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A coupled system of equations is obtained for the fluctuations of the electron and phonon distribution
functions with allowance for the phonon-phonon interaction. The correlation function of a Langevin source
of fluctuations that are connected with three-phonon processes is calculated subject to the same
approximations as the corresponding phonon-phonon collision integral. The current-density correlation
function S, in the sample is investigated. It is shown that an additional dispersion takes place in S, at the

characteristic long-wave phonon relaxation frequency, when the phonons are ‘“heated” by the

nonequilibrium electrons.

PACS numbers: 71.36.4+c

Nonequilibrium fluctuations in semiconductors have
been dealt with theoretically in many papers,'*=°? in
which equations were derived for the temporal evolution
of the fluctuation component &f of the carrier distribu-~
tion function or of its correlation functions. In a num-
ber of the developed theories,“‘” however, the effect of
the fluctuations 6N of the phonon distribution function on
the electronic fluctuations is neglected. As a result,
these theories do not take into account local fluctuations
of the sample temperature, a particularly important
factor at low temperaturesom In addition, it is well
known that at low temperatures and in strong electric
fields the distribution of the long-wave acoustic phonons,
from which the electrons are scattered, can deviate sig-
nificantly from equilibrium.t”® As a result, a change
takes place in the dissipative properties of the semicon-
ductor, meaning also in its noise characteristics. A
coupled system of equations for 6f and 6N was obtained
in*451 put the mutual influence of the phonon and electron
fluctuations was not analyzed. Furthermore, the equa-
tion for 6N did not contain the phonon-phonon collision
integral and the corresponding Langevin source of fluc-
tuations. In the present paper we take the phonon-pho-
non interaction into account and calculate the correlators
of the extraneous fluxes connected with three-phonon
processes, We shall calculate the correlation function
of the current-density fluctuations in the sample under
conditions of electron heating. When frequencies vy, of
the collisions between the long-wave and short-wave
phonons are comparable with or lower than the phonon-
electron collision frequencies (i.e., when the long-wave
phonons are also heated), the current fluctuations can-
not be calculated correctly without taking 5N into account.

EQUATIONS FOR THE FLUCTUATIONS

The fluctuations of the distribution functions are, by
definition, equal to
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Here aj, a,, b, and b, are the respective creation and
annihilation operators for electrons with momentum p
and phonons with momentum q. The kinetic equation for
6f can be obtained in an approximation linear in the
fluctuating quantities by the method of the equations of
motion for the Heisenberg operator f(r,p,t) (see*):
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here w and k are the frequency and the wave vector of
the fluctuation; 6E and E are the fluctuating and con-
stant electric fields; pl,, Di;, D4 are linearized colli-
sion operators (electron-electron, electron-impurity,
and slectron phonon, respectively); Uy =V _ny(brg+bony);
V. is the matrix element of the electron-phonon inter-
action; K, is the Langevin fluctuation source connected
with the foregoing types of electron collisions.

Equation (2) holds in the quasiclassical case, i.e.,
when 7w <E and ik <p (€ and p are the average energy
and momentum of the electrons). In addition, we assume
for simplicity that our system is stationary and homoge-
neous (the electron and phonon distribution functions will
be designated f, and N,, respectively).

In (2), Uy is the long-wave Fourier component of the
potential produced by the lattice at the electrons, This
part of the electron-phonon interaction is described
classically, i.e., it reduces to introduction into the ki-
netic equation of an additional force proportional to the
lattice deformation. Such bound acousto-electric fluc-
tuations were investigated in detail in**='"! and will not
be considered here.

The equation for 6N is obtained in the same manner
as for 6f. It takes the form

/] N ~
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q
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where 5}, and 7}, are the linearized integrals of the pho-
non-phonon and phonon-electron collisions; K, and K,
are the Langevin sources corresponding to these colli-
sions; wq is the phonon energy.
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The explicit form of er{GN) 6f} and the correlators
(Kyo(r,q, 1)K, (', q", t'))y,, were obtained in'*%!, while
DA 6N} and (K,(r, @, #) K, (', q’, ')y, , can be obtained
in similar fashion after specifying concretely the mech-
anism of the phonon-phonon collisions, Assume that the
main contribution to the phonon relaxation is made by
three-phonon processes. In the quasiclassical approxi-
mation we then obtain i/, by linearizing with respect to
0N the following collision integral:

. 4
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— (Nt 1) (Np = )N, 1 +HIW (pp’; @) 26 (05 + 05 — 04)
X»[N.,(N,‘*‘1)(11’,,'+1)—(N.,+1)N,N,']}_ (4)

The matrix element W(qq’; q,) differs from zero when
q+q’'=G+q,, where G is the reciprocal-lattice vector.

The correlators of the extraneous fluxes are obtained
in the same approximation as (4), and are equal to

. 2 :
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P’
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The quasiclassical-approach condition for the frequen-
cies takes here a somewhat different form than before,
iw < wq (wq are the characteristic phonon energies).

