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The influence of polarization of the electron-positron vacuum by a magnetic field B on the absorption 
coefficients and refractive indices, and also on the polarization of normal waves in a magnetoactive 
plasma is considered. If the plasma density is N 6 N, = 4.5 x l d s  (B/B,)' cm-" where B, = 4.4 x 
10" G, this influence significantly changes the polarization, spectrum, and directional diagram of the 
plasma emission. In particular, near the so-called critical frequencies oClt < o, = eB/mc at which the 
influences of the plasma and the vacuum on the liiear polarizations are compensated, the vacuum effects 
change linear polarization of the radiation into circular polarization, while for frequencies o > > o, they 
change circular into linear polarization. The emission spectrum of an optically thick plasma in the region 
of the critical frequencies has spectral features in the form of absorption or emission lines. Near the 
critical frequencies, the directional diagram of the emission of an optically thick plasma contracts 
strongly to the plane perpendicular to the magnetic field (giving rise to a fan diagram), and side lobes 
appear. These effects must be manifested in the emission of cosmic objects with a strong magnetic field. 
In particular, the spectral features in the region of the critical frequencies could imitate the "cyclotron" 
lines obse~ed in x-ray pulsars. 

PACS numbers: 52.40.Db, 52.25.Ps, 95.30.Qd 

1. In a strong magnetic field, the electron-positron 
vacuum causes photons to propagate as in an anisotro- 
pic medium with birefringent proper tie^."^ For  
photons with energy tiw << mc2 in a magnetic field B 
<< B, = mzc3/eFi = 4.4 x lOI3G, the vacuum polarization 
is described by permittivity c and magnetic permeability 

given by3 

unity, can be s a  for  real values of the electron den- 
sity N and the frequency o . For  example, the ratio 

for ~ = 4 x 1 0 ' ~  G and tiw=50 keV i s  Sl if ~ ~ 1 0 ' ~  cm", 
which is the case for  the emitting region of x-ray pul- 
s a r s  in accordance with current ideas. At B = 4 x 10' G 
(such fields a re  present in the surface layers of some 
white dwarfs) and tie = 2.5 eV, the ratio v/a s 1 for 
N S 2.5 X lo7 cm", i. e . , the vacuum polarization may 

The departure of &and p from unity is  determined by a ,  also influence the propagation of optical radiation in the 
which is very small (-lo-'- even for the very coronas of magnetic white dwarfs. 
strong fields B - 10'' - 1013G thought to be present near 
the surface of neutron s ta r s .  Nevertheless, vacuum Thus, for  an interpretation of the x-ray, ultraviolet, 
polarization may have a strong influence on the radia- and optical observations of astrophysical objects with 
tion of cosmic objects with strong magnetic fields. strong magnetic fields it i s  important to study the in- 

This is due, f irst ,  to the large magnitude of the mag- 
neto-optical effects (of the Faraday and Cotton-Mouton 
type) resulting from the phase shift x - a2/X between the 
normal waves in a magnetized yacuum (for example, 
for x rays of wavelength A-IOA leaving the surface of a 
neutron s ta r  with field B -3 x10l2 G, the shift is X-1 
over a path length of 1-0.1 cm). This fact was noted 
by Novick e t  al. ,' who concluded erroneously7 on this 
basis that the x-ray emission of neutron s ta r s  will be 
completely depolarized. 

fluence of vacuum polarization on the generation, 
absorption, and propagation of electromagnetic radia- 
tion in a magnetoactive plasma. To solve this problem, 
it is necessary to investigate the complex refractive 
indices of the system consisting of a plasma and the 
vacuum in a magnetic field. Approximate formulas 
for the real parts of the refractive indices were obtained 
(but not investigated) by Adler3 for the special case . 

when the contribution of the plasma to the polarizability 
is small compared with the contribution of the vacuum. 
Expressions for the complex refractive indices were 

Second, a s  is shown in Refs. 7 and 8, the vacuum obtained by Gnedin e t  al .  , ' 9  who also drew attention to 
polarization by the magnetic field has a strong influence some qualitative effects of vacuum polarization on the 
on the generation and propagation of radiation in the polarization, refraction, and absorption of photons in a 
magnetoactive plasma of a number of cosmi-c objects. magnetoactive plasma. Some effects of this kind were 
This is because the parameter v=w,z/wz (o, = (4rNeZ/ also noted by M&SZ&OS and Ventural) in Ref. 9 for the 
m)'I2 is the electron plasma frequency), which deter- case when Thomson scattering is the main process of 
mines the deviation of the plasma permittivity from interaction of the photons and the plasma electrons. 
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In the present paper, we obtain (in Sec. 2) and in- 
vestigate in detail (Secs . 3 and 4) expressions for the 
refractive indices and absorption coefficients, and also 
for the polarization of normal waves in a system con- 
sisting of a plasma and vacuum in a magnetic field. In 
Sec. 5, we consider the influence of vacuum polariza- 
tion on the emission of optically thin and optically thick 
plasmas. The main conclusions of the paper a re  given 
in Sec. 6. 

