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Results are presented of an experimental determination of the critical exponents a of the heat capacity of 
argon and of the solutions nitroethaneimiktane and methanol-cyclohexane, the exponent B of the 
coexistence curve of argon and of a nitroethano-iso6ctane solution, of the susceptibility y, and of the 
correlation function q of a nitroethane-hexane solution. The obtained values (a  = 0.108f 0.010, 
B = 0.339k0.006, y = 1.20*0.002, and q = 0.045*0.010) offer evidence favoring u n i v d t y  of the 
critical exponents of nonconducting liquids and are closest to the results of a numerical solution of the 
renonnalization-group equations for the three-dimensional Ising model. 

PACS numbers: 64.60.Fr, 64.75. + g, 65.20. + w 

1. INTRODUCTION 

Modern theory of critical phenomena1 groups all  li- 
quids, their solutions, a s  well the three-dimensional 
Ising model into a single universal class. According 
to  the theory, the exponents of the power laws that 
characterize the asymptotic behavior of analogous phy- 
sical quantities near the critical points should be the 
same. However, even for an object a s  well investiga- 
ted theoretically a s  the Ising model, the uncertainty in 
the values of the critical exponents is too large to  per- 
mit their use as fixed parameters of a universal equa- 
tion of state. 

By way of an example we cite the values of the criti- 
cal exponent a! obtained by different methods for the 
three-dimensional Ising model: high-temperature ex- 
pansions' -0.125, &-expansion with terms -c2 taken 
into account -0.077, numerical solution of the renor- 
malization-group equations4 -0.1132, experiment (re- 
sult of present study) -0.108 * 0.010. Thus, the prob- 
lem of experimentally obtaining the critical exponent 
with an e r ro r  less than the uncertainty of the theoreti- 
cal results remains a pressing one. 

In this paper we present the results of an experimen- 
ta l  determination of the critical exponents of the heat 
capacity (a), of the coexistence curve (8)  of argon and 
a nitroethane-isooctane solution, the susceptibility 
(7) and the correlation function (7) of a nitorethane- 
hexane solution, and newly reduced data on the heat 
capacity of a methanol-cyclohexane solution. The 
obtained values offer evidence in favor of universality 
of the critical exponents and a r e  closest to results of 
the numerical solution of the renormalization-group 
equations. 

2. ALLOWANCE FOR CORRECTIONS TO THE 
ASYMPTOTIC LAWS. 

The simple power laws used to determine the critical 
exponents have an asymptotic character t = (T - Tc)/Tc 
-0. The region of the experimental determination of 
the critical exponent is usually t = 10"- lo-=. In the 
region closer to the critical point, the experimental 
result is a s  a rule unreliable. Approximation of the 
experimental results by an asymptotic model in the far 

(reliable) region leads to  biased estimates of the criti- 
cal exponents if the contribution of the non-asymptotic 
(correction) terms is of the order of and greater than 
the experimental errors.  

Table I l ists  the result of the calculation of the non- 
asymptotic terms that ar ise  when account is taken both 
of the next-order approximations of scaling 
and of the difference between a real  liquid and the sym- 
metrical model of a lattice gas, which we have calcu- 
lated using the results of Refs. 1, 9, and 10.') In this 
table, p i s  the chemical potential and p is the density. 
It is seen that for the coefficient of isothermal com- 
pressibility and the critical isotherm the corrections 
necessitated by asymmetry a r e  of the same order a s  
the non-asymptotic terms of scaling theory, and a r e  
small for the isochronous heat capacity. 

3. REDUCTION OF EXPERIMENTAL DATA 

The reduction was by a previously developed pro- 
gram'2 consisting of the following procedures: elimina- 
tion of lapses, estimate of the sampling variances, es- 
timate of the parameters and confidence regions by 
least squares, and a check on the adequacy of the model 
by the Fisher criterion. The parameters can be esti- 
mated simultaneously with their selection by the step- 
wise regression method. The program makes it pos- 
sible to process a large class of models, both linear 
and nonlinear in the parameter, and monitor the calcu- 
lation time; if necessary, it can be easily regulated. 

TABLE I. 
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Let us  dwell in greater detail on the check of the hy- 
pothesis of the adequacy of the model, for if the model 
is inadequate, then estimates of the parameters and of 
the confidence intervals may turn out to  be biased. In- 
adequacy of the model can be due to  two factors: non- 
correspondence of the model to  the investigated physical 
process, and the presence of a systematic error .  It is 
impossible to discriminate these causes within the 
framework of a statistical reduction. The answer is 
determined by the physical premises and by the re- 
searcher's experience. 