It is impossible to solve actual problems with an ex-
act phonon-phonon collision integral. To find the dis-
tribution function of long-wave phonons with character-
istic momenta on the order of p (these are precisely the
phonons from which the electrons are scattered) it is
therefore frequently assumed that the main contribution
to the relaxation of the long-wave phonons is made by
their collisions with short-wave phonons with character-
istic energies on the order of T (T is the lattice temper-
ature). It is assumed that the short-wave phonons con-
stitute a thermal reservoir for the long-wave phonons
and are not perturbed by the latter. Naturally, a ther-
mal reservoir is meaningful only if T > sp (s is the
speed of sound), and we therefore assume T > w,. We
retain in (4) only terms proportional to &(wq +wp = w}),
since the remaining terms do not contain collisions with
short-wave phonons. We then obtain

~ 8
B (e === Y\ IV (qp; ) 16 (00 + 05 = 0p7) [8V4 (N, = Ny)

+Nn(p6pl'vp_6Np')_6Np'(Np+1)_NP'6N9]. (6)

Equation (6) includes the fluctuations of the short-wave
phonons. To find them it would be necessary, generally
speaking, to solve equations such as (3). The situation
is simplified, however, if the characteristic relaxation
frequency V’}, of the short-wave phonons is high enough:
Vi > v,4@), w, ks. Then

8N,=(0N,"/aT) 6T, (7)

where N is the Planck function, and the lattice-temper-
ature fluctuations are determined by the heat-conduction
equation. Substituting this expression in (6), we readily
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obtain

N
aT
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where
8
v (@) == 3 1W (@83 ) P (00 + 0y = ay) (Ny = Ny).

Taking into account in the correlator of the extraneous
fluxes only collisions with short-wave phonons, we ar-
rive at the expression

Ky (r, @ ) Koy (F, @', 8)k, a=0""0 g NeNo™vys (). (9)

Thus, when the assumptions made above are valid,
the correlation function (K, K,), , is determined, just
as the phonon-phonon collision integral, by the parame-
ter vy(q). So far we have spoken of only one sort of
phonons. All the formulas given above can be general-
ized to include the case of interaction of phonons of dif-
ferent branches. For this purpose it is necessary to
define the phonon momentum as representing two quan-
tities, the momentum proper and the number of the
branch,

The foregoing transition from the complicated for-
mulas (4) and (5) to (8) and (9) makes it easy to take into
account the influence of the phonon fluctuations on the
electron fluctuations.

CONNECTIVE NOISE UNDER CONDITIONS OF
HEATING OF LONG-WAVE PHONONS

When current flows in a sample, a distinctive noise
due to fluctuations of the average carrier energy can be
observed in the direction of the electric field E. This
noise is caused by the fact that the fluctuations of the
average energy of the carriers cause fluctuations of
their mobility u (if the latter depends on the average en-
ergy) and in final analysis fluctuations take place in the
flowing current (or in the voltage). Convective noise
has been investigated in detail in a number of stud-
ies''#1%) byt the question of how it can be influenced by
phonon fluctuations has nowhere been considered. To
solve this problem, we make a few simplifying assump-
tions:

1) Since phonon heating is most probable at low tem-
peratures, it can be assumed that the electron momen-
tum is scattered by the impurities (with frequency v,;)
while the energy is scattered by acoustic phonons.

2) Electron-electron collisions are so frequent, that
the symmetrical part of the electron distribution func-
tion f,(e) is Maxwellian with an effective temperature
T,.

e

3) The asymmetric part of the phonon distribution
function is much smaller than the symmetric part, and
this takes place either when v, <s (vp is the electron
drift velocity) or when the elastic collisions of the pho-
nons with the impurities are frequent enough,t®

4) The calculation will be made for spatially homo-
geneous fluctuations (i. e., for the case £ =0) and of not
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too high frequencies (w K y,,, v, is the characteristic
frequency of the electron-electron collisions). Then
the fluctuation §f,(c) is equal to (in analogy with (7))

6fs(e) =(04/0T.,) 6T.. (10)

The temperature fluctuation 6T, is determined from the
balance equation, which is obtained after multiplying
the left- and right-hand sides of (2) by £, and summing
over p:

3 . 8T,
—Z—-zmnﬁT.—Zm,,[v,,(ﬁN,— " )

(11)

+8T, ( ) :T v,.-] = JOE + Ebj + K.,.
Here vy, is the frequency of the phonon-electron colli-

sions, K, is the extraneous energy flux, and 8] is the
current fluctuation. Their values are:

sY2nm . g
R | Vel exp [- smT,]

Vie=n

(12a)

(n is the carrier density and m is their effective mass),

K., = Za,K,z— Z.w.K,, (12b)
» q
and finally
6j=en[u6E+-a—“E6T ] +j°°“ jc-oll- e —a—iv—"K (12¢)
aT, . et o ei ap ei Lo o C

The second term in the square brackets of (12c) takes
.into account the influence of the temperature fluctuation
5T, on the current fluctuation 5J.