2. A plane wave in an anisotropic medium is conven- 
iently regarded a s  a superposition of normal waves that 
propagate independently if photon scattering processes 
a r e  not important. The complex refractive indices 
n, =%, - ikj (j is  the number of the wave) of these waves 
a r e  determined by the conditions of the existence of a 
nontrivial solution of the system of equations for the 
components of the electric field E of the wave: 

where 1 i s  the direction of propagation of the wave, and 
e l ~ s  is the unit antisymmetric tensor. Taking the direc- 
tion 1 a s  the z axis, we obtain the relation E, = -(&,,Ex 
+cZYEY)/c,,, and using this we can transform (2) into a 
system of two equations for Ex and Ey. Equating to 
zero the determinant of this system, we obtain the dis- 
persion relation for n,: 

The real and imaginary parts of the roots of Eq. (3) 
determine the refractive indices xi and the absorption 
coefficients p, = (2w/c)k, of normal waves. The polar- 
ization of the normal waves i s  determined by the ratio 

The modulus and phase 6, of this ratio determine the 
ellipicity K, (the minor to major axis of the polariza- 
tion ellipse) and the position angle X, between the major 
axis of the polarization ellipse and the y axis: 

The sign of K, determines the direction of rotation of 
the vector E(K, < 0 and Kj > 0 correspond to right- and 
left-handed polarization, respectively). For a medium 
with unit magnetic permeability (p, = b,), Eqs . (3) 
and (4) take the well-known form (see, for example, 
Ref. 10). 

To find n, and a, for a magnetoactive plasma with 
allowance for vacuum polarization, we must determine 
St, and pi,-'. For a plasma without allowance for vac- 
uum polarization, we can assume p;:(p) = 6[,, and for 
E::) use the well-known expressions. lo To take into 
account not only bremsstrahlung absorption of photons 
but also Thomson scattering processes, which a re  
important in a low-density high-temperature plasma, 
we must add the radiative width v, = 2w2e2/3m? to the 
effective frequencies of electron-ion collisions. In 
addition, we must remember that in a strong magnetic 
field the effective collision frequency depends on the 
polarization of the radiation, and this can be taken into 
account by introducing two frequencies v,, and v, for 

the polarizations along and a t  right angles to the mag- 
netic field." Then in a coordinate system with z axis 
along 1 and vector B in the zy plane, 

P -  (I-ir,) [I-i(y,, cos2 6+y, sinZ @)I-u sina@ E"" -1-u 
(1-i T N )  [ (1-iyl)'-u1 

E;;)=-e$ = 
-iuu'" cos 6 
(t-iyl)2-u ' (6) 

=-e:' = ivu" sin 6 
(I-iy,)z-u" 

eJr'.= ,': = ~[u+i(y,-yI,) (1-iy,) Icos 6 sin 6 
(i- iy,~) 1 (1-iy,)2-ul 

( P , - ~ - ~  (l-iyl) [I-i(yll cos2~+ylsin26) I-ucos26 
'I - 

(l-iyll) [(~-iy,)~-u] 

where v =  w , ~ / w ~ ,  U =  wB2/w2, w, =eB/mc i s  the electron 
cyclotron frequency, y,,,,= (v,,, + v,)/w, and 3 is the 
angle between the vectors 1 and B. 

Strictly speaking, Eqs. (6) hold only for sufficiently 
high frequencies w >> v,,, + v, outside the region of cy- 
clotron resonance ( w - w, ( >> v,,,, + v,, where the Her- 
mitian part of &(P) can be assumed to be independent 
of v,,, +v,, and the anti-Hermitian part  to have a linear 
dep&dence on it. The dependences of v,, , on w, B, and 
the temperature T in this case a r e  well kn~wn.' '+'~ 
Note that in the region I w - w, 1 5 vD , where vD = w, 
x ( k ~ / m c ~ ) " ~  cos9 i s  the Doppler width of the cyclotron 
line (in the relevant case of x-ray pulsars vD >> v,,, 
+ v,), Eqs . (6) a re  invalid because allowance has-not 
been made for spatial dispersion (thermal motion of 
the electrons along the magnetic field). 

For vacuum without plasma, we obtain from (1) 
( P I -  

E* p;h""' =1-2a, E::' =1-2a+7a sin16, kZ:' -1-2a+7a cos26, 

0 1  -I(*)-  
Err =prr -0 (for i P k ) .  (7 

The anti-Hermitian part of the tensors (7) is  zero, since 
photon absorption through pair creation when Fiw << mc2 
i s  still impossible even in a strong magnetic field. 

We shallbe interested in a plasma of such low density 
that 1~:g) - << 1. A similar condition is satisfied for  
c';;) and pi:(v). Then the polarizability of the system 
consisting of the plasma and vacuum in a magnetic field 
is  the sum of the polarizability of the plasma without 
allowance for the vacuum polarization and the polariza- 
bility of the vacuum in the absence of the plasma, i. e .  , 

Under the same conditions 6, =c,, and the roots of the 
dispersion relation (3) and the ratio (4) have the form 

where 

nl=xj-ikj=l+(~pf ~ , - ~ - ' - ~ ~ - ' ) / 4 ,  
- .- 

~L=XL-ikL= (em-eyu+pp-'-p,-')/4, nC=xC-ikC=ie$2 
(11) 

(in writing down ( l l ) ,  we have remembered that pry-' 
- - p p  -l=O,Cxy+&yx=O). 

For Y,,, << 1 and 1 u - 11 >> y,,,,, v,/w, we obtain from 
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v(2-u sin2 6 )  11 
% , = I -  + -a sin' 6, 

4(1-u)  4  

uu"' cos 6 uu"yL cos if 
X c  = , kc=- 

2 ( 1 4 )  (I-I&)z . 

