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The absorption tine shape for paramagnetic impurities in a type I1 superconductor is calculated. It is the 
convolution of homogeneously broadened line with the local-field distribution function in the vortex lattice. 
The homogeneously broadened tine is determined by the combination X '  + ax" of Lorcntz dispersion ly ') 
and absorption ly ") c u m  with a > 1 (in contrast to the normal metal, for which a = 1). Together with the 
inhomogeneous broadening mechanism, this also leads to a reduction in the line asymmetry parameter (the 
ratio A /B) o k e d  in the experiments. The theory is compared with available experimental data. 

PACS numbem 74.30.Gn. 74.60. - w 

1. INTRODUCTION 

The method of electron paramagnetic resonance (EPR) 
in metals allows us to extract important information 
concerning the static and dynamic properties of local- 
ized moments and conduction electrons. Here we pri- 
marily refer to the measurements of the shift in the 
resonance field (the g-factor shift), of the rates of re -  
laxation between subsystems of localized spins and of the 
conduction electrons, andalso betweenthemand the lat- 
tice. One of the most important characteristics of 
EPR in metals is  the paramagnetic absorption line 
shape. As i s  well known, in contrast to dielectrics 
(where the line shape i s  determined only by the imag- 
inary part of the dynamic susceptibility x = x '+  ix"), in 
metals the resonance line shape is a mixture of X' and 
X "  (Refs. 1,2) due to the fact that the electromagnetic 
field penetrating deep into the metal changes both in 
amplitude and in phase. These changes occur with the 
same characteristic length 6, (6, i s  the skin depth of the 
normal metal); therefore X'  and X" enter into the ex- 
pression for the line shape with equal weight, as' has 
been repeatedly observed in experiments. 'p3 

Recently the EPR method has been widely used to 
study type-11 superconductors. 2 * 4 * 5  In particular, it 
has been observed that the g-factor shift depends on the 
static magnetic field, and the line shape substantially 
changes on going from the normal phase to the super- 
conducting phase. Thus, for example the line asym- 
metry parameter (the ratio of the low-field peak to the 
high-field peak in the aerivative of absorption with re- 
spect to magnetic field: the ratio A / B )  decreases from 
2.55 in the normal metal down to -1 in the suuercon- 
ducting metal (for T<< Tc, where Tc is the critical 
temperature). In order to interpret these properties 
of the paramagnetic state in type-11 superconductors, 
a theoretical calculation of the EPR line shape is neces- 
sary. Orbach6 and also Alekseevskii et a1.' have cal- 
culated the absorption line shape in the form of a con- 
volution of a homogeneously-broadened line (taken to be 
the line shape of the normal metal) with the distribution 
function of the local fields in the unit cell of the vortex 
lattice. However, this approach completely disregards 
the fact that the microwave field penetrates into the 
superconductor differently than into the normal metal, 
due to screening by superconducting alternating cur- 

rents (see, for example, Ref. 8). Therefore it i s  not 
surprising that such calculations seldom agree with ex- 
periments.' Furthermore, in recent experiments Bar- 
beris eb al.  s have observed that the EPR line shape of 
NdS+ in superconducting CeRu, and ThRu, may be de- 
scribed simply by a combination of X'  and X" with dif- 
ferent weights, without invoking the mechanism of in- 
homogeneous broadening. 

In connection with what has been said above, this pap- 
er i s  devoted to constructing a systematic theory for the 
EPR line shape, taking into account both the inhomo- 
geneous broadening of the static field in the sample and 
the characteristic features of penetration of the alternat- 
ing field into the superconductor. 

