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It is demonstrated experimentally that the onset of a turbulent state in a parametrically excited nonlinear 
dissipative medium may not be the result of the appearance of a large number of waves with different 
frequencies. When the amplitude of the external field is increased the parametric turbulence in a one- 
dimensional "medium" (a nonlinear chain) appears even after a small number of transitions and replaces 
jumpwise the regular stationary regime. The fact that the transitions observed in a resonator and in a 
matched chain, as well as the spatial structures of the field in the pre-turbulent regime (with discrete 
frequency spectrum) and of the field in the stochastic regime (with continuous spectrum) are close to each 
other, offer convincing evidence that the investigated turbulence is due to nonlinear interaction of a small 
number of modes and is not connected with enhancement of the fluctuations. The mathematical model of 
this turbulence is the strange attractor. 

PACS numbers: 47.25. - c 

, I .  INTRODUCTION 

One of the most important problems, whose solution 
can bring us c loser  to the understanding of the nature of 
turbulence (including wave turbulence), is the identifica- 
tion of the mechanisms that produce the turbulence. The  
origin of the turbulent s tate produced via a la rge  number 
of transitions characterized by progressive complication 
of the spectrum is not completely c lear  to this  day, and 
can apparently be quite varied (a  definite role in the 
maintenance of such a turbulent s tate is played by ex- 
ternal fluctuations). Much c learer  i s  the nature of the 
turbulence that se ts  in jumpwise a s  the result  of a small  
number of transitions from a stationary state. Such a 
turbulence permits  a finite-dimensional description and 
its mathematical representation is the strange at tractor  
(an attracting se t  in finite-dimensional phase space of 
the system), on which a l l  the trajectories a r e  stable and 
have a very complicated behavior. Motion on a strange 
at tractor  is characterized by a continuous frequency 
spectrum (see, e.g., Ref. 1 and the l i terature there). 
By now we have several  convincing physical experiments 
that confirm the "attractor" propert ies of turbulence in 
thermal convection2 and in Cuette flow between cylin- 
d e r ~ . ~  The  present paper is devoted to an experimental 
investigation of wave turbulence in an artificial non- 
linear medium with dissipation when the medium is pa- 
rametrically excited by homogeneous pumping. 

Experimental investigations of the mechanisms that 
produce parametric turbulence, for  example Langmuir 
waves in a laboratory plasma o r  spin waves in a ferro-  
magnet, a r e  known to be extremely difficult. The  struc- 
ture  of the fields in such experiments can be assessed a s  
a rule only by indirect attributes, particularly by stimu- 
lated-emission spectra, by the behavior of the nonlinear 
susceptibilities, and  other^.^ In addition, the problem 
is made complicated by the inhomogeneity of the k-space 
of the parametrically excited waves. This  makes i t  dif- 
ficult to separate the elementary processes that lead to 
the onset of the continuous spectrum in pure form. Inthe 
present paper we investigate the mechanism of the onset 

of turbulence in an ensemble of parametrically excited 
waves in a one-dimensional nonlinear medium-a peri-  
odic lattice, whose spatial dispersion coincides in the 
long-wave approximation, for  example, with the spec- 
t rum of ion-sound waves in a plasma. 

2. DESCRIPTION AND RESULTS OF THE 
EXPERIMENT 

We investigated the spatial and temporal spectra of the 
excitation of a nonlinear one-dimensional chain simulated ' 

by sixty LC line elements in which the dependence of the 
charge on the voltage u, was of the form 

In the l inear approximation, the considered one-dimen- 
sional "medium" is characterized in the investigated 
frequency region by a dispersion law (see Fig. 1 )  

(k) =oo sin(k12). (2) 