Equations (9) and (10) can be simplified for special 
cases. The regions of applicability of the simplified 
expressions a re  determined by the relationships between 
the real parameters q and p ,  which determine the po- 
larization of the normal waves: 

q+ip=-n,/nc-- (xL- ik , )  1 (xc-ikc). (13) 

If quantities proportional to fl,, are  ignored, then 

q o = u " ~ s i n ~ / 2  cos 6. (1 4) 

In the region p2 << q2, we obtain from (10) the results2) 

Equation (9) can be simplified similarly in the larger 
region p2 << 1 + q2: 

It is clear from (14) that if vacuum polarization i s  
ignored (N,/N- 0,  "vacuumless" plasma) the con- 
dition y:, << 1 i s  sufficient for the applicability of (15) 
and (16). For q =go we obtain from (15) and (16) the 
usuallo* l3 expressions for a low-density magnetoactive 
plasma. In the limit N - 0 (magnetized vacuum without 
plasma) y,,,-0, p-0,  l q )  -03, and Eqs. (15) and (16) 
give the result3 

In this case, the normal waves a re  polarized linearly 
for all 9 # 0.  Note that normal waves in a magnetized 
electron-positron plasma have the same polarization, 
which seems natural, since the vacuum polarization is 
due to the creation of virtual electron-positron pairs. 

As follows from (14), the conditions of applicability 
of (15) and (16) can be violated3) in the region u > 1, 
N,/N > 4 near the (critical) values of the density N,, 
the frequencies w,,, , , and the magnetic field B, at 
which the parameter q vanishes: 

mco 
B: = ( ? ) ' ( I  + g) = (T) u$(N,  a). 

(1 8) 

The condition p2 << q2 i s  violated if the difference of any 
of the parameters N, w, and B from the corresponding 
critical value is less than some quantity proportional 
to y (the actual expression for  this quantity i s  readily 
obtained from (14)). The condition p2 << 1 + q2 i s  also 
satisfied in the region of violation of p2 << q2 provided 
f i  E ( n/2 -8 ( >> pn= I n/2 - 8,1 , where 9, is  determined 
from the condition p(q = 0) = k l  o r  

cos 6, 1 
sin 8, 1-0 

In cases of practical interest y,,, - - lo-', and the 
angle 9, is  close to n/2 (P, is  near zero),  except for a 
critical point lying near u = l  for  large N,,,/N. For 
example, if B=4.4x1012 G @wB=51 keV, N,=4.5 
x loz4 ~ m - ~ )  and N = 4.5 X loz1 ~ m - ~  for the critical fre- 
quencies wc, = (1 - 5 x 10'4)w, and wc2 = 0.  032wB (at 
these frequencies, y, ,I v,/w = y,, y,(w,,) = 0.49 x ~ O - ~ ,  
and y,(wC2) = 1 .6  X lo-') the angles fin a r e ,  respectively, 
23.5" and 0.014". 

The meaning of the angle 9, = n/2 * P, is clear from 
the analysis of the mutual orthogonality of the polariza- 
tions of the normal waves. The orthogonality is des- 
cribed14 by the parameter [(O S 5 Q 1): 

For p2<< q2 (as in a vacuumless plasma and in a pure 
vacuum) and for p2 >> q2, the parameter 5 satisfies 5 
<< 1, i. e .  , the normal waves a r e  virtually orthogonal 
(the axes of the polarization ellipses a r e  mutually per- 
pendicular, and the ellipses themselves a re  similar).  
For  q=O, p = k l  (or xL =*kc, xc=rk,) we have (= I ,  
i. e . , the normal waves a r e  maximally nonorthogonal 
Kl =K2 =0 ,  x1 =y2 =kn/4. At the same time, we also 
have x, =HZ, kl = k2, i . e .  , we have the case of essen- 
tially multiple roots of the dispersion relation." Thus, 
8, i s  the angle a t  which maximal nonorthogonality (coin- 
cidence) of the normal waves is attained if any of the 
parameters N, w, o r  B i s  equal to its critical value. 

The interval of angles P in which the nonorthogonality 
i s  appreciable (5 < 0.5) is maximal a t  the critical points, 
and i s  determined there by the inequality 0 .54 < P 
< 2&. The intervals of nonorthogonality with respect 
to the parameters N, w, and B, which a re  maximal 
f o r  9=9, at  the corresponding critical points, a re  
proportional to y,,,, and a re  determined by the condition 
(q(8=9,)1(11. Inthel imity , ,+-0,  wehave$,-n/2, 
and the interval of nonorthonality with respect to any 
of the parameters collapses to a point. Note that in 
the region of nonorthogonality the usually employed 
transfer equations for the normal wavesi4 a re  inapplic- 
able, and the passage of the normal waves through 
such a region in an inhomogeneous plasma is accom- 
panied by numerous effects associated with the break- 
down of the approximation of geometrical optics ." 

Near the critical points, where Eqs. (15) a re  invalid, 
the polarization of the normal waves is conveniently 
investigated by means of other approximate expressions: 

a,=[l*( l -pz) '"l l ip ,  
, ( - p ) h / ( l + p  - 1.n s i m p .  p2< 1 

xj= { * : I 2  tan -1 ( p 2 -  1) -',a-t,,n (sign p* f ) .  pz> 1 

(21) 
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which hold f o r  p2 >> q2, q2 << 1. 

