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It is shown that fluctuations contribute significantly to the sound absorption in dirty superconductors in
a rather broad temperature range near the superconducting transition temperature. The character of the
temperature dependence of the fluctuation absorption changes from two-dimensional to three-dimensional

upon approach to the critical temperature.

PACS numbers: 74.40. + k, 74.70.Nr

1. Fluctuation electron pairing in a normal metal
near the superconducting transition temperature mani-
fests itself in the characteristic temperature depen-
dence of a number of physical quantities.! Scattering of
the electrons by the superconducting fluctuations leads
to an increase of the sound absorption upon approach
to the critical temperature.?? Although the fluctuation
corrections to the sound absorption coefficient depend
on the temperature more strongly than other quantities,
they become significant in pure metals only in a rather
narrow range of temperatures near the superconducting
transition temperature.?

The presence in the metal of impurities leads to a
decrease in the correlation distance (pair size) and an
increase in the role of the fluctuations. As is shown in
the present work, in such a case, near T,, the effects
that manifest themselves most strongly in the fluctua-
tion sound absorption are those connected with the de-
pendence of the density of states on the energy. The
fluctuation pairing of the electrons does not follow the
change in the critical temperature in the compression
and rarefraction regions and the arising disequilibrium
leads to additional sound absorption in the metals.

In anisotropic metals, such as layered supercon-
ductors, there is an additional enhancement of the
fluctuations as a consequence of the two-dimensional
character of the electron motion.* As a result, for
layered superconductors with a significant concentra-
tion of impurities, the fluctuation contribution to the
sound absorption coefficient becomes of the order of
the value of the ordinary absorption over a wide tem-
perature range.

2. The sound absorption is determined by the imag-
inary part of the polarization operator, the fluctuation
contributions to which, in first order perturbation
theory and with account of electron scattering by the
impurities, are represented by the diagrams shown in
the drawing. The wavy lines indicate the fluctuation
propagator, the solid lines the Green’s functions of the
normal metal averaged over the position of the im-
purities; the shaded blocks corresponds to sums of the
“ladder” diagrams.®¢

Similar diagrams determine the fluctuation con-
ductivity of the metal, while close to the critical tem-
perature the most significant diagrams are the first,
which contains twice the fluctuation propagator singular
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with respect to proximity to the transition tempera-
ture,? and the second, which makes the anomalous
Maki-Thompson contribution.”® The contributions of
the remaining diagrams depend weakly on the tempera-
ture and their account is necessary only for complete
compensation of all contributions at the frequency of
the external field w=0.

In the calculation of the fluctuation sound absorption,
the quantity that is to be correlated with the vertices’
corresponding to the introduction of the external phonon
field is no longer the velocity vector of the electron (as
was the case for the vertex of interaction of the electron
with the external electromagnetic field in the calcula-

‘tion of the conductivity), but the electron-phonon inter-

action constant. The scalar nature of such a vertex
leads to the result that the contribution of the first
diagram turns out to be different from zero only when
account is taken of the dependence of the density of
states p on the energy (it turns out to be proportional
to (ap/ dg) ”,). However, the corresponding expression
for the sound absorption coefficient depends more
strongly on the closeness to the critical temperature
than in the case of the conductivity. At high concentra-

FIG. 1. Diagrams for the polarization operator when account
is taken of the fluctuation pairing of electrons and of the scat-
tering from impurities.
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tion of the impurities (the free path length I of the elec-
trons is small in comparison with the pair dimension
£,), the contribution of the first diagram to the sound
absorption increases significantly.

An essential difference between the calculation of the
sound absorption and the calculation of the conductivity
is also that in the case of high impurity concentration
the scalar nature of the external vertices leads to a
canceling of the anomalous Maki- Thompson contribution
(which stems from the second diagram) by the corre-
sponding contributions of the third and fourth diagrams.
Therefore, in the calculation of the fluctuation sound
absorption in a dirty metal near the superconducting
transition temperature it is sufficient to calculate only
the first diagram,

In the limit of a pure metal, diagrams 3 and 4 are
small in comparison with the second diagram; however,
even in this case, the anomalous Maki-Thompson con-
tribution is already absent. Therefore, in the pure
limit we likewise calculate only the first diagram,
which gives the strongest temperature dependence.