For an adequate model, the residuals [Y, - q(x,, B)] 
(Yi is the experimental value a t  the point x,q(xi, B,) is 
the value determined from the model a t  the same point, 
and B is the parameter-estimate vector) must not con- 
tain systematic deviations, and a check on the hypoth- 
esis of the adequacy of a model reduces to a check of 
the hypothesis that amin = *o. Here @,in is the sum of 
the squares of the deviations a t  the minimum point, and 
eo is the sum of the squares of the deviations and is 
connected with the purely random error .  The quantity 

Qm,,,-Oo n-m -- 
@ m 

has a Fisher distribution, and the critical region for 
verifying the hypothesis of the adequacy of the model is 
determined by the inequality (see, e. g., Ref. 13) 

Om,.-Oo n-m -- < PI-.(m, n-m) , 
g o  m (1) 

n i s  the number of experimental points, m is the num- 
ber of the parameters of the model, and x in (1) is the 
significance level, usually chosen equal to 0.05. 

It i s  difficult to determine *o directly, for this calls 
for a large number of repeated measurements. We 
have used for an estimate the following considera- 
tions. '' Let the true dependence Y(x) be described by 
the model q(x, B) + q*(x, P*), where q*(x, P * )  i s  a model 
supplementing the verifyied model and describing the 
residuals due to the inadequacy. Determining the esti- 
mates B; of the parameters P:, we can use a s  an esti- 
mate of the quantity 

If the inequality (1) holds, then the hypothesis that the 
model is adequate is accepted. 

The experimental procedure used to obtain the data 
employed by us was improved over that of Voronel' 
et al. l4 The use of an improved construction of the 
adiabatizing screens and of the calorimeter has made 
it possible to decrease substantially the temperature 
gradients over the calorimeter and the sample. New 
high-sensitivity automatic regulators, developed for 
the system that maintained the adiabatic regime, and 
also a semi-automatic system of registration of the 
temperature dependences,'' has made it possible to 
improve the temperature resolution to 2 x 10" K. The 
measures adopted decreased the random er ro r  of the 
experiment, which is now due only to the e r ro r  in the 
measurement of the temperature in the thermometer's 
own scale, by about one order of magnitude compared 
with Ref. 14 (see, e. g., Refs. 17 and 18). 

The remaining details of the reduction will be illus- 
trated with argon a s  an example, since they a r e  essen- 
tially the same for the remaining substances. Besides 
the new data1' we used also our old results. lg 

The data on the heat capacity C ,  on the critical iso- 
chor, in accordance with the results given in Sec. 2, 
were approximated expressions of the type 

The result in the two-phase region was obtained for a 
density p =  0.5344 g/cm3, which differs from p, by 
0.13% (pc=O. 5351 g/cmg, Ref. 18). The interval of 
temperature variation corresponds to t = lo*' - lo-', 
and the indicated deviation of the density from the criti- 
cal value in this temperature interval hardly influences 
the results of the reduction, which has shown that two 
terms in (3), A, andA3ty-2a, a re  insignificant. The quan- 
tity A was fixed in the reduction a t  A = 0.45. 2 0  The 
quantity y was also fixed a t  Y = 1.20 in accord with the 
measurement results of Bale e t  a1. '' We point out also 
that in no case was the quantity Tc varied by us  any- 
where in the course of the reduction, since it was de- 
termined independently from thermograms. It was 
found a s  a result that in the two-phase region a=O. 117 
* 0.001. Such a narrow confidence interval is due to 
the fact that the data were reduced by an abbreviated 
model (partial confidence interval). 

In the one-phase region, we f i rs t  reduced our old 
datalg on the critical isochor in the range t = lom2 
- 10-3.8 (in the closer region, e r r o r s  were observed in 
the experimental data on account of the hydrostatic 
effe~t""~).  It turned that the asymptotic dependence 
describes the experimental data, and the result or 
= 0.115 + 0.008 was obtained. Next, a t  a fixed value of 
a, these data were reduced jointly with the more recent 
data'' on an isochor of corresponding density p = 0.5321 
g/cm3, which differed from p, by 0.56% (t = 10-0.13 
- 10-2.5. The values of A and Y ,  just a s  in the two- 
phase region, were fixed. The results of the reduc- 
tion in the entire temperature interval have shown that 
the model is complete but not adequate. An analysis 
of the residuals has shown that the experimental points 
deviate systematically from the model in a region far- 
ther from Tc starting with t =104.4; this apparently 
limits the region of applicability of expression (1). The 
final values of the parameters in the temperature de- 
pendence of the heat capacity in (3) were obtained by 
reducing the data of Refs. 18 and 19 in the interval 
t =10-0.4 - (the confidence intervals a r e  given for 
68% probability): 

A,=0.265+0.002, a=0.115+0.008, A,=-0.264*0.005, 

A2=0.089*0.005, A=0.45 '(fixed) , 
A*=-0.060*0.006, 7-  1.20 ((fixed) . 