For  p2 - 1 >> q2, which corresponds to the region [ q(9 
=a,)( S 1, PC< P,, in which p-  kL/xc, the refractive in- 
dices and absorption coefficients a r e  given by 

Finally, a t  the cri t ical  point (q = 0) 

(23) 
In the region of applicability of (221, a s  of (15) and (16), 
the normal waves a r e  orthogonal, whereas (21) and (23) 
describe the behavior of Kj, x,, and n5, kj  in the region 
of nonorthogonality a s  well. 

3 .  In accordance with (15), the ellipticity of the nor- 
mal waves K5 is everywhere, except f o r  narrow regions 
of widths proportional to y around the cri t ical  points, 
determined by the parameter  q [see (18); Fig. 11: Kj 
=i1 for I q 1  << 1 (circular polarization and quasilongi- 
tudinal propagation) and Kj 5 0 and I 1 >> 1 (linear po- 
larization and quasi transverse propagation). If the 
electron density sat isf ies N >> Nm 1 u - 11 u-2 (for given 
ratio N,/N, this corresponds to the range of frequencies 
in which the corresponding continuous curve in Fig.  1 
approaches fairly close to the dashed line), then q = q, 
and the polarization of thenormal waves i s  determined 
by the plasma: for  w << w, , the normal waves a r e  po- 
larized linearly in a wide range of angles; for  w >> w,, 
they a r e  circularly polarized. At the s ame  t ime,  for  
one wave (in a vacuumless plasma i t  i s  usually called 
the ordinary wave and denoted by the index 2) the angle 
x j  i s  near zero ,  and K, > 0; for  the other (extraordinary; 
j = 1 )  x5-in/2,  K5 <O. 

For N 2 N, 1 u - 11 U-', the vacuum polarization becomes 
important, and the behavior of Kj and X, changes 

FIG. 1. Influence of vacuum polarization on the dependence 
q ( w B / w ) .  The numbers next to the curves give the values of 
N,,,/N. Here and in the remaining figures, the dashed lines 
correspond to a "vacuumless" plasma. 

qualitatively. As N, w, o r  B approach the cri t ical  
values (u- ucl, , in Fig. 1)  I q l  decreases ,  i . e .  , the 
polarization of the normal waves becomes nearly c i r -  
cular  even fo r  w << w, (in contrast  to a vacuumless plas- 
ma and pure vacuum). This occurs7 because of the com- 
pensation of the opposite influences of the plasma and 
the vacuum near the cri t ical  points fo r  u >  1 on the 
linear polarization (in (12), nL -- 0). At the critical 
values of N, w ,  and B and in the immediate proximity 
of them, the behavior of Kj and x j  can, depending on the 
relationship between /3 and P,, correspond to two pos- 
sibilities (see (21)). Both possibilities a r e  shown in 
Fig. 2 by the dependences of Kj and x j  on w/w, a t  9 
= 85". The chosen values N,/N = 100 and y,, = y, = yT 
= w/w, correspond to Ao, = 105 keV, (B = 9 X 1012 G), 
wcl =0.9949wB, wC2=0. 1005wB, N = 8 . 1  x1OzS ~ m - ~ ,  
9,,=84.3", 9,,=89.7". 

The behavior of Kj and x j  near the points w,,,, is 
different, since 9 >9 ,, but 9 <a,,. The width of the 
region of variation of the angles x j  near a cri t ical  point 
i s ,  in accordance with (19) and (21), proportional to 
y,, , , and the maximal value of 1 Kj 1 f o r  p > p,, in a wide 
range of angles is  near unity (see footnote2)). The 
changeover due to the influence of the vacuum f rom 
quasi transverse to quasilongitudinal propagation near 
the critical points occurs in a wide range of angles 
p >  P,, a s  can  be  seen f rom curves a and c in Fig. 3.  
F o r  p < Pn ,  in contrast ,  the propagation i s  more  
nearly quasi transverse the c loser  w is to wcl, ,. 

Note that on the transition through a cri t ical  point 
there i s  ei ther  a change in each normal wave of x j  by 
kn/2 o r  a change in the sign of K j .  Therefore,  the 
separation of waves into an ordinary an extraordinary 
wave cannot have the s ame  meaning a s  in Fig. 2 ,  we 
ascribe a definite number j to each branch ( i .e . ,  con- 
tinuous curve with continuous derivative) of the depen- 
dences of K j  and x5 on w, N, o r  B ,  the number of the 
branch in the angular dependences can change when a 
passes through 9, (see curve a in Fig. 3). The same 
is true of nj and kj (see Sec. 4 ,  Figs.  4 and 5). 

For  N << N, 1 u - 11 u-, (corresponding to the regions of 
strong departure of the continuous curve f rom the 
dashed line in Fig.  I ) ,  the polarization of the normal 
waves is determined by the vacuum. This leads to a 
strong reduction in the region of quasilongitudinal 
propagation f a r  from the cri t ical  points (when w >> w, 
a s  well). This effect i s  illustrated by curves b in Fig.  
3 .  At angles 9 not too near  0 and n and frequencies not 
equal to the cri t ical  frequencies, the ellipticity K, is 
strongly suppressed.  Note that a s trong decreas;! in the 
region of quasilongitudinal propagation for  w > w, can 
also occur a t  very smal l  rat ios N,/N. For  example, 
fo r  B=4.4x1011 G @ ~ = 5 . 1  keV, ~ , = 4 . 5 ~ 1 0 ~ ~  cme3), 
Aw=5.1 keV (u=0.001), ~ = 4 . 5 ~ 1 0 ~ ~  ~ r n - ~  (N,,,/N=O.l), 
the parameter  sat isf ies I q ( < 1 (polarization nearly 
circular)  when 9 < 8' instead of 9 < 87" in a vacuumless 
plasma. 