In the temperature technique’ the first diagram cor-
responds to the expression

I (k,0)=—47 Y | %Bwk, 0.0 0) Lt ot QL@ A, (q)

where k is the sound wave momentum and w, is the
Matsubara sound frequency, in terms of which it is
necessary to carry out analytic continuation into the
region of real frequencies. The symbol B(k,q, 2,,w,)
designates the expression corresponding to a block of
three Green’s functions, averaged over the location of
the impurities; L(q,w,) is the fluctuation propagator.

In the “ladder” approximation (i.e., neglecting the
contribution of diagrams with intersecting dashed lines,
a procedure valid when the free path length of the elec-
trons I is large in comparison with the reciprocal of
the Fermi momentum p;') the averaging of the Green’s
functions over the location of the impurities reduces to
the replacement of the frequency ¢, by the quantity £,,
which is defined by the expression:’

E,.=a,.+%sign n, it-=np<|u|’>. (2)
where 7 is the time between collisions in the Born ap-
proximation, »n is the impurity concentration, p is the
density of states, the brackets (*«+) denote the angular
averaging over the Fermi surface, #(q) is the Fourier
component of the interaction potential of the electron
with the impurity. Renormalization of the vertices in
the case of isotropic scattering leads to the following
expressions for the vertices A; and 1, (they are different
in the direction of the arrows):

A (G, €ny Eagy) =1FT70 (—€nEnsv) {(Vg—i@,—i/T) "), 3)
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where 6(r) is the Heaviside function, v=29¢/dp is the
velocity on the Fermi surface, and the expression for
A~! is written down with accuracy to within terms of
order

At (qy Eniv, Qk-en) =1-
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since the momenta that are significant in the subsequent
integration satisfy the requirement that this expression
be small.

We can obtain the following expression for the fluctua-
tion propagator with account of averaging over the loca-
tion of the impurities, near T,:

T-T.  3q ino 1!
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which is analytic in the upper half-plane of the complex
variable w; the parameter 7 is of the order of the
square of the dimension of the fluctuation Cooper pair
£y, and P(x) is the logarithmic derivative of the gamma
function,

“)

We calculate the expression for the block of three
Green’s functions B(k,q, §2,,w,), which enters in (1)

B(k,q, 4, 0v)= gTZ Ai(K, €ayv, 82) Ao (g K, €aye, Qu—8n) A2 (Q, €, Ru—En)
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where the electron-phonon interaction constant is de-
noted by g. Transforming in (5) to integration with re-
spect to the variable £(p) and calculating the sum over
£, we find that, just as in the pure case,’ the expres-
sion (5) differs from zero only when account is taken of
the energy dependence of the density of states:
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The term B, (¢, &,, w,) takes into account the depen-
dence of the block on the external frequency w,. The
momentum q is assumed to be equal to zero, since in
the subsequent integration in (1) the following quantities
are significant:

X(1+Q,7) [\p (

lql~n~"[(T—T.)/T.)"<ps.

As is seen from Eq. (6), in the limit of a large num-
ber of impurities (T, 7 < 1) the quantity B can become
large. This is the difference between the contributions
of the considered diagram to sound absorption and to
the fluctuation conductivity, where the Green’s-function
block that determines the transport properties de-
creases with increase in the impurity concentration.?