The value of a in the single-phase region is 0.115 
* 0.008, which agrees within the limit of the confidence 
interval with the value obtained in the two-phase region. 
We call attention to the fact that in the expression for 
the heat capacity the quantity A2t-afA, which is connec- 
ted with the next approximation of the scaling theory, 
is significant. A reduction of the experimental data 
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without this term not only leads to  biased estimates for 
the parameters of the model, but also makes the des- 
cription inadequate. The term ~ , t " ' ~ ~ ,  which takes into 
account the asymmetry of the liquid, also turned out to 
be significant. However, a check by us has shown that 
the accuracy of the available data18'lg is not enough to 
be able to distinguish this term in the expression (3) for 
the heat capacity from the quantity -t that ar ises  when 
the regular part is expanded in powers of t. However, 
in the analysis of the shape of the coexistence curve, 
the terms that take the asymmetry into account have a 
non-ambiguous interpretation. 

Using the results given above, we approximate the 
data on the argon coexistence curve by the expression 

The need for taking into account the term B3t follows 
from the work of Fomychev and Khokhlachev. lo The 
results of the reduction in the entire temperature inter- 
val have shown that the model is complete, i. e. ,  al l  
the terms in (4) a r e  statistically significant, but is in- 
adequate. An analysis of the residuals has shown that 
there a re  systematic positive deviations from the model 
in a region close to T,; these deviations a r e  typical of 
the hydrostatic effect, whose influence decreases with 
increasing distance from T,. By successively decreas- 
in the approximation interval we obtained the limit 
I t r )  lo4-', which is close to i t s  theoretical esti- 
m a t e ~ , ~ ~ ' ~ ~  where the model i s  adequate. The values of 
the parameters in the expression (4) for the coexistence 
curve of argon, following a reduction of the data of Ref. 
18 in the interval t = 10" - (the confidence inter- 
vals a r e  given for 68% probability), a re  the following: 

Bo=l.63*0.002, 8=0.340*0.002, B,=0.593*0.047, 

A=0.45 (fixed), B,=1.65*0.08 

a=0.115 (fixed) , B,=-1.76*0.1:3. 

All the parameters in (4) a r e  significant, i. e. ,  an 
adequate description of the experimental data calls for 
inclusion of the term that accounts for the curvature 
(singularity) of the diameter of the coexistence curve a s  
well a s  inclusion of higher-order approximation of 
scaling theory. Our analysis of the joint confidence 
region of the exponent P and of the coefficient Bl of the 
non-asymptotic correction shows (see Fig. 1) that ne- 
glect of the nonasymptotic terms leads to  an overesti- 
mate P =O. 35 - 0.36, which is characteristic of many 
experimental papers, over the correct value (see Ref. 
2). 

Similar results were obtained by us also in the reduc- 
tion of the data on the coexistence curve of a nitroeth- 
me-isooctane mixture. The measured quantity in this 
case is the ultrasound velocity a s  a function of the tem- 
perature in the two-phase region. '' The ultrasound 
velocity on the coexistence curve is uniquely connected 
with the concentration of the phase. As a result of the 
reduction we obtained P = 0.338 * 0.008. We note also 
that the correlation coefficient of the exponent P and the 
coefficient of the nonasymptotic increment have the 
same sign a s  for argon, and the ellipsoid of the joint 
confidence region has the same elongated form. 

FIG. 1. Joint 95'1 confidence region of the coeffieient Bi and 
of the exponent p. Attention is called to the strong correlation 
of these parameters, which leads to an increase of P when Bi 
is decreased. 

We consider now the results of the reduction of the 
data on the heat capacity in the mixtures nitroethane- 
isooctane (C, and C,) and methanol-cyclohexane (C,).  
In view of the presence of a large regular part in the 
dependence of the heat capacity on the temperature in 
the mixtures, expression (1) was modified t o  

The value of A, just a s  in the reduction of the data on 
argon, was fixed. In the entire measured interval 
t = - lo4  the model turned out to  be complete and 
adequate. The obtained values a' = 0.11 * 0.04 and 
a'=0.14* 0.07 agree with each other within the limits 
of their errors .  