4. As follows f rom (12), vacuum polarization affects 
the coefficients HI and HL. A change in XI leads to 
changes in XI and by the s ame  amount (11/4)a sin29. 
The dependence of nL on a means that, f i r s t ,  the vacuum 
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FIG. 2. Dependences of the ellipticities Kj and the angles XI, 
which determine the directions of the axes of the polarization 
ellipses of the normal waves, on the frequency for N,/N= 100, 
9= 85",yll, L = y , = ~ ~ - 3 ~ / ~ B .  Here and in Figs. 3-5, the num- 
bers next to the curves (for vacuumless plasma with primes) 
give the number j of the wave (in the limit of a vacuumless 
plasma, wave 1 goes over into l', the extraordinary wave, and 
2 into 2', the ordinary wave). In the intervals 0.08 < U / ~ B  

< 0.12 and 0.98 < w/wB < 1.01 near the critical frequencies wCi,z 
the scale is enlarged by a factor 10. 

FIG. 3. Angular dependences of Kj and ,yj for N,/N= 100 and 
y,, ,, = y,= 103w/wB and different values of the frequency. The 
curves aj, bj, and cj  correspond to the frequencies w=O. 9 9 5 ~ ~  
w wci, W=0.3wB, W = O . ~ O Z W ~ ~ W ~ ~ .  

polarization influences ul and n, differently, i. e . , 
changes the biref ringent p roper t i es  of the p lasma,  and, 
second, as follows f r o m  the foregoing section, it changes 
the polar izat ion of the n o r m a l  waves  f o r  a #  0, n/2, n. 
Since the absorpt ion of radiation i n  a n  anisotropic  me-  
dium depends on its polar izat ion,  the  magnetized vac- 
uum influences k, and k,, although f o r  AW << mc2 i t  does  
not have t h e  d i r e c t  capacity of absorbing photons. 

F igures  4 and 5 show the charac te r i s t i c  changes in 
the coefficients kj  and uj d u e  t o  the  influence of the  
vacuum polarization. We note f i r s t  of all the occur rence  
of additional points of intersect ion (or  c lose  approach) 
of the k, and u, dispers ion  curves  at w = w*,, , (Fig. 4). 
At  w = w*,, the curves  k, a l s o  in te rsec t  in a vacuum- 
l e s s  p lasma.  T h e  additional intersect ions a t  3 values 
n e a r  n/2 a r e  brought about by the t ransi t ion f r o m  one 
vacuumless  b ranch  to the  o ther  (for 3, both branches  
a r e  displaced by- the amount 11/4a sin"). The values 
of the  p a r a m e t e r s  at which d i spers ion  curves  (denoted 
by a n  as te r i sk)  in te r sec t  a r e  determined by the con- 
dition ( see  (12)) 1 m k L 2  + nc2) = -2(k,u, + %kc) = 0 o r  

[u2-iVIN, (u- I) ] 
X[~1,(1-u~)-y,(l+ u) ]sinh6 

-8uZy, cosZ.6=0. 

If a t  the  s a m e  t i m e  P > fin (as  o c c u r s  at the point w = w*, 
f o r  Fig.  4), then only the  k j  curves  in te rsec t ;  if P 
< pn (in Fig.  4 ,  th i s  cor responds  to  the point w = w,,), 
only the u j  curves  in te rsec t .  T h e  c lose  approaches 
and intersect ions of the  n j  and k, c u r v e s  a r e  due to  the 

FIG. 4. Frequency dependence of the reb-active indices (a) 
and absorption coefficients @I) of normal waves for the same 
parameter values as in Fig. 2; ko = ki , , (B  = 0) = (c/2w)N6~. The 
circles surround the regions of enhanced linear transformation 
of waves in an inhomogeneous plasma. 
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d 

FIG. 5. Angular dependences of the absorption coefficients for 
Nm/N= 100 and y,, ,, = y,= 103w/wB and different frequencies: 
w/wB=0. 995 (a), 0.994 (b), 0.3 (c), 0.1 (dl. 

changeover from quasitransverse to quasilongitudinal 
(with decreasing I q (  ) propagation near the critical 
points. This can be seen in Eq. (16) if one notes that 
w * ~ ,  , = wC1,, a t  3 values not too far from a/2. The 
change in the polarization of the normal waves has a 
particularly strong influence on the absorption coef- 
ficient of the "ordinary" wave4) a t  the critical point near 
u= 1: the dependence kl(w), in contrast to k,, (w) in a 
vacuumless plasma, takes on a well defined resonance 
nature. For Nm/N >> 1,  the position of the peak cor- 
responds to the frequency w = w,, e w, (1 - N/2Nm), and 
i ts  relative height is -2(N,/N)'. We emphasize that 
this is not a cyclotron resonance in the usual meaning 
of the word, and it has the same origin a s  the less 
pronounced peak at w = w*, . We shall see  below that 
the presence of peaks and dips in the absorption coef- 
ficients of the normal waves leads to characteristic 
"vacuum" features in the spectral, angular, and polari- 
zation characteristics of the plasma radiation. 