The l inear and nonlinear propert ies of the medium 
were monitored against the spec t ra  of the induced oscil- 
lations of the network, which was spatially homogeneous- 
ly excited by a noise source. When the spectrum of the 
source spanned the ent i re  transparency band of the med- 
ium, the observed spectrum of the induced oscillations 
in the frequency interval 0 < w < w, (see Fig. 1 )  dupli- 
cated the qualitatively distribution function of the num- 
ber  of oscillators over the spectrum p(w) -dk/dw (cf. 
Figs. 1 and 2a). On the other hand, when the upper end 
point we, of the spectrum of the exciting noise field was 
lower than w,,, the spectrum took the form shown in Fig. 
2b: owing to the nonlinear interaction of the modes, the 
energy is transferred to a frequency region in which 

FIG. 1. Diagram of investigated LC network and i ts  dispersion 
characteristic. 
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FIG. 2 .  Spectra of the os- 
cillations of a nonlinear 
network excited by a noise 
source: a-width of 
source spectrum 0 c o) s 6 
MHz, b-width of source 
spectrum 0 6 w < 0.3 MHz. 

there is no source,  and the steady-state distribution of 
the intensity over  the spectrum in the  interval  w lp < w 
< w,, coincides qualitatively a s  before with p(w). 

In the p resence  of an intense spatially homogeneous 
pump, the field in the investigated model of the medium 
is described by a n  equation of the  fo rm 

where C, is a coefficient that charac te r izes  the coupling 
of the external  field with the internal  one, and L is a lin- 
l inear  different ial  operator .  In a l l  the experiments  we 
had Up = Up sinwpt, where wp/2 s wo = ( 2 n ) - ' / m  (wo is 
the c r i t i ca l  frequency of the lattice).  

We descr ibe  now the sequence of t ransi t ions observed 
when the amplitude w a s  increased in a l ine matched a t  
i t s  terminals." T h e  temporal  spectrum of the excita- 
tions was  determined with a spec t rum analyzer ,  and the 
spatial spectrum was  determined from direct  measure-  
ments  of the  s t ruc ture  of the field along the lattice. 
When the paramet r ic  instability threshold was  exceeded 
Up >Up,, a p a i r  of opposing waves was  excited with wave 
numbers  k, and -k, having the s a m e  modulus. T h i s  cor -  
responded to establishment of a reg ime that  w a s  spatial- 
ly homogeneous in amplitude, a t  a frequency wp/2. T h i s  
single-mode reg ime existed up to U, c UP,(wp). The  next 
transition a t  Up= Up, corresponded to excitation of one o r  
severa l  more  modes with wave numbers  kl * ~ k  and k 
>>Ak, but the temporal  spec t rum (see  Fig.  3a) remained 
single-frequency. T h e  spatial s t r u c t u r e  of one of such 
reg imes ,  observed a t  Up >Up,, is shown in Fig. 5a. 
T h e  reason why the observed spatially inhomogeneous 
(non-single-mode) regime a r e  single-frequency is that 
the modes a r e  synchronized, an effect discussed in g rea t  
g rea te r  detail  below (see Sec. 3). T h e  width of the r e -  
gion of the exis tence of the single-mode (spatially homo- 
geneous) regime was  strongly dependent on the pump 
frequency. At some frequencies, this reg ime was  absent  
and hard excitation took place of spatially inhomogeneous 
regimes. 

Fur ther  increase  of the pump led to disintegration of 

co, MHz 

FIG. 3. Evolution of the spectrum of parametrically excited 
waves with increasing pump amplitude: a-mode synchroniza- 
tion regimes; b, C-appearance of satellites and subsatellites 
up = 3.35 MHz, Upf/Upl = 2.38, Up4/Upl " 2.48; d-jumpwise on- 
set of a continuous spectrum wp 3.35 MHz, UpS/Upl " 3.61. 

the synchronization reg ime and to establ ishment ,  a t  Up 
2 Up,(w,), of a three-frequency reg ime with satel l i tes  
symmetr ical ly  located near  the frequency wp/2 (see Fig. 
3b). T h e  detection effect produced in the spectrum a l so  
a low-frequency component that did not correspond (be- 
cause  of the non-decay c h a r a c t e r  of the spec t rum)  to the 
p roper  excitations of the lattice. 