3. To find the fluctuation sound absorption, we must
calculate Eq. (1) for real frequencies w. Following
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lf.‘.liashberg,9 we replace the sum over £, in (1) by the
integral along the corresponding contour. Here the
complex plane is divided into three regions, in each
of which the analytic properties of the integrand in (1)
are different. Transforming to integration along the
real axis with the help of a shift in the variable, we
obtain

9Bt . dq f :.
I =- - I Gy __‘.”Cth Z_T_[L (ztioy, q)
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x {B."(k. 7, @,) L*(z+iw,, g +K) L*(z,q)
—B\A(k, 2—i0, 0y) LA (z,q+k) L4 (z—iw., q) }dz. @)

The analytic continuation of the expression (7) is ac-
complished by the substitution iw,—~ w. Using the ex-
pressions (4) for the fluctuation propagator and formu-
la (6) for B,(k, 2,,w,) (a term with the corresponding 6
function is chosen in each region of analyticity), after
expansion in @ we have
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The integrands in (8) have a pole at |z|«1. Using this,
it is easy to carry out the integration over z:
dp dq

#(3) 10 fro. ®
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Further calculation of the fluctuation sound absorption
_coefficient according to formula (9) depends on the
specific form of the electron spectrum. Layered metals
usually consist of metallic layers of thickness of sev-
eral angstroms each, separated by layers of organic
materials of approximately the same thickness. If the
probability of electron jumps between the layers is not
too great, then the Fermi surface is a corrugated
cylinder:

 ey—er=0o(|p.|—pr) Tw cos(p.a), (10)

where p, is the projection of the momentum of the elec-
tron in the plane of the layer, v, and p, are the velocity
and Fermi momentum in this direction, p, is the mo-
mentum of the electron in the perpendicular direction,
a is the distance between the layers, and w/¢ p is the
small corrugation parameter (however, » should be
larger than T, in order that the expression (4) for the
fluctuation propagator, calculated in the self-consistent
field approximation, be valid). In such a case,

{(vq)D="/,vsq, 22w sin® (g,0/2). (11)
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Carrying out the integration in the expression (9) with
account taken of the spectrum (10), we get

mnegii (B),, 0 [(F) " (F49)
EE)TERET

The dependence of the fluctuation sound absorption on
the phonon momentum k is not taken into account in ’
(12), a procedure valid if the temperature is not too
near the transition temperature:

(T—T.)/T > (n/ve*) <(vK)?.

We also note that the effects of dragging of the impuri-
ties by the sound wave!? appear in the terms having a
weaker temperature singularity upon approach to T,.

It is easy to see from the expression (12) that dif-
ferent temperature regimes in the fluctuation sound
absorption are obtained, depending on the relation be-
tween the parameters (T - T,)/T, and 6mw%/v. The
parameter 62=6m0?/v% thus characterizes the “di-
mensionality” of the fluctuations. The two-dimensional
behavior of the fluctuations:

T, \*

Tm Iy~ ( T-T, )
corresponds to the case (T - T,)/T,> 52 (under the
condition that 63 <1, otherwide we go outside the
framework of the assumptions made on the closeness
to the transition point). Here the dimension of the pair
in the direction perpendicular to the layers,

wa wa T, \h

Ez—;;h ~ ;:(ﬂ———T—Te )
is less than the distance between the layers and the
correlations of the electrons arise only within each
layer. In the opposite limiting case (T - T,)/T,<« 52
the correlation length §, becomes greater than the
distance between the layers, and electrons from dif-
ferent layers can take part in the fluctuation pairings.
The obtained temperature dependence is then the same
as in the isotropic metal:

Im IOu~(T/(T—-T.))*.

The amplification of the absorption by a factor of
v,/wa~¢,/w in comparison with the isotropic case? is
connected with the two-dimensional character of the
motion of the electrons.

As is seen from formula (4), the parameter 7 falls
off with increase in the impurity concentration and,
consequently, the region of two-dimensional behavior
is widened. The very value of the fluctuation sound ab-
sorption, which is determined by Eq. (4), increases in
this case.

4. To find the relative contribution of the fluctua-
tions, it is necessary to calculate the value of the sound
absorption coefficient in the normal metal with spec-
trum (10). Following the work of Tsuneto,!® we obtain

. 2, Iq —_— 2
II,=—2iopg’t [ -1, (voky7)*+ (wak,7)? ] ! 13)

I=¢[1+it(vk) ],
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Carrying out angular averaging over the Fermi surface,
we can obtain an expression for ], under various
limiting conditions. Thus, for a dirty metal (7!