As 8 dec ceases, the frequency dependences in Fig. 4 
change a s  follows. The peak of the ordinary wave at 
w = w,, increases, approaching the dip of the extra- 
ordinary wave (this dip cannot be well distinguished in 
Fig. 4b because of the logarithmic scale). At 8 c a,,, 
the peak and the dip merge, and a branch intersection 
of the same type a s  a t  the point w,, occurs. With 
decreasing 8 ,  the points w,, and w*, move toward each 
other, merge, and disappear a t  8=8,, which can be 
estimated from (24): sin23,/cos9, = 4(N/Nm)'I2 for 
N,,,/N>> 1 (8, -20" for ~ , / N = 1 0 0 ) .  At the same time, 
the point w,, moves into the region of low frequencies, 
tending at 8 28, to the value wj3(3) for the vacuumless 
plasma. For sufficiently large P, strong vacuum po- 
larization (N,,,/N >> l) reduces the range of frequencies 
in which the propagation is quasilongitudinal (see Sec. 3) 
As a result, the dispersion curves approach each other 
(see (16)), but, in contrast to the case of 3 values near 
n/2, this occurs in a larger range of frequencies far  

from the critical point. 

If radiation propagates in an inhomogeneous plasma, 
the values of ul and 'H., (and k, and k,) approach each 
other on the passage through the regions of critical 
values of N o r  B. This may be accompanied by vio- 
lation of the condition of applicability of geometrical, 
optics15: 

Violation of (25) leads to linear transformation of the 
normal waves and changes the polarization of the radia- 
tion leaving the plasma. Effects of this kind a re  im- 
portant in producing the polarization of the radiation of 
x-ray pulsars. ' There a r e  also important changes 
under the influence of vacuum polarization in the de- 
pendences k,(8) (see Fig. 51, which a re  responsible 
for the angular distribution of the radiation leaving the 
plasma. In a vacuumless plasma, the curves k,(3) 
intersect at 8; = n/2 if w = w*,(n/2) (at y,, = y,, the fre- 
quency w* (n/2) = w B / a ) .  For w > w*,(n/2), there i s  
no intersection, and a s  the frequency decreases from 
w* ,(n/2) the angle 1 n/2 -8; 1 increases monotonically, 
tending to n/2. Vacuum polarization (for Nm/N > 4.5) 
leads to the appearance of a point of intersection 8t a t  
w+(n/2) < w <,, (see Figs. 5a and 5b), and to its dis- 
appearance a t  w,, < w < w* (n/2) ( ~ i g .  5c) and a shift in 
the direction of n/2 a t  w 5 w,, (Fig. 5d). Note the ap- 
proach to each other of the curves k,(8) in Fig. 5d (in 
the scale of the figure, they merge for 8 5 a*), which 
occurs in a wide range of angles. This effect can lead 
to the formation of a narrow directional diagram of a 
new type in the emission of x-ray pulsars. '  

5. The characteristics of the normal waves consid- 
ered above determine the generation, propagation, and 
emergence of the radiation from the plasma. The solu- 
tion of this problem i s  complicated by the fact that the 
inhomogeneity of the concentration that occurs in every 
real medium entails inhomogeneity of the anisotropy in 
the presence of vacuum polarization (in contrast to a 
pure low-density plasma, the parameter q depends on 
the density). As a result, for each concrete model one 
must verify the fulfillment of the conditions of geo- 
metrical optics, and for inhomogeneous anisotropy 
these a re  more complicated than fo r  homogeneous anis- 
otropy . To obtain quantitative results, one must make 
numerical calculations even f o r  simple models. How- 
ever,  the qualitative features due to vacuum polariza- 
tion can be understood by studying a medium in which 
the magnetic field and the density a r e  homogeneous, and 
0 >> B, at the critical frequencies. 

For an optically thin plasma [ p,dl<< 1 (the integral 
is taken along the line of sight through the emitting re- 
gion), and the intensity of the emergent radiation is 

I.= J e. dl =J (pi+pz)S.dl, 

where E ,  is  the emissivity of unit volume, S,(l) is  the 
function that characterizes the distribution of the radia- 

. tion sources in the medium (in the case of local thermo- 
dynamic equilibrium, S,(1) =B,(T(l)), B, is Planck's 
function, and ~ ( 1 )  is the local temperature). The Stokes 
parameters, which determine the polarization of the 
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radiation, a r e  proportional to f (p, - p,)S,dl. Since the 
vacuum polarization does not i;lfluence the value of p, 
+ p2 = (4o/c)k,, the intensity of the radiation of an op- 
tically thin plasma is not changed either. But p, - p, , 
and therefore the spectral and angular dependences of 
the Stokes parameters can change appreciably. For  
example, at the frequencies o*,,., (see Sec. 4) k, = k,, 
i .  e .  , both the circular and the linear polarization of 
the emergent radiation a re  zero. Since vacuum polari- 
zation strongly reduces the value of 1 K~ 1 f o r  u < 1, 
N <N,u-,, the polarization of the emergent radiation 
may be predominantly linear even for u<< 1, in com- 
plete contrast to an ordinary plasma. In contrast, near 
the critical points the linear polarization i s  reduced and 
the circular increased, even for u >> 1. 