T h e  s t ruc ture  of the fields2)on each of the spec t ra l  
components a t  Up > U,, w a s  spatially inhomogeneous. T h e  
succeeding increase  of the pump led to the appearance 
of subsatel l i tes  ( see  Fig. 3c), and a t  Up = Up,(wp) the 
spec t ra l  components on the sc reen  of the spec t rum ana- 
lyzer  turned out to  be time-modulated, thus indicating 
the presence  of subsatel l i tes  with even s m a l l e r  Aw. 

Finally, with fur ther  increase  of pump intensity [Up 
= u,(w,)], the nonstationary reg ime with the d i sc re te  
spectrum was  t ransformed abruptly and jumpwise (AU,/ 

Up< into a stochastic r e g i m e  ( see  Fig. 4) charac-  
ter ized by the spec t rum shown in Fig.  3d. 

A diagram of the successive t ransi t ions to  turbulence 
with increasing amplitude of the external  field (Fig. 3 )  
is highly reminiscent  of the catastrophic occur rence  of 
turbulence when the Taylor  number is increased in Cuet- 
t e  flow between cylinders3 and in convection in a closed 
cavity5 when the Rayleigh number is increased. 

T h e  d i sc re te  c h a r a c t e r  of the t empora l  and spatial 
s p e c t r a  in the s t a t e  direct ly  preceding the jumplike 
t ransi t ion to turbulence does not guarantee in general 
that the stochastic reg ime charac te r ized  by the continu- 
ous spectrum is a l s o  the resu l t  of a n  interaction of the 
s a m e  modes. In  fact,  s ince  the frequency spec t rum of 
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FIG. 4. Oxcillogram of the stochastic pulsations whose spec- 
trum is  shown in Fig. 3d. 

the excitations of a matched network i s  continuous, there  
s t i l l  r emains  a possibility of simultaneous increase  of 
the fluctuations in the band AW, where the continuous 
spectrum attributed t o  the s t range  a t t rac tor  is observed. 
Obviously, there  i s  no room f o r  this alternative i f  the 
spectrum of the excitations of the medium is made dis- 
c re te ,  fo r  example by placing the "medium" in a resona- 
tor.  The  corresponding investigations w e r e  made. 

In the experiment, the resonator  was  already de- 
scr ibed open-ended line of 60 elements. T h e  t ransi t ions 
observed in the resonator  excited parametr ical ly  by a 
homogeneous pump, which corresponded to enrichment 
of the spectrum, and finally to the jumplike onset of the 
turbulent regime,  agreed fully with the already discussed 
transitions in a matched line (see Fig. 3). T h e  only dif- 
ference was  that these t ransi t ions occurred a t  lower 
pump fields. We add that an analogous picture of the 
t ransi t ions to a continuous spectrum was  observed a l so  
in  a resonator  with half the density-an open-ended line 
of 30 elements. 

Di rec t  measurements  of the spatial distribution of the 
intensity of the field along the resona tor  in the s tage 
preceding the turbulence and during the turbulence Up 
3 U, (see Fig. 5b) have shown that the spatial spectrum 
changes insignificantly during the  transition. T h i s  con- 
f i r m s  the s tatement  that the onset  of the turbulent regime 
is due not to the entry of a l a r g e  number of newly pro- 
duced modes in the interaction process ,  but to  the loss  
of stability of the regu la r  reg ime in a sys tem having a 
small  number of nonlinearly coupled modes that exis t  al- 
ready in the pre-turbulent regime. 