Estimates of the parameters obtained under the as- 
sumption a'= ffi= 0.11 yield good agreement of the con- 
stants A2 and 43 above and below the transition point. 
This means the absence of a jump or kink in the regular 
part. However, the reduction in a joint model of the 
data above and below T,: 

has led to an inadequate description of the experimental 
data. The description becomes adequate if the model is 
supplemented by the term A,t2: 

This model was used to reduce all  the data on C, and 
Cv for the nitroethane-isooctane mixture and Cp for 
the methanol-cyclohexane model. As  a result of the 
reduction i t  turned out that the order of magnitude and 
the sign of A agree with the behavior of the heat capa- 
cities of the individual components of the solution in 
this temperature interval. Values a = 0.105 5 0.004 
for C, and ff =O.  1075 0.007 for Cv were obtained for 
the nitroethane-isooctane mixture. For  the methanol- 
isooctane mixture. For  the methanol-cyclohexane 
mixture, a = 0.103 * 0.007. 

We proceed now to consider the results of the reduc- 
tion of the intensity of scattered light as a function of 
the temperature and of the scattering angle in a nitro- 
ethane-hexane mixture. This mixture is equivalent 
to the nitroethane-isohtane mixture. The isooctane 
was replaced by the hexane which has a lower refrac- 
tive index in order to  improve the scattering ability of 

846 Sov. Phys. JETP 49(5), May 1979 Anisirnov et a/. 846 



the object. The experimental procedure can be found 
in Ref. 26. The intensity of the scattering by the criti- 
cal fluctuations, a s  is well known (see Ref. 21, is pro- 
portional to the correlation function G(k, rc)(k = 4rkm1 
x sin(fJ/2), rc is the correlation radius). 

The measurements were made in the temperature 
interval t =3 - 10-5andat scatteringangles 0 from 
12 to 150". The results were approximated by an ex- 
pression of the type2" 

FIG. 2. Deviation of the experimentally obtained correlation 
function from the Ornstein-Zernike approximation. 

4. CONCLUSION 
This expression leads to correct asymptotic forms of 
the correlation function G(k, r,) = dqg(krC), and de- 
scribes well the measurement results. According to 
Ref. 27, (p2 -0.1. The entire assembly of data was re- 
duced (about 1000 points), and the coefficients A and (o, 

the exponent v in Eq. (8) a s  well a s  the intensity of the 
scattered light were all  reduced and referred to zero 
angles (values corresponding to 54 temperature values). 
For  the critical exponent of the correlation function we 
obtained in this case 9 = 0.046 * 0.003. The confidence 
interval was estimated here, a s  in the other cases, 
from the linearized model. 

An additional analysis has shown, however, that the 
linear approximation exaggerates the accuracy in this 
case. A correct estimate of the confidence interval 
was obtained from the form of the dependence of the 
sum of the squares of the deviations near the minimum. 
This yielded v = 0.038 - 0.050. Allowance for the pos- 
sible systematic e r ro r s  in the measurement of the in- 
tensity of the scattered light (multiple scattering, finite 
aperture of the photoreceiver, etc. ) yields a final re- 
sult v =  0.045 f 0.010. 

The intensity values referred to zero angles (obtained 
from the reduction of the initial assembly of data) was 
approximated by a formula that took into account the 
nonasymptotic terms 

The reduction result is y = l.19* 0.06. The coefficient 
of the nonasymptotic correction turned out to be insig- 
nificant. We have therefore performed several vari- 
ants of the reduction a t  a fixed coefficient of the non- 
asymptotic increment ( r l  = 0 and rl = 1): 

Restriction of the interval of the values of the argu- 
ment did not lead to a noticeable change of y. 

TABLE 11. 

Experimental results of 
present work 
Ising model: 
computer experiment 

E-expansion (with terms 
- 4 2  taken into acmunt) 

Numerical solution of the 
renormalization group 
sguatiom. 

In Table I1 a r e  given the final result of our work. 
The critical exponents 0 for all the investigated objects 
a r e  the same within the limits of their confidence in- 
tervals. The exponents P also practically coincided for 
argon and for the nitroethane-isooctane solution. 