Equation (11) includes the fluctuations of the. symmet-
ric part 6N, of the phonon distribution function, which
satisfies the equation .

, 7} T,
(lm+v,,+v,,)6N,-—[ aT. (Vn o ) N, V/.]GT =K,+K, " (13)
Equation (13) follows directly from (3) when the assump-
tions listed above are satisfied.

By determining 67, and 6N, from (11) and (13), ‘we
readily obtain the following expression-for the fluctua-
tions of the current in the direction of the field E:

VK~ (lo+v,) Kye
o+ tve

, 1(p'—py
je= Ep +— §'
bje=enp’0Eg 2u{ 5 ©q

+(W+p) (o ;,}-= enw/SE;+65" (14) .

where eny' is a functlon of the linear response of the
o system to'an external perturbatlon

" AAHE (io+v,,) (‘V:/+’V/-) 9
fmp e A,= + —[(T,—T
uAu"j,E ’ 7 len Z (io+vytve)vy, 0T, t )V]
v 'V!I'Vlv s 3j
vytve' 0 8T,

The system is stable at not all values of the field. E.
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" long-wave phonons.

Obviously, the mobility u’ must be finite at all frequen-
cies. Hence the necessary condition for a stable state -
is the inequality

a a ’
L7, =DV 5 I8 (15)

If the right- and left-hand sides of {15) become equal,
then superheat instability sets in. The approach to the
boundary of this instability with increasing E manifests '
itself in an increase of the low-frequency noise. When

. the external circuit is shorted to the ac component of

the current, then &jz=6%''. The quantity 5§ is the

total source of current or: voltage fluctuations in the -
sample, and in contrast to 6Eg does not depend on’'the
external circuit,

Let-us calculate the correlation function of the fluc-
tuations of the extraneous current S,:

Gn*
4.—jEl*
Toviet (2T ,—T) vy,
Tovilo*+ (vytve)?] }

. T, -
Su=<8EU(t) 8jEOMt") o = —= {en Rep’ +

(16)

X Zv,. [ T, —v(Tv,,+T.v,.)

In the derivation of (16) we used expression (9) as well
as the correlators (K,(q, #)K,(q’,¢")),, calculated in*,
It is easily seen from (16) that when vy, > vy, the spec-
tral function S, consists of a low-frequency and a high-
frequency plateau with a transition region at frequencies
on the order of the frequency of the carrier energy re-
laxation on the phonons: '

Vey = 32; ; Ve

The condition v > v, means that there is no phonon
heating, for in this case the energy outflow from the
long-wave phonons to the thermostat is much faster than
the energy inflow from the heated electrons. If v, > v,
formula (16) coincides fully with the formula obtained by
Kogan and Shul’man®®®! for a short-circuited sample,
We note that they used Langevin method employed in the
present paper.

W~ Veyy

On the other hand if v, < vy, then S, contains two
characteristic frequencies near wh1ch noticeable dis-
-persion takes place:

2
Wy ~ 3—”2 v, @~V
q

For nondegeneréte carriers w, is of the order of w,/
fsE€), i.e., w;> w;. The quantity w,, just as in the

. case mentioned above, characterizes the rate of the .

outflow of the electron energy to the thermostat, while
the frequency v represents the relaxation rate of the
The additional dispersion-at the
frequency wjg is due to fluctuations of the phonon distri-
bution function 6N,. The interpretation follows from the
fact that the additional dispersion vanishes if we put 6N,

" =01in (11).

It is interesting to note that in the case of the strong
inequality vy <<y, the dispersion at frequencies on the
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FIG. 1. Qualitative depen-
dence of the current corre-
lation function on the fre-
quency in the case of heat-
ing of electrons and long-
wave phonons.

N

order of w, vanishes. The long-wave phonons and elec-
trons behave here as a single system with a common ef-
fective temperature T,. T, can fluctuate only on ac-
-count of phonon-phonon processes. Therefore the fre-
quency vy, is the only characteristic frequency.

Thus the following situations are possible in a heating
electric field: a) vy, > v, —dispersion takes place in the
noise spectrum at frequencies on the order of v, b) vy
<K yye—dispersion at frequencies on the order of vyy; c)
Vgs ~ vge—dispersion at frequencies on the order of v and
v/f€) (see Fig. 1). In all these cases the relative dif-
ferences between the low-frequency and high-frequency
plateaux are of the order of the relative heating (of the
order of (T, -T)/T,). In case (a) the difference S, ~S;
is of the same sign as the derivative du/8T,. In cases
() and (c) there is no such simple rule, but in the case
of weak heating ((T, - T)/T, <1) the signs of S, - S; and
Sg - S, coincide with the sign of the quantity

B[Ot
1+2—T—(-0-T:) .
When the carriers are scattered by ionized impurities
and 8/8T,>0, then the plot of S, is the same as in the
figure.

We note in conclusion that phonon fluctuations can in-
fluence strongly the spectral function S, so that an ex-
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perimental investigation of the noise is of considerable
interest in the study of the kinetic properties of long-
wave phonons as they are heated.
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