I t  i s  that the propert ies  of the intr insic  tur-  
bulence of a dissipative nonlinear medium should depend 
litt le on the fluctuations. Tha t  the observed paramet r ic  
turbulence h a s  this property was  verified in  the following 
manner. A spatially homogeneous weak external  field3) 
was produced to a l inear  network by a noise generator ;  
the bandwidth of the external  noise was  approximately 
3.5 t imes l a r g e r  than the t ransparency band of the 
"medium" (w, = 1.78 MHz, 0 < w noise s 6 MHz). I t  was 
found that introduction of the noise does not influence 
qualitatively the charac te r  of the t ransi t ions o r  the spec- 
t rum of the paramet r ic  turbulence, and only lowered the 
threshold of the turbulence insignificantly. T h i s  con- 
f i r m s  the assumption that the onset  of the continuous 
spectrum in the investigated situation is indeed due to 
the complex dynamics of the system of severa l  nonlin- 
ea r ly  interacting modes. 

FIG. 5. a) Spatial structure of the field of a single-frequency 
regime with few modes at Up < Up ,. b) Spatial distribution of the 
the field intensity in the pre-turbulent regime-dashed line. 
Up < Up and in the turbulent regime-solid line(Up > Up 5). 

T o  understand the mechanism of th i s  interaction, 
which leads  to stochasticity, i t  is necessary  a l so  to as- 
s e s s  the role  of the extraneous low-frequency oscilla- 
tions ( see  Fig. 31, i.e., to ascer ta in  whether they lead 
t o  enrichment  of the spectrum of the high-frequency os -  
cillations o r ,  being purely induced, e x e r t  no influence 
on them whatever. T h e  experiment  that answered this 
question consisted of the following: we compared the 
s ingular i t ies  of the t ransi t ions and the s p e c t r a  of the 
high-frequency oscillations in a high-Q resonator  fo r  a l l  
modes with corresponding t ransi t ions in  a network that 
ac t s  a s  a resonator  only a t  the frequencies 0,8w0 c w 
G w,. Lowering the Q by two o r d e r s  of magnitude outside 
this  band led t o  pract ical  absence of low-frequency per -  
turbations in the spec t rum a t  pump levels  corresponding 
to the onset of paramet r ic  turbulence. At the s a m e  
time, the charac te r  of the t ransi t ions and the shape of 
the spectrum remained unchanged. T h e  c r i t i ca l  values 
of the pump fields corresponding t o  these  t ransi t ions in- 
c r e a s e d  somewhat. T h i s  is probably due to the addition- 
a l  nonlinear damping of the parametr ical ly  excited 
modes because they t r a n s f e r  energy to the rapidly 
damped low- frequency modes. T h i s  accounts completely 
fo r  the reaction of the low-frequency oscillations on the 
high-frequency ones. 

3. DISCUSSION OF RESULTS 

We presently know of severa l  mathematical models of 
parametr ical ly  excited sys tems .  Numerical  experiments  
with these  modes have demonstrated the  possible exis- 
tence, in a dynamic sys tem,  of stochasticity charac te r -  
ized by a continuous spectrum and corresponding to the 
s t range a t t r a ~ t o r . ' . ~  It  is obviously easy to construct  
such a model, by proper  choice of the p a r a m e t e r s ,  a l s o  
fo r  o u r  case.  Now that such models have ceased to be 
exotic, however, i t  is no longer  this  which is most im-  
portant. What comes  to the forefront  is the problem of 
realizability of a turbulence with a s m a l l  number of 
modes in  a sys tem with a sufficiently r i c h  mode spec- 
t rum (for example, a resonator  with 60 modes). T o  ans- 
wer  such a question by performing a numerical  experi- 
ment is no longer  s o  s imple a mat te r ,  because the ex- 
periinent described above, while based on a model, is 
nevertheless  physical and quite important.  In such a n  
experiment, the differences between the one-dimensional 
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and two-dimensional media a r e  not a s  important a s  the 
difference between a system with a smal l  number of de- 
grees  of freedom and a system with a continuous spec- 
trum. The urgency of the "one-dimensional experiment" 
is confirmed also by the fact that a typical situation f o r  
ferromagnets and antiferromagnets, for  example, even 
in two-dimensional geometry, is one in which only two 
o r  even only one pa i r  of waves is excited in the homo- 
geneous pump field,' and the result  i s  a stochasticity of 
the type investigated above but not connected with exci- 
tation of a large number of pa i rs  of waves of the ran- 
dom phases-weak parametric t ~ r b u l e n c e . ~  