2. LINE-SHAPE CALCULATION . 
Let us consider a Udirty" superconductor with para- 

magnetic impurities occupying the z 2 0 half-space and 
located in a constant magnetic field H,. Let a micro- 
wave electromagnetic field of frequency w and with 
components HJx and E,lly be applied to the sample. 
We a r e  interested in resonant absorption of energy 
from the alternating field by the paramagnetic impur- 
ities; therefore H, 1 H,, and H, can be directed either 
perpendicular to the surface of the sample (H,I El), o r  
parallel to the surface (H, 11 El). As a rule, the EPR 
experiments a re  carried out in the field region H,, 
<< H, < H, and in the temperature region T << Tc (where 
H, and Hcz a r e  respectively the lower andupper cri- 
tical fields). This case corresponds to a high density 
of vortex filaments in the sample, so that the separa- 
tion d bet ween their centers is much smaller than the 
penetration depth A of the d. c. field. a 

In the microwave frequency region, the skin depth in 
a normal metal usually exceeds A . ~ , ' O  Therefore we 
can expect the average penetration depth for the alter- 
nating field in a type-11 superconductor to be much 
greater than d. In this case, reflection of the electm- 
magnetic wave from the surface of the type-11 super- 
conductor can be studied using the system of macro- 
scopic Maxwell equations 

obtained from the corresponding microscopic equations 
by averaging over the vortex lattice. In Eq. (I), El 
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and Hl a r e  the macroscopic strengths of the alternating 
electric and magnetic fields; p i s  the effective magnetic 
permeability of the type-11 superconductor, and reflects 
the distortion of the vortex structure under the action 
of the alternating field and depends on the relative 
orientation of Hl and H, (Ref. 11); M is the macro- 
scopic magnetization of the localized spins of the im- 
purities; j is the alternating-current density. All the 
parameters in Eq. (I), except for the constant p, a r e  
now functions of the single coordinate z. 

In addition to Eqs. (I), we still need the material 
equations connecting j with El and M with HI. In our 
case of a dirty superconductor with 1<< 5, (where I i s  the 
mean free path of the conduction electrons, and 5, i s  the 
coherence length of the pure superconductor), j and El 
a r e  connected by the local relationship 

where us = ul + iu, i s  the effective complex conductivity 
of the type-II superconductor, and depends on the fre- 
quency of the alternating field w, on the strength of the 
constant field H,, on the temperature T, and also on the 
relative orientation of H,,E,, and the surface of the 
sample (see the review in Ref. 12). Calculations of US 

have been performed earlier both on the basis of the 
linear response theory1' a s  well a s  by using the non- 
stationary Ginzburg-Landau equations. 13*14 Unfortun- 
ately, the analytical expressions obtained for the com- 
plex conductivity from these calculations a r e  valid only 
in the vicinity of the transition to the normal state: 
either at Ho=Hc2 (Refs. 12,131 o r  a t  T = To (Ref. 14). 
We a r e  interested in the region HOl << H,< H& and in T 
substantially less than Tc. Therefore we will consider 
Us a s  a parameter which can be determined by experi- 
mental investigation of the nonresonant part of the sur- 
face impedance. 

As i s  well known, the magnetization of the localized 
spins in a normal metal obey a Bloch-type equation 
that describes the relaxation of the magnetization to i ts  
instantaneous equilibrium value.'' A similar equation 
of motion for the magnetization was obtained for a gap- 
less  type-11 superconductor (Ho"Hc,) in Ref. 16. It i s  
inapplicable in our case. Therefore we proceed in the 
following way. To be specific, let u s  consider the per- 
pendicular orientation (H,l El and to the surface of the 
sample). In a plane perpendicular to the direction of 
the static field H, we isolate a region from r to r + d r  
(where r i s  a two-dimensional vector in the vortex lat- 
tice) with dimensions which a r e  significantly smaller 
than the separations between vortices, so that the mag- 
netic field i s  practically homogeneous in this region. 

The magnetization density m(r, t) of this region ob- 
viously satisfies the equation 

am I - -gps[rn, (h, (r) +hr (r, t ) )  I -  -{m-xo(h~(r) +ht (r, t) (3) 
a8  TI(^) 

where y, is the Bohr magneton; g and X, a r e  respec- 
tively the g factor and the static susceptibility of the lo- 
calized spins; h,(r) and hl(r, t)  a r e  the local (micro- 
scopic) values of the constant and alternating fields a t  
the point r of the vortex lattice; T,(r) i s  the local re-  

laxation time of the paramagnetic impurities, reflecting 
the fact that the localized spins located a t  the core of 
the vortex relax faster than the spins outside the core 
(due to the fact that the excitation spectrum of conduc- 
tion electrons within them is gapless-see, for example, 
Ref. 17.) 