In the radiation of an optically thick plasma, one can 
expect the effects of the vacuum polarization to be more 
strongly manifested. In this case, the intensity Ij of a 
normal wave emerging from the plasma i s  determined 
by the value of the source function (the temperature 
T(1) in the case of local thermodynamic equilibrium) 
a t  a distance -uj-I from the emitting boundary: Ij 
cc S, (ujml). Because of the nonlinear dependence of I, 
on uj , vacuum polarization changes not only the po- 
larization characteristics but also the spectral and 
angular dependences of the radiation intensity in the 
case of the emission of an optically thick plasma with 
inhomogeneous source function S,(l) . In particular, if 
s,(z) increases a s  one goes into the emitting medium, 
the wave with smaller absorption coefficient makes a 
larger contribution. Then a s  a result, for example, 
the peaks in the frequency dependence of this coef- 

As an illustration, Figs. 6 and 7 show the spectral 
and angular characteristics of the radiation emerging 
from a semi-infinite medium in local thermodynamic 
equilibrium in which free-free transitions (brems- 
strahlung processes) a re  predominant, 5, the density 
and the magnetic field a r e  homogeneous, and the source 
function increases linearly with the depth: 

where i s  the absorption coefficient averaged over the 
frequency in accordance with Rosseland's procedure. 
Similar calculations for a vacuumless plasma were des- 
cribed earlier in our paper Ref. 13. Besides the 
occurrence of the "vacuum absorption lines" near the 
points o*,,,, we should also note the change in the di- 
rectional diagram and the complicated nature of the 
polarization curves near the critical frequencies. Note 
that the vacuum lines a r e  narrower, the closer i s  9 
to n/2. For8  =0 ,  n/2, a the vacuum polarization is 
not manifested in the emission of a sufficiently homo- 
geneous plasma. As can be seen in Fig. 6a, the posi- 
tion and the profile of the vacuum absorption line near 
w, depends weakly on the parameter N,,,/N, which ren- 
ders  i t  hardly sensitive to inhomogeneity of the den- 
sity and thus favors the appearance of this line in the 
spectra of real objects with strong magnetic field. This 
circumstance may, for  example, be important in elu- 
cidating the nature of the spectral feature at fiw -60 keV 
observed in the x-ray pulsar Her X - 1 (see Ref. 16). 

ficient resulting from the influence of the vacuum near CONCLUSIONS 
the critical points (the points of intersection) a re  mani- 
fested in the form of dips o r  "vacuum absorption lines" We list the main qualitative effects due to vacuum 
in the spectrum of the emergent radiation. polarization by a magnetic field for propagation of ra- 

FIG. 6. Spectra of the intensity (a), the degree (b) a d  polarization angle (c) of linear polarization, and the degree of circular 
polarization (d) of radiation emerging from an optically thick plasma for N,,,/N= 10 and fiwg/kT = 10 (T is  the surface temperature). 
The magnetic field i s  parallel to the boundary of the emitting plasma. The angle 0 between the normal to the boundary and the 
line of sight is  5". The chain curves in Fig. a show the vacuum features near w,i for N, /N=30  (A) and 4500 (B). In the upper 
part of Fig. a, a fragment of the spectrum at 0 =lo i s  shown. 
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I/#) cos 6/1/0) 

FIG. 7. Angular distribution of the radiation intensity of an 
optically thick plasma for Nm/N = 10, tiw,/kT = 10 and frequen- 
cies w = 0 . 9 3 5 ~ ~  = wci and w = 0 . 3 3 5 ~ ~  = wC2 (curves a and b). 

diation in a magnetoactive plasma. 

1. There a r e  cri t ical  values of the parameters  N, w, 
and B (see (18)) a t  which the influences of the vacuum 
and the plasma on the linear polarization of the normal 
waves a r e  compensated. As a result ,  near  these 
values, the normal waves a r e  polarized in a wide range 
of angles /3> /3, (see (19)) circularly even for  w << w,, 
in contrast to an  "ordinary" magnetoactive plasma. 

2 .  On the transition of any of the parameters  N, w, 
o r  B through a cri t ical  value for  /3 > p,,, the polariza- 
tion ellipses of the normal waves a r e  rotated through 
90". 

3. At a sufficiently low plasma density, the vacuum 
polarization changes the circular  polarization of normal 
waves for w >> w, into linear polarization. 

4. Near the cri t ical  values of the parameters N, w , 
and B, the dispersion curves fo r  the refractive indices 
approach one another, and fo r  /3 c /3, they intersect ,  and 
this may lead to l inear transformation of the waves 
even in a weakly inhomogeneous plasma. 

5 .  Near the critical values of N, w, and B and the 
angles 9, (see (22)) there is a region of strong non- 
orthogonality of the normal waves. 

6. There a r e  additional points of intersection (or 
close approach) of the dispersion curves for  the ab- 
sorption coefficients of the normal waves, and this 
leads to features in the spectral ,  angular, and polariza- 
tion characteristics of the plasma radiation. 

7. Near the cyclotron frequency fo r  8 +0 ,  a/2, n 
the normal wave with smal ler  absorption coefficient 
(in an "ordinary" plasma it i s  called the ordinary wave) 
depends "resonantly" on the frequency, but the maxi- 
mum of the "resonance" is not a t  the cyclotron f re-  
quency, a s  for  the other wave, but a t  o = w,, = w, (1 
- N/2Nm). 

8.  The frequency and angular dependences of the 
polarization characterist ics  of the radiation of both 
optically thick and optically thin plasmas vary in ac-  
cordance with the results  of 061-3, the polarization 
vanishing a t  the points of intersection of the dispersion 
curves k, (w) . 