With respect to the mechanism that produces the sto- 
chasticity, we can make the following remarks.  Recent- 
ly A. L. Fabrikant and one of us  (M.I.R.) in an  analytic 
and numerical investigation of a decay process of the 
type 2w0 = o, + w,, 2k, = k, + k, in a nonlinear medium with 
amplification a t  frequency wo and damping a t  frequencies 
w,,, have observed a very complicated dynamics char- 
acterized by a continuous temporal spectrum. Th i s  dy- 
namics (and spectrum) i s  generated jumpwise from a 
simple dynamics (discrete spectrum) when one of the 
parameters goes through a cri t ical  value. I t  i s  possible 
that a s imi lar  modulation mechanism of the onset of the 
continuous spectrum, on account of interaction of the 
amplifying central  mode and of the damp satellites, 
takes place also in our case,  when the growth of the 
fundamental spectral  component at  the frequency wo i s  
due to parametric amplification. 

We note in conclusion that so  f a r  i t  i s  possible to de- 
scribe quantitatively, with sufficient degree of agree- 
ment with experiment, only one of the observed se r i e s  
of transitions (see Fig. 3). namely to determine, in the 
space of the parameters,  the boundary of the transition 
from the single-mode to the multimode (spatially inhom- 
ogeneous) single-frequency regime. Let  us  discuss this 
in grea ter  detail. 

The  Hamiltonian of the investigated system can be 
written in the form 

H= o (k,) a,,a;, +H,+H..,, 
9 

I 
H, = T x  (hU, exp(io,t)a,,a-,, + c .  c.), 

where 

Assuming the spatial spectrum to be discrete (a resona- 
tor), we find the initial equations of motion for the ampli- 
tudes and phases of the interacting waves: 

cih,+ioA,ak,+ya,, +ihUp exp ( iop t )a ; ,  

The stationary states of the lattice, characterized by a 
discrete frequency spectrum, correspond to  the equili- 
brium states (5). The  ca se  when the number of excited 
modes with different ( k  ( exceeds the number of compon- 
ents  of the temporal spectrum corresponds to total o r  
partial synchronization of the frequencies of these 
modes. In  experiments, such stationary excited states 
correspond to a regime with a spatially inhomogeneous 

field distribution. 

Let  us  examine the effects of synchronization using a s  
an  example the interaction of modes with two different 
lkl :  

i~k,,z+io~,,.a~h,,.+~h,,,a*h,,, 

We assume for simplicity that the decrements a r e  equal, 
ybl = ybZ = y. I t  i s  easy  to note that Eqs. (6) have two in- 
tegra ls  qbl , - q-,,,, =C,,,, and i t  follows from (6) that 
the intensities of the waves with identical ( k (  become 
equalized within a time -l/y. The  constants C,,, a r e  
determined here  by the boundary conditions a t  the ends 
of the resonator: C,,, = O  if the line is open-ended, and 
C,, , = n when the line terminals  a r e  shorted. Using 
these integrals, we can write in place of (6) only two 
equations fo r  the complex amplitudes of the waves in 
t e r m s  of the new variables (T>O) b, = o , , ( T / ~ ) ~ ' ~ ,  b2= 
a, ,(T/ y)1'2, 7 = yt, H = hUp/ y: 

where A,,, =(w,- 2w(k1,,))/y. 