» max{v,k, ,wak,}) we have

M,=—"si0pg’x. (14)

In the limit of a pure metal (7!« min{v,k, ,wak,})
we obtain

I.=—2iwpg* (k, v’ +wiak?) " (15)

Thus, in a pure layered metal, the sound absorption is
anisotropic, while formula (15) is valid also in cases
in which the momentum of the sound wave has a com-
ponent only in the plane of the layers: wak, <« 1™}
«wv,k,, and when the direction of propagation of the
sound wave is perpendicular to the layers vk, « -1
<wak,.

Comparing Egs. (12) and (13), we can obtain the ex-
pression for the relative contribution of the fluctuations
to the sound absorption. In the pure metal n="7¢(3)v2/
4872T2 and at not too low probability of electron jumps
between layers (w> T,), the fluctuation sound absorp-
tion near T, is everywhere described by a three-dimen-
sional law. For the ratio of the sound absorption co-
efficients in the pure case, we have

 (5a)
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As is seen from (16), even at the maximum obtainable
value of the phonon momentum (n{(v* k)*)/vi~ (T -T )/
T,) the fluctuation correction becomes of the order of
the value of the normal absorption only in the region of
temperatures

T-T. T\’ T\, , 0p
7.~ (E.?) (_w)ln 2T,
The two-dimensional character of the motion of the
electrons leads as usual to a broadening of this region
by a factor ¢ ,/w in comparison with the isotropic case.?

Nevertheless, this region is very narrow in the case of
a pure metal.

As the free path length of the electrons ! decreases
it can become less than the reciprocal of the momentum
of the phonon, but still remain larger than the dimen-
sion of the pair. Then the sound absorption in the nor-
mal metal is determined by Eq. (14), while the fluctua-
tion absorption is still described by a three-dimen-
sional law with the quantity n corresponding to the pure

case:
d::u @

nt L [90\? , @p re T. \*
P R T e N (;—;) In 2nT¢( erwf)( T—Tc) '
. 1)
We obtain here the result that the fluctuations become
important over a much wider region of temperatures
than in the previous case,

At electron free path lengths smaller than the di-
mensions of the pair, if the probability of electron
jumps is not very small (w>7~1/3(T - T,)!/?), the
fluctuation absorption is described as before by a

1167 Sov. Phys. JETP 50(6), Dec. 1979

three-dimensional law; however, now n=mTv}/24T,
corresponds to the dirty case

x 3 3
L= (%)FTTl—_(T—TT) a8)

111(d)
A

The fluctuation region is determined by the tempera-
tures

@)

and becomes readily observable in experiment.

Finally, in the very dirty case 1 < (T - T, Jw™? the
fluctuations become two-dimensional and the tempera-
ture dependence of the fluctuation sound absorption be-
comes stronger:

1Kd)
[ 77 _ 5n? 2 _01 z 1 T: N

wd 2 ° (05);’ Tert' ( T—Tc) : s
In this case the fluctuation effects are important over a
wide range of temperatures, which can even be of the
order of T,.

We now give the formula for the fluctuation sound ab-
sorption in a dirty metal with an isotropic spectrum:

11

an 3"'5’:1”'( tz.)‘/l 1 ( T. ) L
DA )

o™ 2025 \ 1. ) ety \T—T,

(20)

where ol = 37 %wmp,g>7 is the sound absorption
coefficient in the normal metal with an isotropic spec-
trum in the limit of a large number of impurities, !

Thus, at a small mean free path length of the elec-
trons, the fluctuation effects in sound absorption are
significant over wide temperature range.

We also discuss the limitations on the possible mo-
menta of the phonons, and the free path lengths nec-
essary for validity of the obtained formulas (they arise
because of failure to take into account the dependence
of the fluctuation sound absorption on'the momentum of
the phonon: (T~ T,)/T,> 1{(v* k)*)/v%). These condi-
tions depend on the direction of propagation of the
sound. In the case of sound propagation perpendicular
to the plane of the layers, the limitation on the momen-
tum of the phonon (or on the region of accessible tem-
peratures) has the form

Tn ~t Er
e (" T—Tc) (—5)
and turns out to be weaker than the similar condition
for sound propagating along the layer:

Tc ~'h
ke ()
However, even the latter condition is satisfied in the
experimentally accessible range of temperatures
(T-T,)/T,>10"* up to acoustic frequencies w <10
MHz (i.e., throughout the entire ultrasonic region).