Solving Eq. (3) relative to m + =m, + im, (the compon- 
ents of the local magnetization) using the time depen- 
dence of the alternating field in the form e"", and then 
averaging the solution obtained over the unit cell Z of 
the vortex lattice, we obtain the following expression for 
the macroscopic magnetization of the localized spins: 

where kHl = (h,), , ~ ( w  ', w) is the dynamic susceptibility 
of the paramagnetic impurities 

andfiw') i s  the distribution function for local frequen- 
cies (fields) in the unit cell of the vortex lattice (see 
Ref. 12) 

f (a')  = j d2r6 (a0)  (r) -0')  / 5 d2r; 

here w,(r)=g&h,(r) is  the local Zeeman frequency of 
the paramagnetic impurity. The function fio ') deter- 
mines the number of paramagnetic impurities (the dis- 
tribution of which over the sample we assume to be 
statistical) having the resonance frequency w'.  In ob- 
taining Eq. (4) we used the fact that hl(r,t) (as can be 
easily established from analysis of the nonstationary 
Ginzburg-Landau equations cited in Ref. 14) a r e  prac- 
tically unchanged within the boundaries of the unit cell. 

When w 'T,(w ') >> 1, which is the condition for obser- 
vability of the paramagnetic resonance, the function 
~ ( w ' ,  w) in Eq. (5) has a high peak of width Til(w) a t  w' 
= w. In what follows, we will be interested specifically 
in the resonant part of the function ~ ( w  ' - o), especially 
since ~ ' ( w ' )  is  a smooth function18 and w' changes in- 
significantly within the line width. 

Using the Maxwell equations ( I ) ,  the material equa- 
tions (2) and (41, and also the boundary conditions which 
include the continuity of the tangential components of 
H, and El, it is  not difficult to calculate the surface im- 
pedance for the super conducting half -space 

where Z, i s  the nonresonant part of the surface imped- 
ance of the type-I1 superconductor, and R and X a r e  the 
corresponding surface resistance and reactance (see, 
for example, Ref. 19); in the orientation considered 
(H, lE,,H,), we have P=BJH, (Ref. 11) [where B, 
= (Jz,(r)), i s  the static magnetic induction]; o n ,  R, 
= (0,,6,)-', and 6, a r e  respectively the conductivity, the 
surface resistance, and the skin depth in the normal 
phase; and finally, 2, i s  the resonant part of the surface 
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impedance, calculated to first  order in x,, since in the 
paramagnetic state x,<< 1. 

The EPR line shape is determined by the microwave 
power absorbed by the paramagnetic impurities per unit 
area  of the surface of the metal, i.e., 

P- (&)' 8: (0) R~ zr. (8) 

Substituting here 2, from Eq. (71, we obtain 

P=2nP, jf (o') [x' (wf-o) +a~"(o'-o) ]do'. (9) 

Here Po = (c/4r )'H:(O)R i s  the power nonresonantly ab- 
sorbed by the type-11 superconductor and (r =X/R i s  the 
ratio of the surface reactance to the surface resistance, 
a quantity larger than unity, as i s  evident from Eq. (7), 
and dependent on o, H,, and T. 

The approach presented, which employ averaging of 
the microscopic Maxwell equations and the equations 
of motion of the local magnetization of the impurities, 
is valid if the actual penetration depth of the alternating 
field 6,tb) = 6,[p(G + u2/0,,)]-' significantly exceeds 
the period d of the vortex lattice, and the concentration 
of paramagnetic impurities is such that the average 
separation between them is much less than d and mag- 
netic ordering effects a r e  insignificant. 