Assume that for the mode with k = k, the conditions of 
the resonance with the pump a r e  exactly satisfied; i t  fol- 
lows then from (7) that a t  H, < H < Hz, where HI = 1, H, 
= (1 + ~'/4)',, the single-mode regime is stable. At H 
> H z ,  a second pa i r  of waves is excited and a regime of 
pa i r  synchronication by the pump-the stable equilibrium 
s ta te  (7)-is established. The  two-frequency regime 
would correspond to a l imit  cycle in the phase space of 
the system (7). However, no such regimes were  ob- 
tained for  the two-mode model. The  region of instabil- 
ity of one pa i r  (or  of the spatially homogeneous regime) 
is indicated in Fig. 6, which shows a lso  the numerically 
constructed region of existence of the single-frequency 
spatially inhomogeneous regime (two pa i r s  of waves a r e  
excited). Where the regions overlap, soft excitation of 
the inhomogeneous regime is possible, while outside the 
region of instability of the main pa i r  (see Fig. 6), the 
inhomogeneous distribution of the field can be establish- 
ed only by hard excitation. 

The  experimentally observed single-frequency station- 
a ry  regimes with a spatially inhomogeneous field distr i-  
bution, which resul t  from the synchronization of the fre-  

FIG. 6. Plane of the parameters H and A (H is  the relative 
amplitude of the pump, A is  the relative detuning): I-region 
of stability of single-mode regime (natural frequency of the 
mode w = wp/2); II, III-regions of the existence of the two- 
mode regime; IV-stability region of single-mode regime (nat- 
ural frequency of the mode w = wJ2 - Ay). 
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FIG. 7. Phase plane of the 
system (9): = i (Hz 
- 1)'n + (X2 - 1 + ~ 1 1 ' 2 .  

/ 

quencies, generally speaking, of a large number of 
modes with close k, can be described by introducing the 
amplitudes of opposing waves that vary slowly along the 
network (T >O): 

In terms of the new variables X =  I b+I2 + ( b. 1 2 ,  Y = I b- 1' 
- I b+12,Z=b+b- + btbt we have 

Xf=2Y, Yf=2X+2HS, Z'=YS; (9) 
S'=F- yz-zz. 

By simple transformation we obtain one of the integrals 
of the system (9) x2 - +4HZ = C. The phase plane is 
shown in Fig. 7. 

Motions close to the separatrix correspond to the ex- 
perimentally observed single-frequency multimode reg- 

imes ("blackout" solitons). On the other hand, motions 
close to the "center" correspond to regimes with few 
modes, one of which is shown in Fig. 5a. 

The authors thank A. V. Gaponov, V. S. L'vov, and 
A. L. Fabrikant for helpful discussions. 

')such a line simulates an infinite one-dimensional medium with 
a continuous frequency spectrum. 

 he corresponding measurements were made with a frequen- 
cy-selective voltmeter. 

3 ) ~ y  L'weakness" of the noise is meant satisfaction of the rela- 
tion I,JIcs 5. lo3, where I, i s  the total excitation intensity 
in the parametric turbulence regime, and I ,  is the intensity 
of the noise in the band 0 < w < wo. 
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Metallic screening in a Peierls-Frolich dielectric with 
pinning to impurities at finite temperatures 
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The temperature dependence of the metallic properties in a one-dimensional system with a charge-density 
wave (CDW) in the presence of sparse impurities is investigated. The statistical wrrelation function of the 
CDW phase is found, making it possible to determine the effective number of free carriers participating in 
the Frolich conduction at fmite temperatures. The correlation function of the order parameter of the 
system is also considered. 

PACS numbers: 77.90. + k, 66.90. + r 

1. INTRODUCTION conductivity in the far  infrared r e g i ~ n , ~  confirmed 
recently in Ref. 3 by precise measurements, a r e  

1. A significant number of quasi-one-dimensional attracting great  attention. These phenomena a r e  ob- 
compounds display anomalous electrical and optical served in a wide range of temperatures, from room 
properties. The exceptionally high values of the temperatures to liquid-helium temperatures. Most of 
static and microwave permittivity E,' amounting to these substances (see Refs. 1 and 4) undergo a tran- 
E - 10'-lo4, and also the presence of the peak in the sition to the dielectric state, with activation energy 
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