The fluctuations are the strongest in the two-dimen-
sional case in a dirty metal. Here the free path length
should be such that the dimensions of the pair in the
direction perpendicular to the plane of the layers are
small in comparison with the distance between the
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layers. Moreover, the electron free path length should
“be small in comparison with the reciprocal of the mo-
mentum of the phonon,

The first condition means: I <§y(T,/w)¥(T- T,)/T,;
satisfaction of the second condition depends on the di-
rection of sound propagation. For sound propagating in
the plane of the layers, the inequality 7 <k7' is always
satisfied if the first condition is satisfied. In the case
of sound propagation perpendicular to the plane of the
layers, the same situation holds at sufficiently high
probability of jumps between the layers
w>e}/*T- T,)!/2. In the opposite case, a more severe
limitation on the free path length is necessary for satis-
faction of Eq. (20) in any direction;

I<t,(w/es)*(T./(T—T.)).

Thus, the temperature dependence of a,,/ d,, has the
following form in a dirty layered metal. Upon approach
to T, such that 62<(T - Tc)/Tc<1 (under the condition
that the quasi-two-dimensionality parameter 602 =Tw?/
4T, «<1), the fluctuations have a two-dimensional char-
acter and correspond to sound scattering by the fluctua-
tion pairs in each layer separately. The corresponding
temperature dependence ~(1 - 7/ T,)‘z. Upon further
decrease in the temperature: (T- T,)/ T, < 6%, elec-
trons from different layers take part in the fluctuation
pairing, the fluctuation picture becomes three-dimen-
sional and, although the closeness to the two-dimen-
sional region causes the absolute value of a,,/ a, to ex-

ceed the corresponding quantity in two-dimensional re-
gion, the growth of a,,/ a, now takes place according to
the much slower temperature law: ~(1 - T,/T)~3/2,

In conclusion, the authors express their gratitude to
A. A. Abrikosov, B. I. Ivlev and A. I. Larkin for valued
discussions.
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It is pointed out that in uniaxial ferroelectric materials the domain structure should be branched. The

parameters of the simplest structure are determined.

PACS numbers: 77.80.Dj

For uniaxial ferroelectric materials, the domain
structure usually discussed in the literature is that
proposed by Mitsui and Furuichi® (see Fig. 1). Itis
essentially the usual Kittel structure, in which, how-
ever, allowance is made for the difference of the po-
larization P in this case from its nominal value as a
result of polarizability in the field produced by the
structure near the exit of domains to the surface of
the crystal. In Ref. 1 the susceptibility a;, (P, = a;, E,)
was regarded as constant, independent of the electric
field E. This limitation actually produces results, ob-
tained in Ref. 1, that are inapplicable to ferroelectric
materials. In fact, the depolarizing field near the exit
of domains to the crystal surface is 47P in order of
magnitude; and since the susceptibility of ferroelectric
materials is large, the polarization P here will differ
significantly from the nominal value P,. Under such
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conditions, there is no reason why o should not depend
on E, Furthermore, according to Ginzburg’s theory?®
states with P <P,/3"2 are completely unstable; and they
necessarily occur, for a large value of the suscept-
ibility, even in a small depolarizing field.

This situation leads to the impossibility of existence
of the domain structure of Fig. 1 and of other similar
structures, with a large distance between the places of
exit of domain boundaries to the surface, in ferro-
electric materials. Avoidance of a large value (of or-
der 47P) of the depolarizing field is possible only in a
branched structure. But the structure proposed in Ref.
1 can exist in pyroelectric materials in which the su-
sceptibility is small.

We shall consider the simplest branched structure
(Fig. 2). Such a branching scheme was proposed by
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