An analogous calculation may be performed for paral- 
lel orientation (H,IIE, and to the surface of the sample). 
In our case, when the penetration depth of the alternat- 
ing field significantly exceeds the period of the vortex 
lattice, we obtain the same result as in Eq. (9) above. 
.However, we should note that the parameter a inEq. (9) 
strongly depends on the relative orientation of the vec- 
tors H, and El. In the HOLE, geometry the dominant 
contribution to the surface resistance i s  from the fluc- 
tuating motion of the vortex lattice under the action of 
the Lorentz force exerted by the superfluid component 
of the alternating current. In the H,IIE, orientation, the 
vortices a r e  at rest  (the Lorentz force is equal to zero) 
and the surface resistance i s  significantly smaller than 
in the perpendicular orientation, up to  fields Ho = Hc2 
(Refs. 10, 12). Thus, due to  the anisotropy of the sur- 
face impedance Zo, the line shape of the paramagnetic 
resonance also depends on the relative orientation of the 
vectors Ho and El. 

3. DISCUSSION OF RESULTS 

Equation (9) allows us to describe the basic changes 
in the shape and position of the EPR line that occur on 
going from the normal phase to the superconducting 
phase. In this equation, we take into account the two 
important (for EPR in conductors) differences between 
the type-I1 superconductor and the normal metal. First  
of all, due to the inhomogeneous distribution of the 
constant magnetic field in the sample, the line shape is 
a convolution of the homogeneously-broadened line X'  
+ax" with the distribution function for the local fields 
in the unit cell of the vortex lattice. Secondly, the 
homogeneously broadened line itself differs from the 
line shape in the normal metal because the amplitude 
of the alternating field in the superconductor drops off 
over a distance smaller than that over which its phase 

changes; therefore X > R in the superconductor and x 
enters in Eq. (9) with greater weight than x'. Phy- 
sically, this stems from the purely screening charac- 
ter of the "superconducting" component of the alternat- 
ing current j,=io,E,, whereas the "normal" component 
of the current j, = o,E, changes not only the amplitude 
of the alternating field HI, but also i ts  phase. 

The functionfiw') in Eq. (9) i s  the probability of en- 
countering a given local Zeeman frequency in the vortex 
lattice (usually triangular). It is  characterized by max- 
imum (w,=gpBh,) and minimum (w,= gpBhc) local fre- 
quencies a t  which it becomes discontinuous, and also 
by a local frequency w,=gyhb  corresponding to  a sad- 
dle point where A w ' )  diverges logarithmically. ' This 
means that most of the paramagnetic impurities have a 
local frequency w, < w, =gp$lo, and accordingly the 
resonant field a t  a given frequency w of the external 
field i s  shifted toward higher fields, as i s  indeed ob- 
served in experiments. 2 9 4 p 5  We should point out that the 
decrease in the static susceptibility of the conduction 
electrons on going into the superconducting state also 
introduces a contribution to the g-factor shift (see, for 
example, Ref. 4). This contribution may be easily sep- 
arated from the preceding contribution by performing 
the experiments a t  different frequencies. 4 * 5  

Another important consequence of Eq. (9) i s  the 
change in the resonance line shape on going from the 
normal phase to the superconducting phase. In EPR 
experiments, what i s  usually observed directly i s  not 
the power actually absorbed by the spins but rather its 
derivative with respect to magnetic field dP/dH,. The 
dP/dH, line shape is customarily characterized by the 
ratio of the low-field peak to the high-field peak (the 
ratio A/B). As has already been pointed out in Sec. 1, 
a decrease in this ratio from 2.55 in the normal metal 
down to -1 in the superconducting metal has already 
been observed experimentally (T<< T,). Explanations 
of this behavior of the line shape have been given thus 
far on the basis of an inhomogeneous broadening mech- 
anism. In this case it was shown that the observed g- 
factor shift and the decrease in the ratio A/B may be 
partially explained by a spread in local fields sensed 
by the paramagnetic impurities. However, the cal- 
culated shape of the peaks themselves in dP/cUY, in this 
case did not agree with the experimental peaks. On the 
other hand, Barberis et a1. could describe the ob- 
served shape of the EPR signal by a combination of 
&'/d~,, + adxtfdH0 without calling on an inhomogeneous 
broadening mechanism, although they observed in this 
case a field-dependent shift in the g factor. It became 
clear therefore that inhomogeneous broadening i s  not 
the sole reason for the change in line shape in a type-II 
superconductor. Indeed, recognizing that the alternat- 
ing field penetrates into the sample while undergoing ad- 
ditional screening from the superconducting alternating 
currents, we obtained for the line shape Eq. (91, where 
X "  indeed enters with a greater weight (a  > 1). This al- 
so leads to a decrease in the ratio A/B, since the ratio 
A/B = 1 for dxTdH,. Thus, the EPR line shape changes 
in the general case a s  a consequence of the inhomogen- 
eous broadening, and thus also as a consequence of the 
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fact that the homogeneously broadened line differs sub- 
stantially from the line shape in the normal metal. 