The averaged values a = 0.11 and 0 = 0.34 we regard 
a s  established with a high degree of reliability. We 
think the value Y =  1.21 to be more probable than y 
=1.19. At any rate, thevalue ~ = 1 . 2 1  follows from 
the relation a + 2P + y = 2 of the scaling theory (at a! 
= 0.11 and P = 0.34) and leads to  a more acceptable 
value of the correlation radius v = y/(2 - 9) = 0.62. 

The exponent 17 = 0.05 can also, in our opinion, be 
regarded a s  reliably established, and the deviation of 
the correlation function form the Ornstein-Zernike 
approximation can be regarded a s  experimentally 
proved (see Fig. 2). 

As to the theoretical estimate, preference should be 
given on the whole to the results of a numerical solu- 
tion of the renormalization-group equation,' although 
the accuracy of these calculations is difficult to esti- 
mate. The absence a t  the present time of reliable esti- 
mates of the accuracy of the calculation of the critical 
exponents restricts the possibility of practical applica- 
tions of the theory. 

The most realistic way of increasing the accuracy of 
the experimental critical exponents while using the ex- 
isting procedure is to increase substantially the aggre- 
gate of the data (to several thousand points) in a reliable 
(i. e . ,  free of systematic errors)  temperature interval, 
followed by a statistical reduction based on complete 
models after checking the adequacy of the approxima- 
tion. 

"Detailed calculations are  given in Berestov's dissertation." 
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Effect of pressure on the Fermi surfaces of the dioxides 
of molybdenum and tungsten 

E. P. Vol'skii, A. G. Gapotchenko, E. S. Itskevich, and V. M. ~eplinskc 

Institute of High-Pressure Physics, USSR Academy of Sciences 
(Submitted 10 November 1978) 
Zh. Eksp. Teor. Fi. 76, 167&1674 (May 1979) 

For the study of the properties of transition-metal dioxides it is important to know their electronic 
structure and the dependence of the latter on the lattice parameters. An investigation of the de 
Haas-van Alphen effect under pressure can yield these data. We measured the change of the size of the 
sections of some parts of the Fermi surfaces of single crystals of MOO, and WO,, whose Fenni surfaces 
are similar. 

PACS numbers: 7 1.25.H~ 

The e lec t r ic  and magnetic p roper t i es  of the oxides of 
t ransi t ion metals1 are governed by a complicated sys -  
t e m  of relatively narrow ( less  than 1 eV) closely lying 
and partially overlapping electron bands connected with 
the d- levels  of the metallic ions and preserving a r a t h e r  
distinctly pronounced d c h a r a c t e r  in the crystal l ine 
state.2 This  leads t o  a definite s imi la r i ty  of the i r  e lec-  
tronic spectra .  

The s t ruc ture  of the d band in transition-metal oxides 
should be  quite sensitive t o  the change of the inter-  
a tomic dis tances and of the lattice symmetry .  This  
manifests  itself in  a tendency to formation of dis tor ted 
c r y s t a l  s t ruc ture ,  and in the role that s m a l l  displace- 
ments  of the a toms  and the formation of the dis tor ted 
s t r u c t u r e  play in  the mechanism of the metal-insulator 
t ransi t ion in  a number of oxides (V,O,, VO,, NbO,).' F o r  
the s a m e  reasons  one should expect the p roper t i es  of 

the oxides to  b e  sensi t ive to the la t t ice  deformation that 
is produced, in  part icular ,  by  hydrostat ic  p ressure .  In 
fact ,  a r a t h e r  s t rong  influence of p r e s s u r e  on the 
metal-insulator t ransi t ion tempera ture  in V,O, w a s  
observed in Ref. 3. However, analogous experiments4 
on VO, have shown that the influence of p r e s s u r e  on the 
metal-insulator t ransi t ion in th i s  oxide is much weaker. 

In  oxides that retain metal l ic  conductivity a t  liquid- 
hel ium tempera ture ,  the influence of p r e s s u r e  on the 
electronic  charac te r i s t i cs  c a n  b e  investigated in con- 
s iderable  detai l  by measuring the shape and dimensions 
of the F e r m i  sur face  (FS). So f a r ,  however, no such 
experiments  were performed on any oxides. We repor t  
h e r e  the r e s u l t s  of such a n  investigation on the metal l ic  
oxides MOO, and WO,, whose F S  a t  zero p r e s s u r e  w a s  
investigated quite in  detai l  before.518 Since MOO, and 
WO, have the s a m e  dis tor ted rut i le  c r y s t a l  s t r u c t u r e  as 
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