9.  In the spectral  intensity of the radiation emerging 
from an optically thick thermal plasma there a r e  fea- 
tures  i n  the region of the additional points of intersec- 

tion (close approach) of the curves kj(w), these taking 
the form of absorption o r  emission lines depending on 
the sign of the temperature gradient. 

10.  It i s  possible that the unidentified lines obser-  
ved in the spec t ra  of some cosmic x-ray sources-and 
assumed to  be cyclotron lines-are in fact  "vacuum", 
lines of radiation formed in optically thick plasma. 

11. The close approach of the curves k,(9) that takes 
place a s  a result  of vacuum polarization in a wide range 
of frequencies leads to shrinking and nonmonotonic be- 
havior of the directional diagram of the radiation of an  
optically thick plasma. 

12. According to modern ideas,  the magnetic field 
and plasma density in the emitting region of x- ray  
pulsars a r e  such that N,/N >> 1 ,  s o  that i t  is necessary 
to take into account vacuum polarization when inter- 
preting observations and constructing models of these 
objects . 

Discovery of these features in the radiation of a s -  
trophysical objects with strong magnetic field would 
provide a possibility fo r  studying quantum-electro- 
dynamic effects whose observation under laboratory 
conditions i s  difficult. Investigation of the features 
would make i t  possible to obtain important new infor- 
mation about the emitting objects. 

In conclusion, we note that vacuum polarization must  
also influence other processes of interaction of radiation 
with matter ,  and also lead to new processes  (for exam- 
ple, the transition radiation in a vacuum with inhomo- 
geneous field considered by Ginzburg and Tsytovich"). 

We a r e  grateful to Yu. N. Gnedin for  numerous dis- 
cussions. 

')They criticize the expression (2) of Ref. 8 for the refractive 
indices on the ground that it does not coincide with the corre- 
sponding expression (5) in Ref. 9, and that its imaginary part 
does not give the correct result in the limit of a ''pure" 
plasma. In fact, the expression (5) in Ref. 9, which is iden- 
tical with the expression (16) of the present paper, is invalid 
near the critical points (see (18)) for P <,Pn (see (19)). In the 
region in which it is applicable (for a ''pure7' plasma when v , , , ~  
+ v,<< w), it can be readily obtained from the more general 
expression (2) of Ref. 8 if in that expression the obvious mis- 
print in the sign in front of iy in the denominator of the first 
fraction in the curly brackets is corrected. 

 or I q l << 1 ,  the expressions for Kj and Xj are valid if one 
2 2 ignores quantities - p  and - p  / q  , respectively. 

3)This important circumstance was not noted in Ref. 9 (see 
footnotei)). 

4 ) ~ n  view of the vacuum polarization, the names "ordinary" and 
"extraordinary" are  rather arbitrary (see Sec. 3). Near the 
cyclotron frequency, it is  natural to say that the wave with 
the smaller absorption coefficient is  the "ordinary" wave. 

''Although Thomson scattering is more important under real 
conditions, this does not affect the qualitative manifestations 
of vacuum polarization. 
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The problem of comparing the observation results with the 
theoretical data to check on relativistic effects in the solar 
system 
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To develop a noncontradictory relativistic theory of the motion of celestial bodies, the dynamic effects 
must be determined (from the equations of motion of the bodies) and the measured quantities calculated 
(using the light-propagation equations) in a single coordinate frame. The choice of the frame itself is 
arbitrary. By way of illustration we consider wmplanar circular motions of the earth and of an inner 
planet in the sun's graviational field; this motion is described by an arbitrary parametrized metric in 
arbitrary quasi-Galilean coordinates. In radar observations, the measured quantitites are the signal- 
propagation time intervals, and in angle measurements these are the angles between the directions to the 
planet and to a remote immobile source (quasar) or between the directions to the planet and to the sun. 
These quantities can be calculated as functions of only the measured initial values of any form, 
irrespective of the employed coordiiate frame. However, the relativistic corrections to the values of the 
physically measured quantities depend on the makeup of the initial measurements. Direct measurements 
of the angles uncover new possib'ities of checking relativistic theories of gravitation. 

PACS numbers: 95.10.Ce 

1. INTRODUCTION 

The analysis of relativistic effects in the motion of 
celestial bodies, of light rays, and of radio waves in the 
solar system calls for the use of the metric of the gra- 
vitational field in the post-Newtonian approximation. 
Small perturbations of the metric a re  solutions of the 
field equation of a concrete gravitational theory and can 
be obtained by successive approximations accurate to 
four arbitrary functions, which determine the choice of 
some coordinate frame (coordinate conditions). It is ob- 
vious that this choice is quite arbitrary and in problems 
of relativistic celestial mechanics it can be restricted 

only by the requirement that the coordinate system be 
quasi-Galilean. The relativistic equations of the motion 
of celestial bodies, a r e  expressed in the form of the 
equations of ordinary dynamics and their solutions 
therefore take different forms in different coordinate 
frames. As a result, in the generalcase the relativistic 
corrections to the Newtonian motion of celestial bodies 
(such as ,  e.g., the corrections to rectangular coordi- 
nates, semi-axes, etc.) likewise become coordinate-de- 
pendent and can therefore not be directly compared with 
the observation results. A qualitative way out of this 
situation becomes clear if one recalls that the dynamic 
theory is compared with the observations with the aid 
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