(Ta+Ty) Re (e —est )/e<t cm! .

We note in conclusion that an increase by several or-
ders of magnitude in x;~ T31/2 and x,~ T31/?I'3! is also
possible in the x-ray region.

The above analysis of coherent nonthreshold paramet-
ric amplification shows that the problem of the y laser
(amplifier) has a realistic solution in the M&ssbauer
range and that this solution provides reasonable criteria
for the parameters of the problem in the x-ray region.
The models that we have considered, and the numerical
estimates that we have quoted, show that there is a con-
sistent set of nuclear and electron parameters that will
ensure a real exponential growth of the wave in a host
with nonlinear, optically inverted, Mdssbauer atoms.
Analysis of various types of spatial and frequency sta-
tistics of high-frequency pumping shows that the ampli-
fication conditions are satisfied in a broad range (from
the monochromatic and plane to the delta-correlated
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waves) with a y-wave growth rate that is not very depen-
dent on the type of statistics.
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