In order to compare specific experimental lines with 
the theoretical lines from Eq. (91, we need additional 
data concerning the geometry of the experiment and the 
corresponding complex conductivity $ (or on the quan- 
tity cu =X/R), a s  well a s  concerning the homogeneous 
width of the absorption line Til(w') and its relation to 
the maximum spread in local frequencies w, - w,. In 
a number of cases (impurities with spin S > 3) addition- 
a l  broadening due to the unresolved fine structure is  
possible4; this greatly complicates a detailed compari- 

son of the theory with experiment. Therefore, for 
simplicity we limit ourselves to the case S = and con- 
sider two limiting situations, connected with the differ- 
ent relationships between w, - w, and Ti1(@ 3. 

Let Til(w 'I<< (w, - w,) initially; such a relationship is 
typical for nuclear magnetic resonance (NMR) in type- 
11 superconductors. In this case the integrand in Eq. 
(9) is  the product of a slowly changing function f(wl) 
and a rapidly changing function x'+ ax". The first  
term, proportional to XI,  averages out to zero on in- 
tegration in the second term X"  can be approximated 
(apart from a factor) by a 6 function. As a result, we 
obtain the following for the line shape: 

(10) 

Thus, in this case the shape of the absorption curve is  
completely determined by the distribution function of 
the local frequencies in the vortex lattice. Indeed, a s  
has been shown earlier (see Refs. 2 ,  17, and the cita- 
tions in these articles), the NMR method allows direct 
study of the distribution of the constant field in a type- 
I1 superconductor. 

In the other limiting case, when Ti1(@ 'I>> (o, - w,), 
even fiw I) is a rapidly changing function, and X' + ax" 
is practically constant. In the integration of Eq. (9) in 
this situation, it i s  convenient to use the fact that f(wl) 
has a sharp peak a t  w l =  w,, and to take x '+  axN out 
from under the integral sign a t  this point. As a result, 
we obtain the following expression for the absorbed 
power : 

Such a line shape, characterized by a field-dependent 
g-factor shift [ws(Ho) < w,] and at the same time describ- 
ed by a linear combination of Lorentz dispersion X'  
and absorption X" curves, i s  in good qualitative agree- 
ment with the experiments of Barberis et a1. on ~ d + =  
in CeRu, and ThRu,. 

For an arbitrary relationship between the homogen- 
eous width Til(w') and the width of the field distribution 
o, - w,, the convolution in Eq. (9) may be calculated 
with a computer using an analytic approximation of the 
function fiwl), given, for example, in Ref. 7. It i s  in- 

teresting to note that for cum 1 (u,>> u,) the shape of the 
homogeneously broadened EPR line in a superconductor 
will resemble the shape of the absorption curve in di- 
electrics, x". In this case,  the inhomogeneous broad- 
ening, more strongly reducing the amplitude of the low- 
field peak in the absorption derivative than the ampli- 
tude of the high-field peak (see Ref. 61, may cause the 
ratio A/B become less than 1. 

Thus, the characteristic differences in the electro- 
dynamics of type-I1 superconductors lead to a substan- 
tial change in the shape and position of the EPR line 
compared with normal metals. Also, consequently the 
EPR (NMR) method may be used to obtain information 
on the electrodynamic characteristics of superconduct- 
ors ,  such a s  the distribution of the static field in the 
sample, the magnitude of the complex conductivity q, 
or the value of the surface reactance X for a known sur- 
face resistance R (the resonance signal is  observed on 
the background dR/dH,). 
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